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Threshold Phenomena

in Epidemic Models

• Epidemic models often exhibit threshold phe-

nomena. Below criticality the major epi-

demic is impossible or unlikely, whereas when

the reproductive number is above one, a

major epidemic is possible.

• The final outcome of the infection spread

for simple epidemic models, SIRS and SIS,

in both subcritical and supercritical cases

as well as critical and near critical is of in-

terest.

2



SIRS Epidemic Models

I R

S

St = # susceptible at time t

It = # infected at time t

Rt = # recovered (immune) at time t
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SIRS Epidemic Models

N ≡ St + It + Rt = population size

st = St/N, it = It/N

rt = Rt/N = 1− st − it

γt = (st, it)
T

s

i

1

1

0
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SIRS Epidemic Model

MCs indexed by N with transition rates:

ρ (s → i) = S · θI/N = Nθsi

ρ (i → r) = ρI = Nρi

ρ (r → s) = R = Nr

Questions:

• Establishment: Will the infection spread?

• Spread: How does it develop with time?

• Persistance: When does it disappear and

what is the final outcome?
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Deterministic Approximation

Fix N , h > 0

Et(st+h) = st + rth− θitsth + o(h)

Et(it+h) = it + θitsth− ρith + o(h)

Get “mean field approximation” as h → 0





dst

dt
= rt − θitst

dit

dt
= θitst − ρit

:= F (γt)
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Deterministic Approximation

Subcritical Epidemic: θ < ρ
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Supercritical Epidemic: θ > ρ
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Supercritical Epidemic

N=100
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Deterministic Approximation

(γ̄t)t≥0 - solution of mean path ODE,

i.e. γ̇ = F (γ)

(
γN
t

)
t≥0

- random path

Theorem 1. If γN
0 → γ̄0 as N → ∞ then for

any T > 0

lim
N→∞

sup
t≤T

|γN
t − γ̄t| = 0 a.s.
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Supercritical Epidemic

Fluctuations around (s∞, i∞)

XN
t :=





x1
t =

√
N(sN

t − s∞)

x2
t =

√
N(iNt − i∞),

so that




sN
t = s∞ +

x1
t√
N

iNt = i∞ +
x2

t√
N

Theorem 2. If XN
0 →D X0 as N → ∞ then

XN ⇒ X in DR2[0,∞).
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Supercritical Epidemic

Fluctuations around (s∞, i∞)

X is generated by G

G =
2∑

i=1

µi(x)
∂

∂xi
+

1

2

2∑

i,j=1

σij
∂2

∂xi∂xj
,

where

(
µ1(x)
µ2(x)

)
=



−1+θ

1+ρ −(1+ρ)

θ−ρ
1+ρ 0







x1

x2


 ,

(
σ11 σ12
σ12 σ22

)
=




2ρ(θ−ρ)
θ(1+ρ) − ρ(θ−ρ)

θ(1+ρ)

− ρ(θ−ρ)
θ(1+ρ)

2ρ(θ−ρ)
θ(1+ρ)


 .
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Supercritical Epidemic

Fluctuations around (s∞, i∞)

Mean Field
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Supercritical Epidemic

Time to Extinction

For all N , infection dies out with prob.1.

How long until this happens?

1

1
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� � � �
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i

• If Y ∼ Geometric(q) then E(Y ) = 1
q .

• Connection to “most likely” path.

• Large Deviations for exit paths (LDP).
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Large Deviations Principle

Def. Family µN satisfy LDP on X with rate

function I if

− inf
x∈F ◦

I(x) ≤ limN→∞
1

N
logµN(F )

≤ limN→∞
1

N
logµN(F ) ≤ − inf

x∈F̄
I(x)

for F ⊂ X .

Yt = Poisson processes rate m

yN
t = N−1YNt satisfy LDP with rate function

I(y) =
∫ T

0
ẏt log

(
ẏt

m

)
− ẏt + m dt

:=
∫ T

0
f(ẏt, m) dt
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Time Changed

Poisson Processes

Y1(t), Y2(t), Y3(t) are rate 1 PPs

yk(t) = yN
k (t) = N−1Yk(Nt) for k = 1,2,3

st = s0 − y1

(∫ t

0
θsuiu du

)
+ y3

(∫ t

0
ru du

)

it = i0 + y1

(∫ t

0
θsuiu du

)
− y2

(∫ t

0
ρiu du

)
.
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Exit Path LDP

• Why standard methods don’t work

– Contraction Principle

Cont. f : X → Y & LDP for µN on X
⇒ LDP for µN ◦ f−1 on Y.

– Wentzell and Freidlin

• Dangers of diffusion approximations
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Exit path LDP

0

1

1
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i

s
Fix γ = (st, it)t≥0 ∈ AC[0, T ]

Let λ, µ, ν ≥ 0 s.t.




dst

dt
= νt − λt

dit

dt
= λt − µt
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Exit path LDP

For γ ∈ AC[0, T ]

I(γ) = inf
λ,µ,ν

T∫

0

f(λt, θstit) + f(µt, ρit) + f(νt, rt)dt,

where

f(x, m) = x log
(

x

m

)
− x + m, x, m ≥ 0.

Theorem 3. SIRS processes γN satisfy LDP

with good rate function I(γ),

i.e.

