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Abstract

This paper deals with preferencerepresentationand
elicitation in thecontext of multiattributeutility theory
underrisk. Assumingthe decisionmaker behavesac-
cordingto theEU model,we investigatetheelicitation
of generalizedadditively decomposableutility func-
tionsonaproductset(GAI-decomposableutilities). We
proposea generalelicitationprocedurebasedon a new
graphicalmodel called a GAI-network. The latter is
usedto representandmanageindependencesbetween
attributes,asjunctiongraphsmodelindependencesbe-
tween randomvariablesin Bayesiannetworks. It is
usedtodesignanelicitationquestionnairebasedonsim-
ple lotteriesinvolving completelyspeci�ed outcomes.
Our elicitation procedureis convenient for any GAI-
decomposableutility function,thusenhancingthepos-
sibilitiesofferedby UCP-networks.

Keywords. Decisiontheory, graphicalrepresentations,
preferenceelicitation, multiattribute expectedutility,
GAI-decomposableutilities.

Intr oduction
Over thelastfew yearsthegrowing interestin decisionsys-
temshasstressedtheneedfor compactrepresentationsof in-
dividual'sbeliefsandpreferences,bothfor user-friendliness
of elicitationandreductionof memoryconsumption.In De-
cisionunderUncertainty, thediversityof individualsbehav-
iorsandapplicationcontextshaveledto differentmathemat-
ical modelsincludingExpectedUtility (EU) (von Neumann
& Morgenstern1944;Savage1954),ChoquetEU (Schmei-
dler 1986), Qualitative EU (Dubois & Prade1995), Gen-
eralizedEU (Halpern& Chu 2003a;2003b). The concern
in compactnumericalrepresentationsof preferencesbeing
ratherrecent,studieshave mainly focusedon EU andem-
phasizedthepotentialof graphicalmodelssuchasUCP-nets
(Boutilier, Bacchus,& Brafman2001)or in�uencediagrams
(Howard& Matheson1984;Shachter1986).

UsingEU requiresbotha numericalrepresentationof the
Decision Maker's (DM) preferencesover all the possible
outcomes(autility function) anda family of probabilitydis-
tributionsovertheseoutcomes.In thispaperwefocusonthe
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assessmentof utility, which is usuallyperformedthroughan
interactive process.The DM is asked to answer“simple”
questionssuchas“do you prefera to b?” anda numerical
representationfollows.

Theoretically, the assessmentof preferencesover every
pair of outcomesmay be neededto elicit completelythe
DM' s utility, but in practicethe large sizeof the outcome
set preventssucha procedureto be feasible. Fortunately,
preferencesoften have an underlyingstructurethat canbe
exploited to drasticallyreducethe elicitation burden. Sev-
eralstructuresdescribedin termsof differentindependence
conceptshave emerged from the multiattribute utility the-
ory community (Keeney & Raiffa 1976; Fishburn 1970;
Krantzetal. 1971)andledto differentformsof utilities, the
mostpopularof whichbeingtheadditiveandthemultilinear
decompositions.Theparticularindependencesbothof these
decompositionsassumesigni�cantly simplify theelicitation
procedures,yetasthey compeltheDM' spreferencesto sat-
isfy very stringentconstraintsthey areinadequatein many
practicalsituations.

A “good” trade-off betweeneasinessof elicitation and
generalityof themodelcancertainlybeachievedby Gener-
alizedAdditiveIndependence(GAI) (Fishburn 1970). This
“weak” form of independenceis suf�ciently �e xible to ap-
ply to mostsituationsandassuchdeservesthe elaboration
of elicitation procedures.Although introducedin the six-
ties, GAI hasnot received many contributionsyet. In par-
ticular, elicitationproceduressuggestedin the literaturefor
GAI-decomposableutilities arenot generalpurpose.They
assumeeither that the utilities satisfy constraintsimposed
by CP-netstructure(seeUCP-nets(Boutilier, Bacchus,&
Brafman2001)) or that utilities are randomvariables(the
prior distributionof which is known) andthattheelicitation
consistsin �nding an a posteriori utility distribution (Cha-
jewska & Koller 2000; Chajewska, Koller, & Parr 2000).
We feel thattheseadditionalassumptionsmight not besuit-
ablein a signi�cant numberof practicaldecisionproblems.
For instance,as we shall seelater in this paper, thereex-
ist “simple” GAI-decomposablepreferencesthat cannotbe
compactedby UCP-nets. Similarly, the existenceof prior
utility distributionsis not alwaysnatural,for instancethere
is not muchchancethata company managerfacinga given
decisionproblemmayhaveapriordistributionof otherman-
agersutilities athand.Henceanelicitationprocedureappli-



