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Abstract

Power transforms are popular parametric
methods for making data more Gaussian-like,
and are widely used as preprocessing steps
in statistical analysis and machine learning.
However, we find that direct implementations
of power transforms suffer from severe nu-
merical instabilities, which can lead to incor-
rect results or even crashes. In this paper,
we provide a comprehensive analysis of the
sources of these instabilities and propose ef-
fective remedies. We further extend power
transforms to the federated learning setting,
addressing both numerical and distributional
challenges that arise in this context. Exper-
iments on real-world datasets demonstrate
that our methods are both effective and ro-
bust, substantially improving stability com-
pared to existing approaches.

1 Introduction

Power transforms are widely used to stabilize variance
and reduce skewness, and are described in textbooks
as foundational tools for data preprocessing. Among
them, the Box-Cox (Box and Cox, [1964) and Yeo-
Johnson (Yeo and Johnson| |2000) transforms are the
most prominent, and are frequently employed in sta-
tistical analysis and machine learning pipelines (Rup-
pert, 2001; |[Finkl [2009). Despite their popularity,
directly implementing these mathematical functions
leads to serious numerical instabilities, producing erro-
neous outputs or even causing program crashes. This
is not a theoretical concern: as we show in Table
simple inputs can easily provoke such failures.

The issue has been identified in prior work such as the
MASS package (Venables and Ripley, [2002), but only
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partial solutions have been proposed. Recently, this
issue was raised by Marchand et al| (2022). Unfor-
tunately, their analysis includes some incorrect claims
and unsound solutions. As shown in Figure [4] their
method fails to identify optimal parameters and can
crash even on simple datasets. A very recent study
by [Barron/ (2025)) also mentions numerical issues, but
their remedy relies on simple replacement of the nu-
merical function, which remains insufficient to ensure
stability. Consequently, this foundational question has
been unanswered until now.

In this paper, we provide a comprehensive analysis of
numerical instabilities in power transforms. Our so-
lution includes log-domain computation, careful refor-
mulation of critical expressions, and constraints on ex-
treme parameter values, all of which are essential to
ensure robust numerical behavior. Guided by our the-
oretical analysis, we also construct adversarial datasets
that systematically trigger overflows under different
floating-point precisions. Such data can occur natu-
rally in real-world settings (e.g., Figure [13|in the Ap-
pendix) or be deliberately introduced by adversarial
clients in federated learning scenarios.

We further extend power transforms to the federated
setting, where distributed data introduces unique chal-
lenges. We design a numerically stable one-pass vari-
ance aggregation method for computing the negative
log-likelihood (NLL), enabling robust and efficient op-
timization of transformation parameters across multi-
ple clients with minimal communication overhead.

Extensive experiments on real-world datasets validate
the effectiveness of our approach. Compared to ex-
isting implementations, including those of |Marchand
et al.[(2022), our methods consistently achieve superior
stability in both centralized and federated settings.

Our contributions are:
1. We conduct a comprehensive analysis of numer-
ical instabilities in power transforms, together

with recipes for constructing adversarial datasets
that expose these weaknesses.

2. We propose remedies addressing each source of in-



Power Transform Revisited: Numerically Stable, and Federated

stability, yielding numerically stable algorithms in
both centralizecﬂ and federated learning settings.

3. We perform extensive experimental validation on
real-world datasets, demonstrating the effective-
ness and robustness of our methods.

The rest of the paper is organized as follows. Sec-
tion [2] reviews preliminaries. Section [3] explains the
root causes of instability, while Section [4] presents our
remedies. Section [5] extends the approach to federated
learning. Experimental results are presented in Sec-
tion [6] further issues are discussed in Section [7] and
Section [8 concludes.

2 Preliminaries

2.1 Power Transform

The Box-Cox (BC) transformation (Box and Cox]|
1964)) is a widely used power transform requiring

strictly positive inputs (z > 0):

z -1

if A 0
Yeolh2) = {mz: ) ’ 0 o

The Yeo-Johnson (YJ) transformation (Yeo and John-
2000) extends BC to accommodate both positive

and negative values:
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The parameter A controls the shape of the transfor-
mation; when A # 1, the mapping is nonlinear and
alters the distribution. Figure [I] shows the transfor-
mation curves for various A, while Figure [2] illustrates
Box-Cox’s effect on left- and right-skewed data.

The parameter A is typically estimated by minimizing
the negative log-likelihood (NLL):
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where o7, = Var[¢)(\,z)]. Both NLL functions are
strictly convex (Kouider and Chen| 1995; Marchand
et al, 2022)), guaranteeing a unique optimum. SciPy
(Virtanen et al., [2020) estimates A* using Brent’s

method (Brent} 2013), a derivative-free optimizer with
superlinear convergence.

LOur implementation has been merged into [SciPy.
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Figure 1: Transformation functions for different .
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Figure 2: Box-Cox transformation on left- (top) and
right-skewed (bottom) data.

