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Deterministic OC- ODEs
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Contd.

Optimal Control �
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achieves the maximum
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UsingHamiltonian

Converted problem of �nding control to maximize
objective functional subject to DE, IC to using
Hamiltonian pointwise.
For maximization
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Two unknowns "

#

and $

#

introduce adjoint

%

(like a Lagrange multiplier)

Three unknowns "
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nonlinear w.r.t. "

Eliminate "
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by setting &
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(

and solve for "
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in terms of $
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and
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Two unknowns $

#

and

%

with 2 ODEs (2 point BVP)
+ 2 boundary conditions.
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Pontryagin Maximum Principle

If )

*

+-, .

and /

*

+-, .

are optimal for above problem, then there
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Optimality Cond.-Control Bounds
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Hamiltonian is maximized w.r.t. the controls
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Examplewith bounds

L

M
N

O

P
Q

RTS

U

V�W X

Y

Z\[

V�W X

Y

[

P

V
W

X

]

^

W

subject to U

_

V�W X

`

U

V�W X

[

V�W X
a

U

V�b X

`

c

a

b

[

V�W X

S
d

Lecture1 – p.8/45



Hamiltonian
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Optimality Conditions
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Optimal control and state
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details

where

°²±

,

°²³

, and
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Statex*
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BoundedControls

As long as the �nal position of the state variable
is not �x ed in advance:
Control ç è

é�ê ë

ì

Solve for the optimal control using the optimality
condition and then impose the bounds on the
formula.
In that exercise, suppose for all controls
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Multiple States,Controls
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Statesand Adjoints

Each state solves an ODE.
To each state, there corresponds an adjoint.
The �rst adjoint corresponds to the �rst state...
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Hamiltonian
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RHS of ODE of i-th state

Lecture1 – p.17/45



NecessaryConditions
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Example

control the acceleration
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Examplecontinued

Introduce two adjoint variables, one for each
state variable, and form the Hamiltonian,
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Solve for adjoints
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Solve for states
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Optimality Conditions-Control Bounds
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BoundedControls

As long as the �nal position of the state variable
is not �x ed in advance:
Control ¦ §

¨�© ª

«

Solve for the optimal control using the optimality
condition and then impose the bounds on the
formula.
In that exercise, suppose for all controls
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Numerical Algorithm

1. Make an initial guess for ¸ over the interval.
Store the initial guess as ¸.

2. Using the initial conditions and the stored
values for ¸, solve the state ODEs forward in
time.

3. Using transversality conditions and stored
values for ¸ and the states, solve adjoints
ODEs backward in time.

4. Update the control by entering the new states
and adjoint values into the characterization of

¸.
Lecture1 – p.25/45



CheckConvergence,Iterate

If values of the variables in this iteration and the
last iteration are close, output the current values
as solutions. If values are not close, return to
Step 2.
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Virus and Immune Cells Example

virus population ¹ and a population of immune
cells º
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The control function Í represents a drug
treatment to reduce the growth of the virus. The
control set is
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Minimize the Objective Functional
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Hamiltonian

The Hamiltonian is:
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Adjoints

The form of the �rst adjoint equation is
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Characterization of OC
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CML Example

This example, taken from the work of Nanda,

Moore, and Lenhart, is a model of drug

therapy for chronic mylegenous leukemia.

egf

h

the cancer cell population

i

egf

h

the naive T cell population

j

egf

h

the effector T cell population at time

f

.
Assume that effector T cells are speci�c to CML,
activated by the presence of CML antigen.
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LeukemiaModel
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Controls

Effect of targeted drug is given by the control „†…

‡gˆ

‰

which slows the production of cancer cells.
This drug affects only cancer cells, not other cells,

„

…

‡gˆ

‰

appears only in equation.

„‹Š

‡gˆ

‰

term for treatment by a broad chemotherapy,
which is cytotoxic to all three cell populations.

„gŠ appears in all state equations
as a coef�cient in the natural attrition terms.
Values of „

Š

Œ

•

give treatment with cytotoxic drug.
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min J(u1, u2)

Ž
•

•
‘

’

•

“

“

‘

’

“

“*”

•

–

— ˜

™

š

›

— ˜

(7)
where

œ

• —

’

•

—

•

˜
ž

’

“

—

•

˜ Ÿ̃

 g¡ ’
¡

—

•

˜

¡

ž measž

¢

œ

£

ž

‘

¤
¥

Lecture1 – p.42/45



¦¨§

© ª

«

¬

­¯®

¦¨°

© ª

«

±

®

¦¨²

© ª

«

²´³ (8)

Lecture1 – p.43/45



Figures-varying parameters
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more info

See my homepage www.math.utk.edu µ

¶ lenhart
Optimal Control Theory in Application to Biology
short course lectures and lab notes
Book: Optimal Control applied to Biological Models
2007 CRC Press, joint with J. Workman
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