cableto any GAI decompositionshouldprove useful. The
purposeof this paperis to proposesucha procedurein the
context of DecisionMakingunderRisk. Moreprecisely, we
assumeuncertaintiesarehandledthroughprobabilitiesand
DM' spreferencesareconsistentwith EU.

Thekey ideain ourelicitationprocedureis to takeadvan-
tageof a new graphicalrepresentationof GAI decomposi-
tionswe call a GAI network. It is essentiallysimilar to the
junction graphsusedfor Bayesiannetworks (Shafer1996;
Jensen,Lauritzen, & Olesen1990; 1990; Cowell et al.
1999). As such,it keeptracksof all the dependencesbe-
tweenthe differentcomponentsof the utilities and the se-
quenceof questionsto beaskedto theDM canberetrieved
directly from thisgraph.

The paperis organizedasfollows: the �rst sectionpro-
videsnecessarybackgroundin multiattributeutility theory.
Then,a typicalexampleshowing how aGAI-decomposable
utility canbe elicited is presented.The third sectionintro-
ducesGAI networks,a graphicaltool for representingGAI-
decompositions.It alsodescribesa generalelicitation pro-
cedurerelying on this network which appliesto any GAI-
decomposableutility, aswell asa genericschemefor con-
structingtheGAI network. We �nally concludeby empha-
sizingsomesigni�cant advantagesof our elicitationproce-
dure.

Utility Decompositions
In this paper, we addressproblemsof decisionmakingun-
derrisk (von Neumann& Morgenstern1944)(or underun-
certainty(Savage1954)), that is the DM hasa preference
relation%d over a setof decisionsD, “d1 %d d2” mean-
ing the DM eitherprefersdecisiond1 to d2 or feels indif-
ferent betweenboth decisions. The consequenceor out-
comeresultingfrom makinga particulardecisionis uncer-
tain andonly known througha probabilitydistribution over
thesetof all possibleoutcomes.Decisionscanthusbede-
scribedin termsof thesedistributions, i.e., to eachdeci-
sion is attacheda lottery, that is a �nite tupleof pairs(out-
come,probabilityof the outcome),andto %d is associated
a preferencerelation % over the set of lotteriessuchthat
d1 %d d2 , lottery(d1) % lottery(d2). Taking advantage
of thisequivalence,wewill uselotteriesinsteadof decisions
in theremainderof thepaper.

Let X be the �nite setof outcomesandlet L be the set
of lotteries. hp1; x1; p2; x2; : : : ; pq; xqi denotesthe lottery
suchthat eachoutcomex i 2 X obtainswith a probability
pi > 0 and

P q
i =1 pq = 1. Moreover, for convenienceof no-

tation,whenunambiguous,we will notex insteadof lottery
h1; xi . Undersomeaxiomsexpressingthe“rational” behav-
ior of theDM, (Savage1954)and(vonNeumann& Morgen-
stern1944)have shown that thereexist somefunctionsU :
L 7! R andu : X 7! R, uniqueup to strictly positiveaf�ne
transforms,suchthatL 1 % L 2 , U(L 1) % U(L 2) for all
L 1; L 2 2 L andU(hp1; x1; : : : ; pq; xqi ) =

P q
i =1 pi u(x i ).

Suchfunctionsassigninghigher numbersto the preferred
outcomesarecalledutility functions. AsU(�) is theexpected
valueof u(�), wesaythattheDM is anexpectedutility max-
imizer.