2.2 Numerically Stable Variance
Computation

Variance is computed as 13" (z; — Z)?, where Z
is the sample mean. This requlres two passes over the
data, which is inefficient for large datasets or streaming
data. The equivalent one-pass form,

n n 2
ini(ZQ , (5)

i=1

is well known to be numerically unstable (Ling, 1974;
|Chan et al., [1983]).

A numerically stable one-pass approach (Chan et al.
1982)) maintains (n, z, s) triples, where s = Z:L 1($ -
z)2. Merging two partial aggregates (n(), z(4), 5(4))
and (nB), z(B) s(B)) is done as:

RAB) () 4 (B), (©)
LAB) _ (A) (B _ oy
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This method can be applied sequentially, but a tree-
structured aggregation (Figure [3)) minimizes error ac-
cumulation and improves numerical stability.
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Figure 3: Tree-structured variance aggregation.

2.3 Federated Learning

Federated learning (Kairouz et al., 2021)) is a dis-
tributed paradigm where multiple clients collabora-
tively train a model without sharing raw data, thereby
preserving privacy. Each client computes local updates
from its own data and transmits them to a central
server, which aggregates the information to update the
global model. Communication efficiency is a key con-
cern, as excessive exchanges can be costly; methods
such as FedAvg (McMahan et al} 2017 are commonly
used to reduce communication overhead.

3 Understanding Numerical
Instabilities

This section examines numerical instabilities in power
transforms. We begin by explaining why such insta-
bilities matter and how they can disrupt optimization.
We then introduce adversarial datasets for testing im-
plementation robustness.

Numerical instabilities in power transforms arise in the
computation of the NLL functions defined in Equa-
tions (3)) and . These instabilities can disrupt opti-
mization, producing suboptimal or even incorrect re-
sults. In practice, this means that the output of the
method becomes unusable, causing bugs or failures in
downstream tasks. Moreover, these issues cannot be
resolved by simple quick fixes, as the instability is fun-
damental to the underlying computation and requires
careful redesign for robust operation. As illustrated in
Figure |4} the Exponential Search method (Marchand
et al.| 2022)E| fails even on simple datasets. The true
optimum A* can be quite large in magnitude, causing
numerical overflow when evaluating the power func-
tions, e.g., 0.1736 or 103%8. As a result, ExpSearch
will crash and return values that diverge significantly
from the true optimum.

To better understand these issues, we first summa-

2There is a mismatch between the sign formula (Equa-
tion 3) and the ExpUpdate method (Algorithm 2) in (Marc-
hand et al., |2022). The sign formula is ONLLyj/0A (not
O1n Ly3/0N); therefore, A = 1 in ExpUpdate should in-
stead be A = —1. Alternatively, one could add a negative
sign in Equation 3 and keep ExpUpdate unchanged.
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Figure 4: ExpSearch fails to find the true optimum
A*. Left: data [0.1,0.1,0.1,0.101], A* =~ —361; Right:
data [10,10,10,9.9], \* =~ 358.

rize key properties of the BC transformation ¢(\, x)
in Theorem the proof is intricate and deferred to
Appendix[A] Analogous results for YJ can be found in
Yeol (1997)); [Yeo and Johnson| (2000).

Theorem 3.1. The Boz-Cox transformation (A, x)
defined in has the following properties:

1. v\, x) >0 for x> 1, and p(\,z) <0 for x < 1.

2. (A, x) is convex in x for A > 1 and concave in x
for A < 1.

3. Y(\ x) is a continuous function of (A, x).

4. If R = 9kap(N, ) JONF then, for k > 1:

p® = [ (Ina)k — kpB=D]/A if A £ 0,
(Inz)**1/(k + 1) iFA=0.
»®) s continuous in (A, z) and () = (X, z).

5. (A x) is increasing in both A and x.

6. (A x) is convex in A for x > 1 and concave in A
forx < 1.

These properties help pinpoint instability sources and
guide the construction of adversarial datasets that
trigger numerical overflow (Table under various
floating-point precisions. Section [] presents a numer-
ically stable formulation to address these issues. In
summary, there is a simple recipe that can lead to nu-
merical overflow:

Staying on One Side of Zero Points. By Theo-
rem Y(A, 1) = 0 for all \. Thus, z = 1 should
be avoided. Choosing all > 1 ensures ¢(\,z) > 0
and may lead to positive overflow; similarly, choosing
all z < 1 can yield negative overflow. Datasets con-
taining both x > 1 and z < 1 may be less likely to
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Table 1: Adversarial datasets causing negative or positive overflow under different floating-point precisions.