PN (||γ − γ̃||T < δ) ≈ e−NI(γ̃).
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Time until extinction

τN = inf{t : it = 0} = time to extinction

Ī = infγ Iτ(γ) =“minimal cost” of exit

In fact,for any ε > 0

lim
N→∞

PN
(
eN(Ī−ε) ≤ τN ≤ eN(Ī+ε)

)
= 1.

Conjecture.

lim
N→∞

1

N
logE τN = Ī.
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SIS Stochastic Epidemic

S → I → S

• It = # infected at time t,

St = # susceptible at time t,

St + It ≡ N = population size.

• It = state of the chain at time t;

[N ] = {0,1, . . . , N} = state space.

• Continuous time Markov Chain

with infinitesimal transition probabilities

Px
t

{
It+h = x + 1

}
= βx(1− x/N)h + o(xh),

Px
t

{
It+h = x− 1

}
= xh + o(xh).
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Branching Envelope

• When the number of individuals infected

is small the epidemic evolves ≈ branch-

ing process Zt with infinitesimal transition

probabilities

Px
t

{
Zt+h = x + 1

}
= βxh + o(xh),

Px
t

{
Zt+h = x− 1

}
= xh + o(xh).

• The death rate x is the same as for the SIS

epidemic, but the the birth rate βx domi-

nates the birth rate βx(1−x/N) of the SIS

process.

• The difference βx2/N = attenuation rate.
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Noncritical SIS Epidemic

Final Outcome

• Again, LLN

dI

dt
= βI

(
1− I/N

)
− I.

• Below criticality β < 1 and

dI

dt
= I

(
β

(
1− I/N

)
− 1

)
< 0,

and the epidemics dies out in finite time.

• Above criticality β > 1 and if I = o(N)

dI

dt
= I

(
β

(
1− I/N

)
− 1

)
> 0 for large N,

and the epidemic lasts an exponentially long

time in N .
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Critical Scaling for

Branching Envelope

• A near critical branching process when prop-

erly renormalized, behaves approximately

as a solution of the stochastic differential

equation

dYt = λYt dt +
√

YtdWt, (1)

where Wt is a standard Wiener process.

• Feller’s theorem (1951). If β = 1 + λ/m

Zm = Zmt/m
D→ Yt as m →∞.
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Critical Scaling for

SIS Epidemic

• The epidemic is critical when β = 1, and

near-critical when β = 1 + λ/
√

N .

• Near-critical SIS process≺ by its branching

envelope. The corresponding SIS started

with I0 ∼ bNα infected individuals cannot

have duration longer than OP (Nα) time

units.
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Critical Scaling for

SIS Epidemic

• If the attenuation rate, divided by the scale

factor Nα and integrated to time Nα, is

oP (1) then the limiting behavior of INαt/N
α

should be no different from that of the

branching envelope ZNαt/N
α.

Can show that when α < 1/2 it is the case.

• When α = 1/2, the accumulated attrition

over the duration of the branching enve-

lope will be on the same order of magni-

tude as the fluctuations, and so the rescaled

SIS process should have a genuinely differ-

ent asymptotic behavior from the branch-

ing envelope.
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Diffusion Limit for

Critical SIS Epidemic

Theorem. If for some constants α < 1/2 and

b > 0 the number of individuals initially infected

satisfies IN
0 ∼ bNα, and β = 1 + λ/Nα, then

IN
Nαt/N

α D−→ Yt as N →∞
where Yt is a Feller diffusion(1) with drift λ and

Y0 = b.

If IN
0 ∼ bN1/2 for some constant b > 0 and if

β = 1 + λ/
√

N then

IN√
Nt

/
√

N
D−→ Yt as N →∞,

where Yt is an attenuated Feller diffusion with

drift λ and Y0 = b, that is, Yt is a solution to

the stochastic differential equation

dYt = (λYt − Y 2
t ) dt +

√
YtdWt.
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Critical SIS Epidemic

Final Outcome

• The size of an epidemic is the total num-
ber ξ of new infections during its entire
course. Alternatively,

S = SN =
∫ T

0
It dt.

Can show that the two quantities have the
same asymptotic behavior.

• Because the integral above is a continuous
functional of the path IN

t the theorem im-
plies that if I0 ∼ b

√
N and β = 1 + λ/

√
N

then

SN/N
D−→

∫ τ0

0
Yt dt,

where Yt is the attenuated Feller diffusion
with initial state Y0 = b and τ0 is the first
passage time to 0 by Yt.
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Critical SIS Epidemic

Final Outcome

• The instantaneous rate Yt dt at which infec-

tion time accrues coincides with the rate of

change in accumulated quadratic variation

of the semimartingale Yt.

• This suggests the natural time change to

a new time scale s = s(t)

ds = Yt dt,

so that
∫

Yt dt =
∫

ds is the limit of the

rescaled epidemic sizes SN/N .
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Critical SIS Epidemic

Final Outcome

The time-changed process Vs = Yt(s) satisfies

the SDE

dVs = (λ− Vs) ds + dW̃s,

where W̃s is again a standard Wiener process.

Setting Us = Vs − λ, one gets the SDE for the

Ornstein-Uhlenbeck process:

dUs = −Us ds + dW̃s.

Corollary. If I0 ∼ b
√

N and β = 1+λ/
√

N then

SN/N
D−→ τ(b− λ;−λ),

where τ(x; y) is the time of first passage to y

by a standard O-U process started at x.
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