Eliciting U(�) consistsin both assessingthe probability
distribution over the outcomesfor eachdecisionand elic-
iting function u(�). The former hasbeenextensively ad-
dressedin the UAI community(Buntine1994;Heckerman
1995). Now eliciting u(�) is in generala complex taskas
thesizeof X is usuallyvery large. The�rst stepto circum-
vent this problemis to remarkthat usually the setof out-
comescanbedescribedasa Cartesianproductof attributes
X =

Q n
i =1 X i , whereeachX i is a �nite set. For instance,

a mayor facing the DecisionMaking problemof selecting
onepolicy for theindustrialdevelopmentof his city canas-
similateeachpolicy to a lottery over outcomesde�ned as
tuplesof type (investmentcostsupportedby the city, envi-
ronmentalconsequence,impacton employment,etc). This
particularstructurecanbeexploitedby observingthatsome
independenceshold betweenattributes. For instance,pref-
erencesover environmentconsequencesshouldnot depend
on preferencesover employment.Several typesof indepen-
dencehave beensuggestedin the literature,taking into ac-
countdifferentpreferencestructuresandleadingto different
functionalforms of the utilities. The mostusualis the fol-
lowing:

De�nition 1 (Additi ve Independence)Let L 1 and L 2 be
anypair of lotteriesandlet p andq betheir respectiveprob-
ability distributionsover theoutcomeset.ThenX 1; : : : ; X n
areadditivelyindependentfor % if p andq havingthesame
marginalson everyX i impliesthat both lotteriesare indif-
ferent,i.e. L 1 % L 2 andL 2 % L 1 (or L 1 � L 2 for short).

(Bacchus& Grove 1995) illustrates additive indepen-
denceon the following example: let X = X 1 � X 2
whereX 1 = f a1; b1g and X 2 = f a2; b2g. Let L 1 and
L 2 be lotteries whoserespective probability distributions
on X are p and q. Assumep(a1; a2) = p(a1; b2) =
p(b1; a2) = p(b1; b2) = 1=4, q(a1; a2) = q(b1; b2) = 1=2
and q(a1; b2) = q(b1; a2) = 0. Then p and q have the
samemarginalson X 1 andX 2 sincep(a1) = q(a1) = 1=2,
p(b1) = q(b1) = 1=2, p(a2) = q(a2) = 1=2 andp(b2) =
q(b2) = 1=2. Sounderadditive independence,lotteriesL 1
andL 2 shouldbeindifferent.

As additive independencecapturesthe fact that prefer-
encesonly dependon themarginal probabilitieson eachat-
tribute, it rulesout interactionsbetweenattributesandthus
resultsin the following simple form of utility (Bacchus&
Grove1995):

Proposition1 X 1; : : : ; X n are additively independentfor
% iff there exist somefunctionsui : X i 7! R such that
u(x) =

P n
i =1 ui (x i ) for anyx = (x1; : : : ; xn ).

Additivedecompositionallowsall ui 's to beelicitedinde-
pendently, thusconsiderablyreducingthe amountof ques-
tionsrequiredto determineu(�). However, asno interaction
is possibleamongattributes,suchfunctional form cannot
be appliedin many practicalsituations.Henceothertypes
of independencehave beenintroducedthatcapturemoreor
lessdependences.For instanceutility independenceof every
attribute (Bacchus& Grove 1995) leadsto a moregeneral



form of utility calledmultilinearutility:

u(x1; : : : ; xn ) =
X

;6= Y �f 1;:::;n g

kY

Y

i 2 Y

ui (x i );

wherethe ui 's arescaledfrom 0 to 1. Multilinear utilities
aremoregeneralthanadditiveutilities but many interactions
betweenattributesstill cannotbetakeninto accountby such
functionals.Considerfor instancethefollowing example:
Example1 Let X = X 1 � X 2, whereX 1 = f lamb,veg-
etable,beefg andX 2 = f redwine, white wineg. Assumea
DM hasthefollowing preferencesover meals:

(lamb,redwine) � (vegetable,redwine)
� (lamb,whitewine) � (vegetable,whitewine)

� (beef,redwine) � (beef,whitewine),
that is the DM hassomekind of lexicographicpreference
over food, and then some preferenceover wine. Then,
if a multilinear utility u(food; wine) = k1u1(food) +
k2u2(wine) + k3u1(food)u2(wine) existed, sinceutilities
are scaled from 0 to 1, the above preferencerelations
would imply that u1(lamb) = 1 � u1(vegetable) =
x � u1(beef) = 0 and that u2(redwine) = 1 and
u2(whitewine) = 0. But thenthepreferencerelationscould
be translatedinto a systemof inequalitiesk1 + k2 + k3 >
k1x + k2 + k3x = k1 = k1x > k2 > 0 having nosolution,a
contradiction.Consequentlynomultilinearutility canrepre-
senttheseDM preferences,althoughthey arenot irrational.