Transf. Overflow Adversarial Data A* NLL Extreme ¢)(A\*,z)  Max Value
BC Negative [0.1, 0.1, 0.1, 0.109] -41.70 23.91 -1.20e+40
Positive [10, 10, 10, 9.2] 43.10 5.79 2.90e+41 3.40e+-38
vy Negative  [-10,-10, -10, -9.1] 24010 5.32 -1.65e4+42 (Single)
Positive [10, 10, 10, 9.1] 42.10 5.32 1.65e+42
pe  Negative  [0.0,01,01,0.101] 36115 3262 -3.87c+358
Positive [10, 10, 10, 9.9] 357.55 14.18 9.96e+354 1.80e+-308
Y] Negative [-10, -10, -10, -9.9] -391.49  14.18 -1.51e+407 (Double)
Positive [10, 10, 10, 9.9] 393.49 14.18 1.51e+407
BC Negative  [0.1, 0.1, 0.1, 0.10001] -35936.9  51.03 -2.30e+-35932
Positive [10, 10, 10, 9.999] 35933.3  32.61 5.85e+35928 1.19e+4932
v Negative [-10, -10, -10, -9.999] -39524.8  32.61 -2.29e+41158 (Quadruple)
Positive [10, 10, 10, 9.999] 39526.8  32.61 2.292e+41158
BC Negative [0.1, 0.1, 0.1, 0.100001] -359353.0 60.24 -2.74e+-359347
Positive [10, 10, 10, 9.9999] 359349.0 41.82 6.99e+4-359343 1.61e+78913
Y] Negative  [-10, -10, -10, -9.9999]  -395283.0 41.82  -6.47e+411640 (Octuple)
Positive [10, 10, 10, 9.9999] 395285.0 41.82 6.47e+411640

trigger overflow, and constructing simple adversarial
examples in this regime is more challenging.

Extreme Skewness. For A > 1, (), z) is convex
and increasing in x (Theoremand, stretch-
ing the right tail more than the left. Thus, left-skewed
data tends to push A > 1 toward positive overflow after
transformation; conversely, right-skewed data tends to
push A < 1 toward negative overflow. Extreme skew-
ness drives A far from 1.

Small Variance. Tightly clustered data also drives
A to extreme values, as the transformation must ex-
pand interpoint distances to approach normality. For
x > 1, (A ) is convex and increasing in A (Theo-
rem and, so large A favors positive overflow;
for x < 1, it is concave and increasing, so small A fa-
vors negative overflow. Combining extreme skewness
with small variance (achieved by inserting duplicate
values) is particularly effective at producing overflow.

As we show experimentally in Section [6 such condi-
tions naturally occur in real datasets or can be deliber-
ately created by adversarial clients to poison training.

4 Numerically Stable Power
Transform

This section presents a numerically stable approach
for power transforms, addressing different sources of
instability and introducing corresponding remedies.

Modern computers use finite-precision floating-point
arithmetic (e.g., IEEE 754 standard (IEEE| 2019)),

which limits the range of representable values. As
shown in Table [I| power transforms can generate ex-
treme values that exceed these limits, resulting in nu-
merical overflow. Therefore, direct computation of the
NLL functions is prone to instability.

Beyond the representation issue, the choice of opti-
mization method also plays a critical role. In partic-
ular, derivative-based methods, such as Exponential
Search (Marchand et all [2022)), are prone to insta-
bility, whereas derivative-free methods (e.g., Brent’s
method) can achieve stable optimization. We detail
these observations below.

Derivative-based methods are unstable. Con-
sider Exponential Search, which requires the first-
order derivative of the NLL function. For the Box-Cox
transformation, this derivative is

ONLLpc

1
oA 2

T¥sc

i=1

- % > tmo(A @) - Zw&%wn) ~> iz (9)
=1 i=1 i=1

(Z v\ i) - YR (A i)

Here, terms such as 9¥pc(A,x), ](31()3()\,35) (Theo-
rem , and UiBC can easily overflow and cannot
be computed reliably. Consequently, derivative-based
optimization is not numerically stable.

Derivative-free methods are stable. By contrast,
derivative-free methods rely only on evaluating the
NLL function itself, which can be stabilized. In par-
ticular, the NLL function involves only In ofp, which
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Figure 5: Comparison of NLL curves using different
equations. Data used: [10, 10, 10, 9.9].

can be represented in floating-point format and effi-
ciently computed using log-domain methods (Haber-
land,, |2023) (see Appendix .

Modifying the Variance Computation. While
log-domain computation mitigates overflow, additional
instabilities remain. Specifically, the computation of
In O’iBC requires careful reformulation:

anch = In Var[(z* — 1)/)] (10)
= In Var(z*/\) (11)
= InVar(z*) — 21In || (12)

Equation removes the constant —1/\, which
avoids catastrophic cancellation (Weckesser}, 2019).
For example, with A < —14 and = > 1, we have
z* — 0, and the subtraction 2* — 1 leads to severe
precision loss. Therefore, computing the variance af-
ter the transformation becomes very unstable. The
same occurs for large A\ with x < 1. This instability,
illustrated in the left panel of Figure |5| shows large
fluctuations in the NLL curve when keeping the con-
stant term, which will disrupt optimization whenever
the evaluated A lies in such regions.

Further, as A — 0, computing 2* /) yields extreme val-
ues, destabilizing the variance computation. Factoring
out A, as in 7 restores stability. The right panel of
Figure 5| demonstrates this improvement, where the
NLL curve becomes smooth after factoring out A.

Bounding extreme values. Finally, the optimal \*
may still yield extreme transformed values (Table .
To prevent this, we impose constraints during opti-
mization. Since the transformation is monotone in
both A and z (Theorem [3.1[15)), we restrict the trans-
formed data to lie within [—yp,ys] by bounding A

according to Tmax and Tmin:
m)'in NLLpc(\, )

sit. A< wgé(xmax,yg) if Tmax > 1, (13)

A Z w]gclj(xmina 7yB) if Tmin < 1.

Here, wgé is the inverse Box-Cox transform, expressed
via the Lambert W function (Corless et al., [1996):

— 2= /YIng
Upbla,y) = =1 = ghw (=e) ()

Since the Lambert W function has two real branches
(k =0 for W(z) > —1, and &k = —1 for W(z) <
—1), we use the k = —1 branch in overflow cases (v >
L,LA>1orz<1,A<1), where

W(ff/#) =+ e (15)

~ -Alnz=—1In(z*) < —1. (16)

The same approach applies to the Yeo-Johnson trans-
formation (see Appendix |C]). The default bound ypg
can be set to the maximum representable floating-
point value to prevent overflow after transformation.
Practitioners may select a smaller bound based on
domain-specific requirements or constraints on down-
stream models.

5 Federated Power Transform

This section extends power transforms to the federated
learning setting. We begin by explaining the chal-
lenges of federated NLL evaluation, then show how
textbook variance computation can cause numerical
instability in this context. Finally, we introduce a
numerically stable variance aggregation method that
enables reliable NLL evaluation under federation.

In federated learning, the objective is to find the global
optimum A* that minimizes the NLL across multiple
clients, each holding its own local dataset. Standard
federated optimization methods such as FedAvg do not
apply here: each client may have a different local op-
timum A}, and averaging them does not in general
recover the global optimum. For heterogeneous data
distributions, the averaged value may diverge signif-
icantly from the true global solution. Consequently,
the server must evaluate the NLL function on aggre-
gated statistics and apply a derivative-free optimizer
(e.g., Brent’s method) to locate the global optimum.

To reduce communication rounds, one-pass variance
computation is preferred. However, this approach in-
troduces severe numerical instabilities, which directly
affect both NLL evaluation and the optimization of
A. To illustrate this, we compare two approaches:
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Figure 6: Comparison of NLL curves using the naive
and pairwise aggregation. Data are synthetic Gaussian
samples from N'(10%,1073) with 100 points.

Algorithm 1 Variance Aggregation

Input: Queue @ containing (n), 50, s0))
while |Q| > 1 do
Dequeue (n(A)7 g(A)7 S(A))’ (n(B)7 g(B)7 S(B))
Compute (n(AB), 5(AB) s(AB)) ysing Pairwise
Enqueue (n(A8) 5(AB) s(AB)) hack into Q
end while
return the final (N,Y,9)

Pairwise:

Input: (n(), 5 s and (n(P), 5B, s(B))
§ B — g

_ _ n(B)

y(AB) < y(A) _|_ 5 . ,,L(AB)

S(AB) — S(A) + S(B) + 52 . n;il‘n;;g)

AB) (AB))

return (n(45) g

the naive one-pass method (Equation , also used
in Marchand et al. (2022)) and our numerically sta-
ble aggregation procedure (Algorithm . As shown
in Figure [6] the naive method produces large fluctu-
ations in the NLL curve, disrupting optimization. In
contrast, our stable approach yields smooth curves and
enables reliable optimization.

For numerically stable federated NLL computation
with Box-Cox, each client sends four values to the
server: the local sum ¢, sample size n, mean 3, and
sum of squared deviations s for the transformed data
(see line [5|in client part). The server aggregates these
(n,q, s) triplets using the queue-based procedure in Al-
gorithm (line|in server part), which ensures numeri-
cal stability compared to naive sequential aggregation.

We also incorporate the numerically stable strategies
from Section [l namely log-domain computation and
modified variance formulations (see line[3|in client part

Algorithm 2 Federated NLL Comptuation (Box-
Cox)

Client Part:
1: Input: A and local data z; (size n)
2 c4 3y Inwy

x} if A #£0,
3 Yi .
Inz; if A=0.