�
Within multilinear utilities, interactions between at-

tributesaretakeninto accountusingtheproductsof subutil-
ities on every attribute. Theadvantageis that theelicitation
taskremainsreasonablytractablesinceonly theassessments
of theui 'sandof constantskY 'sareneeded.But thepriceto
pay is thatmany preferencerelationscannotberepresented
by suchfunctions.Oneway out would beto keepthetypes
of interactionsbetweenattributesunspeci�ed,that is, sepa-
ratingtheutility functioninto asumof subutilities onsetsof
interactingattributes:this leadsto theGAI decompositions.
Thoseresultfrom ageneralizationof additiveutilities:
De�nition 2 (GeneralizedAdditi ve Independence) Let
L 1 and L 2 be any pair of lotteries and let p and q be
their probability distributions over the outcomeset. Let
Z1; : : : ; Zk be somesubsetsof N = f 1; : : : ; ng such that
N = [ k

i =1 Z i and let X Z i = f X j : j 2 Z i g. Then
X Z 1 ; : : : ; X Z k aregeneralizedadditivelyindependentfor %
if theequalityof themarginalsof p andq on all X Z i 's im-
pliesthatL 1 � L 2.

As provedin (Bacchus& Grove1995;Fishburn1970)the
following functionalform of theutility calledaGAI decom-
positioncanbe derived from generalizedadditive indepen-
dence:
Proposition2 Let Z1; : : : ; Zk be somesubsetsof N =
f 1; : : : ; ng such that N = [ k

i =1 Z i . X Z 1 ; : : : ; X Z k are gen-
eralized additively independent(GAI) for % iff there exist
somereal functionsui :

Q
j 2 Z i

X j 7! R such that

u(x) =
kX

i =1

ui (xZ i ); for all x = (x1; : : : ; xn ) 2 X ;

wherexZ i denotesthetupleof componentsof x havingtheir
index in Z i .

Example1 (continued) GAI decompositionsallow great
�e xibility becausethey do not make any assumptionon
the kind of relationsbetweenattributes. Thus, if besides
main courseand wine, the DM wants to eat a dessert
and a starter, her choice for the starterwill certainly be
dependenton that of the main course, but her prefer-
ences for dessertsmay not dependon the rest of the
meal. This naturally leadsto decomposingthe utility over
mealsasu1(starter; maincourse)+ u2(maincourse; wine)+
u3(dessert) andthis utility correspondspreciselyto a GAI
decomposition. �

Notethattheundecomposedutility u(�) andtheadditively
decomposedutility

P n
i =1 ui (�) are specialcasesof GAI-

decomposableutilities. Theamountof questionsrequiredby
theelicitationis thuscloselyrelatedto theGAI decomposi-
tion itself. In practice,it is unreasonableto considereliciting
subutilities with morethan3 parameters.But GAI decom-
positionsinvolving “small” X Z i 's canbeexploited to keep
thenumberof questionsto areasonableamountasshown in
thenext two sections.

Elicitation of a GAI-decomposableUtility
In thissection,wewill �rst presentthegeneraltypeof ques-
tions to be asked to the DM during the elicitation process
and,then,wewill specializethemto theGAI-decomposable
modelcase.