4: g+ %Zzyz and s < >, (yi — 9)*
5: Send: (¢,n, 7, s) to server

Server Part:

1nai +~InS—-InN
NLLgc + (1 =AY, ¢ + FIno?
return NLLg¢

1: Input: A

2: Collect (), n() 5 5()) from clients

3: Enqueue (n(), 59, s(0)) into Q

4: Compute (N,Y,S) from @Q using Algorithm
5: if A # 0 then

6: InS <+ 1InS—2In|\|

7: end if

8:

9:

,_.
=

and line [6] in server part). The case of Yeo-Johnson
is more involved, since it handles both positive and
negative inputs; details are deferred to Appendix

6 Empirical Evaluation

Our experiments contain two parts: (1) evaluating
the effect of power transforms on downstream tasks,
and (2) testing the numerical stability of our meth-
ods. Code is available at https://github.com/xue
feng-xu/powertf.

6.1 Downstream Effectiveness

We first evaluate the impact of power transforms on
downstream classification tasks using three datasets:
Adult (Becker and Kohavi, |1996), Bank (Moro et al.|
2012)), and Credit (Yeh, 2009). Dataset statistics are
shown in Table Each dataset is split into 80% train-
ing and 20% testing. Since features may contain nega-
tive values, we apply the Yeo-Johnson transformation
to each feature, estimating A\* from the training set.
We compare against two baselines: (1) Standardiza-
tion (STD: zero mean and unit variance), and (2) Raw
data without any transformation.

We then train three classifiers on the transformed fea-
tures: Linear Discriminant Analysis (LDA), Logistic
Regression (LR), and XGBoost (XGB). Since LDA as-
sumes normally distributed inputs, power transforms
are expected to improve performance. Figure [7] shows
ROC curves and AUC scores on the test set (addi-
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Figure 7: ROC curves after applying different transforms (LDA).
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Figure 8: Effect of varying A on AUC scores (LDA).

tional plots are in Figure|l1|in the Appendix). Power
transforms consistently outperform the baselines, al-
though the improvements are modest. Notably, for
XGBoost, the performance differential between using
raw and preprocessed data is negligible. A recent
study by [Eftekhari and Papyan| (2025)) applied power
transforms to hidden layers of deep neural networks,
showing that improved Gaussianity leads to higher
classification accuracy. This further confirms the ef-
fectiveness of power transforms.

We next study the effect of varying A on AUC scores.
This tests whether the estimated A\* is indeed optimal
for downstream tasks. Since each dataset has multiple
features, we select the feature with the highest mutual
information with the label and ignore other features
and apply the Yeo-Johnson transform with varying A.
Figures [§] shows AUC as a function of A (additional
results are in Figure [12]in the Appendix).

Interestingly, A* (marked with a vertical dashed line)
does not always yield the absolute highest AUC (e.g.,
Adult dataset). However, it consistently provides com-

petitive results across datasets, while deviating from it
often reduces performance. This highlights the impor-
tance of numerically stable estimation of A\*, as insta-
bility can significantly degrade downstream outcomes.

6.2 Numerical Experiments

We now test numerical stability of power transforms
on four datasets: Blood (Yehl2008), Cancer (Wolberg

et al.l[1995), Ecoli (Nakai, 1996, and House (Montoya

and DataCanaryl [2016). The first three were previ-

ously identified by [Marchand et al|(2022) as unstable
cases; House is a new addition with features exhibiting
extreme skewness. We benchmark three methods: (1)
ExpSearch, a derivative-based optimization method
(Marchand et al) [2022) vs. our derivative-free ap-
proach (based on Brent’s method); (2) Linear-domain
computation with our proposed log-domain method;
and (3) Naive one-pass variance computation vs. our
pairwise computation in federated learning.

Table 2| summarizes dataset statistics and nine fea-
tures we identified with numerical issues. Histograms
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Table 2: Dataset statistics and unstable features detected.

Datasets # Row # Col # Inst. Transf. ExpSearch Linear
Blood 748 4 1 5(; B Mor;tary
BC — —
Cancer 569 31 3 YJ — ID, areal, area3d
. BC — —
Ecoli 330 8 2 YJ lip, chg lip, chg
BC YearRemodAdd, YrSold YrSold
House 1460 80 3 YJ  Street, YearRemodAdd, YrSold YiSold
Ecoli: lip (Yeo-Johnson)
le—16
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Figure 9: Comparison of Brent’s method and ExpSearch.

in Figure[L3] (in the Appendix) show these features are
highly skewed, sometimes binary, and often extremely
imbalanced. These match our analysis in Section
and align with our recipe for constructing adversarial
datasets (Table . Importantly, this shows that such
pathological data naturally occur in practice, under-
scoring the need for stability in power transforms.

Next, we observe that seven features cause ExpSearch
to fail. Instead of finding \*, it returns either a bound-
ary of the search interval or an arbitrary value. Fig-
ures [9] and [14] (in the Appendix) illustrate this. The
left plot shows the true NLL curve and the optimum A\*
(found by Brent’s method). ExpSearch’s A is far from
optimal. The middle and right plots show the modified
derivative used by ExpSearch versus the true deriva-
tive. Both are either unstable (returning arbitrary val-
ues) or overflow (returning boundary solutions). This
explains ExpSearch’s failures.

We then compare linear-domain versus log-domain
computation. Eight features exhibit failures in the lin-
ear domain. Figure [15] (in the Appendix) shows that
linear-domain NLL curves often overflow, preventing
discovery of the optimum if \* lies in the overflow

region. By contrast, log-domain computation yields
smooth and stable curves, reliably identifying A*. This
confirms the robustness of our approach.

Finally, we evaluate federated NLL computation. We
split each dataset into 100 clients and compare our
variance aggregation method with naive one-pass vari-
ance computation. Figures and (in the Ap-
pendix) show that our method produces smooth NLL
curves, while the naive method introduces spikes that
can disrupt optimization. This highlights the necessity
of numerically stable aggregation in federated settings.

7 Discussion

Runtime performance is an important considera-
tion for practical deployment. Our stable recipe in
Section [4] modifies the NLL computation and is in-
deed slower than the naive implementation due to
the use of log-domain variance computation, as shown
in Table El (Appendix). However, for scientific soft-
ware, numerical correctness must take priority over
raw speed. Moreover, the runtime remains well be-
low human-perceptible latency in all cases, making it
acceptable for most practical applications. In feder-
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Figure 10: Comparison of pairwise and naive variance aggregation.

ated settings, our current implementation of variance
aggregation (Algorithm processes clients sequen-
tially. This can be further optimized by parallelizing
the pairwise aggregation steps, thereby reducing over-
all latency without affecting numerical stability.

Communication cost is a common concern in fed-
erated learning, consisting of two components: (1) the
size of each message per round and (2) the total num-
ber of communication rounds. In our method, each
client only needs to send four numbers to the server,
while the server sends back a single number, making
the per-round communication negligible. For the num-
ber of rounds, we adopt Brent’s method, which con-
verges superlinearly. In practice, convergence typically
requires 20-30 rounds, depending on the dataset, which
is acceptable in most settings. One possible extension
is to reduce the number of rounds by increasing mes-
sage size, since the server can evaluate the NLL at
multiple points per round. For example, after iden-
tifying a bracket that contains the minimum, a grid
search could be applied. As shown in Figure (in the
Appendix), communication rounds can be reduced to
under 10 with a grid size of 1K. This trade-off between
message size and number of rounds can be tuned for
specific applications.

Privacy is a key concern in federated learning. Ap-
proaches such as Secure Aggregation (Bonawitz et al.|
2017)), Trusted Execution Environments (TEE) (Sabt
et al., 2015), and Secure Multiparty Computation
(SMPC) (Lindell, |2020) can ensure that only aggre-
gated statistics are revealed to the server, not individ-
ual client data. Our method uses pairwise variance
aggregation for numerical stability. To integrate with
SMPC, the division operations in Equations and
can be handled by treating the sample count n as
a public value, which is standard in federated learning
and also adopted by Marchand et al.| (2022). Preserv-

ing privacy during iterative optimization without re-
vealing intermediate results in each round is a stronger
requirement and we leave it for future work.

Client sampling is a common technique in federated
learning to handle offline or dropout clients. When a
random subset of clients is selected each round, the
NLL estimate becomes biased. However, normaliz-
ing the NLL by the subsample size recovers unbiased-
ness without affecting A optimization. Specifically, the
Box-Cox NLL (1 = A) >, Inz; + §Inoj_  divided by
n yields unbiased estimates of both the log-mean term
and log-variance term under uniform random sam-
pling. Thus, the normalized NLL can be reliably esti-
mated even with random client subsampling.

8 Conclusion

Numerical issues have long been a challenge in sci-
entific computing, as mathematically equivalent ex-
pressions can yield vastly different results under finite-
precision arithmetic. In this paper, we addressed the
numerical instability of power transforms, a widely
used technique for data normalization. We conducted
a detailed analysis of the sources of instability and
proposed numerically stable approaches that com-
bines log-domain computation, reformulated expres-
sions, and bounding strategies. We further extended
power transforms to the federated learning setting, in-
troducing a numerically stable variance aggregation
method suitable for distributed data. Our empirical
results demonstrate the effectiveness and robustness
of our methods in both centralized and federated sce-
narios. We believe that our work not only makes power
transforms more reliable in practice, but also provides
insights that can be applied to a broader range of nu-
merical stability problems in scientific computing.
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A

1.

Proof of Theorem [3.1]

IOI X > B we ]laVe-
)\_1>“ 1. )\ ()7

22 —1<0 if\<0.

When A =0, Inz > 0 for 2 > 1. Hence ¢(\,z) > 0 for all A whenever z > 1. Similarly, for 0 < 2 < 1, we
have:

A —1<0 ifA>0, (18)
r—1>0 ifA<O.
When A =0, Inz < 0 for 0 < 2 < 1. Hence ¥(A,z) < 0 for all A whenever 0 < z < 1.
. The second order partial derivative of 1) with respect to z is:
PP\ z) [ (A=1)ar? if A #£0, (19)
ox2 | —1/a? if A =0.