Let % be a preferencerelation on the set L of all pos-
sible lotteriesover an outcomeset X . Let x, y and z be
three arbitrary outcomessuch that the DM prefersmak-
ing any decision the result of which is always outcome
y (resp. x) to any decisionresulting in x (resp. z), i.e.,
y % x % z. In termsof utilities, u(y) � u(x) � u(z).
Consequently, thereexists a real numberp 2 [0; 1] such
that u(x) = pu(y) + (1 � p)u(z), or equivalently, there
exists a probability p suchthat x � hp;y; 1 � p;zi . This
gambleis illustratedon Figure 1. Knowing the valuesof

z

yp

1 � p

x �

Figure1: Gamblex � hp;y; 1 � p;zi .

p, u(y) andu(z) thuscompletelydeterminesthat of u(x).
This is the very principle of utility elicitation under risk.
In the remainder, to avoid testingwhich of the outcomes
x, y or z are preferredto the others, for any three out-
comesx1; x2; x3, wewill denoteby G(x1; x2; x3) thegam-
blex � (2) � hp;x � (1) ; 1� p;x � (3) i where� is apermutation
of f 1; 2; 3g suchthatx � (1) % x � (2) % x � (3) .

Assumethaty andz correspondto themostandleastpre-
ferredoutcomesin X respectively, thenall thex's in X are
suchthaty % x % z, andtheutility assignedto every out-
comein X canbedeterminedfrom theknowledgeof p, u(y)
andu(z). Moreover, asundervon Neumann-Morgenstern's



axiomsutilities areuniqueupto strictly positiveaf�ne trans-
forms,we canassumethatu(y) = 1 andu(z) = 0. Hence
therejust remainsto assessprobabilitiesp. Differentinter-
active proceduresexist but they all sharethesamekey idea:
theDM is askedwhichof thefollowing optionssheprefers:
x or hp;y; 1 � p;zi for a given valueof p. If sheprefers
the�rst option,anothersimilarquestionis askedwith anin-
creasedvalueof p, elsethe valueof p is decreased.When
the DM feels indifferentbetweenboth options,p hasbeen
assessed.

Of course,as in practiceX is a Cartesianproduct,X 's
sizetendsto increaseexponentiallywith the numberof at-
tributessothat,assuch,theaboveprocedurecannotbecom-
pletedusinga reasonablenumberof questions.Fortunately,
GAI decompositionhelpsreducingdrasticallythenumberof
questionsto beasked. Thekey ideacanbe illustratedwith
thefollowing example:

Example2 ConsideranoutcomesetX = X 1 � X 2 � X 3
andassumethatu(x1; x2; x3) = u1(x1) + u2(x2; x3). Then
it is easilyseenthatgamble

(x1; a2; a3) � hp; (y1; a2; a3); 1 � p; (z1; a2; a3)i

is equivalentto gamble

(x1; b2; b3) � hp; (y1; b2; b3); 1 � p; (z1; b2; b3)i

asthey bothassertthatu1(x1) = pu1(y1) + (1 � p)u1(z1).
Hence,assumingpreferencesarestableover time, thereis
noneedto asktheDM questionsto determinethevalueof p
in thesecondgamble:it is equalto thatof p in the�rst one.
Thusmany questionscanbe avoidedduring the elicitation
process.Notethatin essencethis propertyis closelyrelated
to aCeterisParibusstatement(Boutilier etal. 1999). �

Now let us introduceour elicitation procedurewith the
following example:

Example3 Let X =
Q 4

i =1 X i and assumethat utility
u : X 7! R over the outcomesis decomposableas
u(x1; : : : ; x4) = u1(x1; x2) + u2(x2; x3) + u3(x3; x4). The
elicitation algorithm consistsin askingquestionsto deter-
minesuccessively thevalueof u1(�), thenthatof u2(�) and
�nally thatof u3(�).

Let (a1; a2; a3; a4) be an arbitraryoutcomethat will be
usedasareferencepoint. In thesequel,for notationalconve-
nience,insteadof writing x f 1;2g for (x1; x2) we shallwrite
x12. Let usshow thatwemayassumewithout lossof gener-
ality that:

u1(b1; a2) = 1; u1(a1; x2) = 0 for all x2 2 X 2;
u3(a3; a4) = 0; u2(a2; x3) = 0 for all x3 2 X 3: (1)

AssumetheDM' spreferencesarerepresentableby autility

v(x1; : : : ; x4) = v1(x1; x2) + v2(x2; x3) + v3(x3; x4)

ontheoutcomesetsuchthatv(�) doesnotnecessarilysatisfy
Eq.(1). Let

u1(x1; x2) = v1(x1; x2) � v1(a1; x2):