Therefore, % > 0 when A > 1 and % < 0 when X\ < 1.

. It’s clear that (), z) is continuous for A and x except A = 0. We just need to prove it’s continuous at

A = 0. By L’Hopital’s rule, we have:

A 1 )\1
lim ~ = lim =~ —Ing. (20)
A—0 A—0
We prove this by induction. Let &k = 1, then for A # 0:
A A A 0
w(l)o\’x):m Alnz — (z —1)::r lnw—d)()()\,x)' (21)

A2 A
Assume that this hold for £ = n where n > 1, then for k =n + 1 and A # 0:

0 2MInx)" —ny" V() x)

(n+1) A _ 22
[2*(nz)™ ™ — np™ (X, )]\ — [¢H (Inz)™ — np™~D (X, )]
= 2 (23)
_ 2 Inz)"*t — (n + 1)77!1(”)()\,:5). (24)
A
For A = 0, recall the Taylor expansion of z* at A = 0 is:
N (Alnz)2  (Alnz)? = (Alnaz)™
Thus,
 —1 A(nz)?  A(Inx)3 = A ng)™
Therefore, the k-th order partial derivative of ¢ with respect to A is:
OFp(\, x) = (m— DI E (In )™ = ARl (n )™
o= ol = (27)
m=k+1 m=k+1
Finally, at A = 0, we have:
Ear( N 1 k+1
O"Y(\, ) _ (Inz) . (28)

ONF k+1
A=0

This completes the induction.
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5. The partial derivative of ¢ with respect to x is

P\ x) _ Jart i A£0, o)
dr  |1/z ifA=0.
SO W > 0. Therefore, 1 is increasing in x.
The partial derivative of ¢ with respect to A is
A A .
M: w if A0, a0
OA (Inz)?/2 it A=0.

Let y = 2* > 0 and fi(y) = y(lny — 1) + 1, we have f](y) = Iny, f{'(y) = 1/y > 0. Thus fi(y) has the

unique minimum at y = 1 and f;(y) > f1(1) = 0. Thus W > 0. Therefore, 1) is increasing in .

6. The second order partial derivative of 1) with respect to A is

O\ o) | [Elna 2oz ey g
ON2 (In 33)3/3 ifA=0.

(31)

Let y = 2* > 0 and fa(y) = y[(Iny)? — 2Iny + 2] — 2, we have fi(y) = (Iny)? > 0 and fo(1) = 0. Thus
f2(y) > 0 when y > 1 and fo(y) < 0 when y < 1 since fa(y) is increasing in y.

The relationship between z, A and y, f2(y) are as follows

r>1,A>0 =y>1, [
r>1,A<0 =y<l, fo

Fid BOTATE
)>0
) <0

O<z<,A<0 =2y>1,f
0<z<1L,A>0 =y<lfo

)
Y

~~ Y~ o~

} = foy)/A3 <0

y(\z)

Therefore, —353

>0Whenx>1and%<0when0<x<1.

B Log-domain Computation

Log-domain computation refers to performing numerical operations in the logarithmic space rather than on
raw values. This technique is particularly effective at avoiding numerical overflow and underflow, especially
when working with exponential functions, as in the case of power transforms. Central to this approach is the
Log-Sum-Ezp (LSE) function:

LSE(z1,...,zp) =1n Zexp(mi) =In Zexp(mi —c)+c (33)
i=1 i=1

where ¢ = max; z;. This ensures numerically stable computation by shifting values before exponentiation.

Using the LSE operator, the logarithmic mean is computed as

1 n
Inpg=1In ( E xi> =LSE(Inzy,...,Inz,) —lnn (34)
n
i=1

Similarly, the logarithmic variance is expressed as

Ino? = an(xi —u)? —Inn =LSE (2In(x; — u),...,2In(z, —p)) —Inn (35)

i=1

The computation of In(x; — ) requires extra care. A stable way is to rewrite the difference using the LSE trick
(Haberland}, 2023)):

In(z; — p) = In (exp(Inz;) + exp(In p + 7i)) = LSE(In z;, In p + i) (36)

where the 74 term is the imaginary part that handles sign differences for negative values.
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C Numerically Stable Yeo-Johnson

To extend numerical stability to the Yeo-Johnson transformation, we must handle both positive and negative
inputs. Unlike Box-Cox, the constant term cannot be eliminated when both positive and negative values are
present. We therefore consider the following two cases separately:

1. Data entirely positive (or entirely negative): Apply log-domain computation as in Box-Cox, removing the
constant term and factoring out A (for positive) or (A — 2) (for negative).

2. Data contains both positive and negative values: Use the full piecewise definition of Yeo-Johnson (Equa-
tion ) with log-domain computation, but do not remove the constant term. In practice, this case does
not exhibit instability.