Then v(x1; : : : ; x4) = u1(x1; x2) + [v2(x2; x3) +
v1(a1; x2)] + v3(x3; x4) and v2(x2; x3) + v1(a1; x2) is a

function on X 2 � X 3 andu1(a1; x2) = 0 for all x2 's. It
canthusbe said that v2(�) has“absorbed” a part of v1(�).
Similarly, somepart of v2(�) may be absorbedby v3(�) in
sucha way that theresultingu2(a2; x3) = 0 for all x3 's: it
is suf�cient to de�ne

u2(x2; x3) = v2(x2; x3) + v1(a1; x2)
� v2(a2; x3) � v1(a1; a2):

v(x1; : : : ; x4) thus equals to u1(x1; x2) + u2(x2; x3) +
v3(x3; x4)+ v2(a2; x3)+ v1(a1; a2). Notethatu3(x3; x4) =
v3(x3; x4) + v2(a2; x3) + v1(a1; a2) is a function over
X 3 � X 4 asv1(a1; a2) is aconstant.

Von Neumann-Morgenstern's utilities being unique up
to positive af�ne transforms,it can be assumedwithout
loss of generality that u(a1; a2; a3; a4) = 0 and that
u(b1; a2; a3; a4) = 1 for somearbitrary b1 2 X 1 such
that outcome(b1; a234) % (a1; a234), henceresluting in
u3(a3; a4) = 0 andu1(b1; a2) = 1. Consequently, hypothe-
ses(1) maybeassumedwithout lossof generality.

Thus,theassessmentof u1(x1; a2) for all x1 's canbede-
riveddirectly from gamblessuchas:

(x1; a234) � hp; (b1; a234); 1 � p; (a1; a234)i
alsodenotedasG((b1; a234); (x1; a234); (a1; a234)) ; (2)

as they are equivalent to u1(x1; a2) = p. Note that in
theabove gambleslotteriesonly differ by the �rst attribute
value,hencethe questionsasked to the DM shouldnot be
cognitively toocomplicatedandtheDM shouldnothavedif-
�culties answeringthem.Then

G((b1; a2; a34); (a1; x2; a34); (a1; a2; a34)) (3)

determinesthe value of u2(x2; a3). For instance, if
(b1; a2; a34) � (a1; x2; a34), then the above gamble is
equivalentto:

(a1; x2; a34) � hq; (b1; a2; a34); 1 � q; (a1; a2; a34)i ;

which impliesthatu2(x2; a3) = q. CombiningEq.(3) with

G((b1; a2; a34); (x0
1; x2; a34); (a1; a2; a34)) ; (4)

wherex0
1 is an arbitraryvalueof X 1, the determinationof

u1(x0
1; x2) follows. Note that until now all calls to func-

tion G(�), and especiallyin equations(3) and (4), shared
the same�rst and third outcomes,i.e., (b1; a2; a34) and
(a1; a2; a34). Notealsothatthegamblesremaincognitively
“simple” asmostof the attributesarethe samefor all out-
comes. Now, the value of u1(x0

1; x2) is suf�cient to in-
ducefrom G((x0

1; x2); (x1; x2); (a1; x2)) the valuesof all
theu1(x1; x2)'sandthedeterminationof u1(�) is completed.

The same process applies to assessu2(�). First,
using gambles similar to that of Eq. (3), i.e.,
G((b1; a2; a34); (a1; b2; a34); (a1; a2; a34)) , u2(b2; a3)
can be assessedfor arbitrary values b2 of X 2. Then
G((a1; b2; a34); (a1; x2; a34); (a1; a2; a34)) will enable
the determinationof the u2(x2; a3)'s for all x2 's (in fact,
they will involve termsin u1(�) andu2(�) but asu1(�) has
beenelicited,only the u2(�)'s remainunknown). Oncethe
u2(x2; a3)'s areknown, gamblessimilar to thoseof Eq. (3)
andEq. (4) but appliedto X 2; X 3 insteadof X 1; X 2 leadto
thecompletedeterminationof u2(�).



Finally as function u3(�) is the only remaining un-
known, u3(x3; x4) can be elicited directly using any
gamble involving two “elicited” outcomes. For in-
stanceG((b1; a23; a4); (a1; a23; x4); (a1; a23; a4)) will de-
termine the u3(a3; x4)'s for all values of x4 and, then,
G((a12; a3; b4); (a12; x3; x4); (a12; a3; a4)) will complete
theassessmentof u3(�). �

Note that only a few attributesdiffered in the outcomes
of eachof the above gambles,henceresulting in cogni-
tively simplequestions.At �rst sight,thiselicitationscheme
seemsto be a ad hoc procedurebut, aswe shall seein the
next section,it provesto bein factquitegeneral.

GAI Networks
To derive a generalschemefrom theabove example,we in-
troducea graphicalstructurewe call a GAI network, which
is essentiallysimilar to thejunctiongraphsusedin Bayesian
networks(Jensen1996;Cowell etal. 1999):

De�nition 3 (GAI network) Let Z1; : : : ; Zk be some
subsetsof N = f 1; : : : ; ng such that

S k
i =1 Z i = N . Assume

that % is representableby a GAI-decomposableutility
u(x) =

P k
i =1 ui (xZ i ) for all x 2 X . Thena GAI network

representingu(�) is an undirected graph G = (V; E),
satisfyingthefollowingproperties:

1. V = f X Z 1 ; : : : ; X Z k g;
2. For every(X Z i ; X Z j ) 2 E , Z i \ Z j 6= ; . Moreover,

for everypair of nodesX Z i ; X Z j such thatZ i \ Z j =
Tij 6= ; , thereexistsa pathin G linking X Z i andX Z j

such that all of its nodescontainall theindicesof Tij
(Runningintersectionproperty).

Nodes of V are called cliques. Moreover, every edge
(X Z i ; X Z j ) 2 E is labeledby X T ij = X Z i \ Z j , which is
calleda separator.

Throughoutthis paper, cliqueswill be drawn asellipses
and separatorsas rectangles.The rest of this sectionwill
be devotedto the constructionof GAI networks,andespe-
cially GAI trees,from GAI decompositionsof utilities, and
an elicitation procedureapplicableto any GAI treewill be
inferredfrom theexampleof theprecedingsection.

From GAI Decompositionsto GAI Networks
For any GAI decomposition,De�nition 3 is explicit as to
whichcliquesshouldbecreated:thesearesimply thesetsof
variablesof eachsubutility. For instance,if u(x1; : : : ; x5) =
u1(x1; x2; x3) + u2(x3; x4) + u3(x4; x5) then, as shown
in Figure 2.a, cliques are f X 1; X 2; X 3g, f X 3; X 4g and
f X 4; X 5g.

Property2 of De�nition 3 givesusacluefor determining
thesetof edgesof a GAI network: thealgorithmconstruct-
ing this setshouldalwayspreserve therunningintersection
property. A simple— althoughnot alwaysef�cient — way
to constructtheedgesthussimplyconsistsin linking cliques
thathave somenodesin common.Hencethe following al-
gorithm:

X 3X 4

X 4X 5X 3X 4X 1X 2X 3

X 4X 3X 1X 2X 3 X 4X 5

a) cliquesof theGAI network

b) edgesof theGAI network

Figure2: Theconstructionof aGAI network.

Algorithm 1 (Construction of a GAI network)
constructsetV = f X Z 1 ; : : : ; X Z k g;
for i 2 f 1 : : : ; k � 1g do

for j 2 f i + 1: : : ; kg do
if Z i \ Z j 6= ; then

addedge (X Z i ; X Z j ) to E
�

done
done

Applying this algorithm on set V = ff X 1; X 2; X 3g;
f X 3; X 4g; f X 4; X 5gg, sets f X 1; X 2; X 3g and f X 3; X 4g
having a nonempty intersection, an edge should be
created between these two cliques. Similarly, edge
(f X 3; X 4g; f X 4; X 5g) should also be addedas X 4 be-
longs to both cliques. Consequentlythe network of Fig-
ure 2.b is a GAI network representingu(x1; : : : ; x5) =
u1(x1; x2; x3) + u2(x3; x4) + u3(x4; x5).