As in the Box-Cox case, extreme values of A can be constrained during optimization. Here, we use z = 0 as the
reference point since ¥y (A, 0) = 0:

m)in NLLvy; (A z)

st. A< 1/);(} (Tmax, YB) 1if Tmax > 0, (37)

)\ Z 1/);”1 (xmina _yB) 1f Lmin < O

Here w{,} is the inverse Yeo-Johnson transformation, expressed using the Lambert W function:

el (ey) = -1 AW (JHD:/; ln(z+1>> if 2 > 0, 58)
’ 2 L b w (0= g <o,
For overflow cases, we employ the k¥ = —1 branch of the Lambert W function. As for x > 0 and A > 1:
W(—W) = (A + D@+ 1)~ -Aln(z +1) < 1. (39)
For z <0 and A <« 1:
W(“‘“)/y&) = A+l -2 -2)~ (A -2l —2) < 1. (40)

D Federated NLL Computation for Yeo-Johnson

In the federated setting, the Yeo-Johnson transformation requires additional care due to its piecewise definition
for positive and negative inputs. The main challenges are: (1) clients need to use different formulas to achieve
numerical stability based on their local data (all-positive, all-negative, or mixed); (2) the server must correctly
aggregate statistics from these heterogeneous clients.

First, instead of reporting only the total number of samples, each client separately transmits the counts of positive
and negative values. This enables the server to identify whether the client’s dataset is all-positive, all-negative,
or mixed, and to aggregate contributions accordingly.

Second, depending on the case, clients apply different formulas for the transformed data. In the all-positive (or
all-negative) case, constant term can be safely omitted. For mixed data, however, the full piecewise definition of
the transform function must be used to preserve correctness of the variance.

Finally, the server aggregates the statistics and computes the variance of the transformed data. It then applies a
correction step to adjust the mean, compensating for constant term that clients may have omitted. The complete
procedure is summarized in Algorithm

E Supplementary Tables and Plots
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Algorithm 3 Federated NLL Computation (Yeo-Johnson)

Client Part:

2: ¢y sgn(x;) In(jz;| + 1)

NN DN DN DNDNDN R H= = = == =
ST E WRN R~ O © 01D U s Wi

N N
®©

—_ =

if n~ =0 then
(z; +1)*  if X#£0,
In(x; +1) if A=0.
else if n™ =0 then
(—z; + 1) if A #£2,
vi {—ln(—xi 1) ifA=2.

Yi

else

yi < Yyy(A\ z;) (Equation )
end if

Y — %Zzyl and s Z'L(yl _?j)z

: Send: (¢,n™,n",7,s) to server

Server Part:
Input: A
Collect (c(j)7n+(j),n_(j)7gj(j),s(j)) from clients
if n=() =0 then

Enqueue (nt@),50) s0)) into QF
else if n*() =0 then

Enqueue (n~=0), §0), s0)) into Q~
else

Enqueue (nt@) +n=0) 50) 50)) into Q*
end if
Compute (N*, Y+ S) from QF using Algorithm
if A # 0 then

InS* + In ST —2In |\l

: end if B
: Compute (N7,Y~,57) from @~ using Algorithm
: if A # 2 then

InS~ < InS™ —2In|2 — A

: end if B
: Compute (N*, Y+ S%) from Q% using Algorithm
:if (N~ > 0or N* >0) and A # 0 then

Yt (YT —-1)/)\

: else if (N* >0 or N* > 0) and \ # 2 then

Y=« (Y~ —-1)/(A-2)

: end if
: Enqueue (N1, Y+, S), (N—,Y~,87), (N*, Y+ 5%) into Q
: Compute (N,Y,S) from @ using Algorithm
: 1ncri —~InS—-—InN

: NLLyy « (1 -2 Y, c¥) + S o}

: return NLLvy

: Input: X and local data x; (size n, with positive size n™ and negative size n™)

> All positive

> All negative

> Mixed data

> All positive
> All negative

> Mixed data

> Add constant term back for mixed data
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True Positive Rate

True Positive Rate

Table 3: Dataset statistics.

Datasets # Row # Col
Adult 33K 14
Bank 45K 16
Credit 30K 24
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Figure 11: ROC curves after applying different transforms (LR and XGB).

Table 4: Runtime comparison between naive and our method for Box-Cox

NLL computation.

Data size Time (Naive) Time (Ours)
1K 13.10ps £ 391.62ns  273.88ps £ 819.93 ns
10K 51.70 ps + 2.54 ps 1.70ms £ 13.29ps
100K 604.00ps £ 10.06 ps  18.13ms + 183.97 ps
1M 6.57ms 4+ 60.04 ps 194.75ms £+ 1.31 ms
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Figure 12: Effect of varying A on AUC scores (LR and XGB).
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Figure 13: Histogram of features that have numerical issues.
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Figure 14: Comparison of Brent’s method and ExpSearch.
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Figure 14: Comparison of Brent’s method and ExpSearch.
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Figure 15: Comparison of log and linear domain computation.
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Figure 16: Comparison of pairwise and naive variance aggregation.
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