As we shall seein the next subsection,GAI treesare
more suitablethan multiply-connectednetworks for con-
ducting the elicitation process. Unfortunately, GAI net-
worksrepresentingutility decompositionsoftencontaincy-
cles. For instance,considerthe following decomposition:
u(x1; x2; x3; x4) = u1(x1; x2) + u2(x2; x3) + u3(x3; x4) +
u4(x4; x1). Thenthe only possibleGAI network is that of
Figure3.

X 3X 1

X 4 X 3X 4

X 2 X 2X 3X 1X 2

X 1X 4

Figure3: A GAI network containingacycle.

Unlike GAI treeswherea sequenceof questionsreveal-
ing theDM' sutility functionnaturallyarises,GAI multiply-
connectednetworks do not seemto be appropriateto eas-
ily infer thesequenceof questionsto askto theDM. Fortu-
nately, they canbeconvertedinto GAI treesusingthesame
triangulationtechniquesasin Bayesiannetworks (Kjærulff
1990;Darwiche& Hopkins2001):



Algorithm 2 (Construction of a GAI tr ee)
1/ createa graphG0 = (V 0; E 0) such that

a/ V 0 = f X 1; : : : ; X n g;
b/ edge (X i ; X j ) belongsto E 0 iff thereexistsa

subutility containingbothX i andX j
2/ triangulateG0

3/ derivefromthetriangulatedgrapha junctiontree:
theGAI tree

For instance,consideragain the GAI network of Fig-
ure3 representingutility u(x1; x2; x3; x4) = u1(x1; x2) +
u2(x2; x3) + u3(x3; x4) + u4(x4; x1). GraphG0constructed
on step1 of the above algorithmis depictedon Figure4.a:
the nodesof this graphareX 1; X 2; X 3; X 4, i.e., they cor-
respondto the attributesof theutility. As functionu1(�) is
de�ned over X 1 � X 2, G0 containsedge(X 1; X 2). Simi-
larly, functionsu2(�), u3(�) andu4(�) imply thatE 0contains
edges(X 2; X 3), (X 3; X 4) and(X 4; X 1), henceresultingin
thesolidedgesin Figure4.a.NotethatgraphG0corresponds
to aCA-independencemapof (Bacchus& Grove 1995).

a.attributedependences

X 2X 1

X 4 X 3

b. �nal GAI tree

X 1X 3X 4

X 1X 2X 3

X 1X 3

Figure4: FromaGAI network to aGAI tree.

On step2, G0 is triangulatedusingany triangulational-
gorithm (Becker & Geiger2001;Kjærulff 1990;Olesen&
Madsen2002),for instanceusingthefollowing one:

Algorithm 3 (triangulation) Let G0 = (V 0; E 0) be an
undirectedgraph,where V 0 = f X 1; : : : ; X n g. Let adj (X i )
denotethe set of nodesadjacent to X i in G0. A node
X i 2 V 0 is saidto beeliminatedfromgraphG0 when
i) the edges(adj (X i ) � adj (X i ))nE 0 are addedto E 0 so

thatadj (X i ) [ f X i g becomesa clique;
ii) theedgesbetweenX i andits neighborsareremovedfrom

E 0, aswell asX i fromV 0.
Let � beanypermutationof f 1; : : : ; ng. Let useliminate

X � (1) ; X � (2) ; : : : ; X � (n ) successivelyandcall E 0
T thesetof

edgesaddedto graphG0 by theseeliminations.Thengraph
G0

T = (V 0; E 0 [ E 0
T ) is triangulated.

This triangulationalgorithm,whenappliedwith elimination
sequenceX 2, X 3, X 1, X 4, preciselyproducesthegraphof
Figure 4.a, in which edgesin E 0

T are drawn with dashed
lines.

Step 3 consistsin constructinga new graph the nodes
of which are the cliques of G0 (i.e., maximal complete
subgraphsof G0): here, f X 1; X 2; X 3g and f X 1; X 3; X 4g
(seeFigure 4.a). The edgesbetweenthesecliquesderive
from the triangulation(Cowell et al. 1999;Kjærulff 1990;
Rose1970):eachtimeanodeX i is eliminated,it will either

createa new cliqueCi or a subcliqueof analreadyexisting
clique Ci . In both cases,associateCi to eachX i . Oncea
nodeX i is eliminated,it cannotappearin the cliquescre-
atedafterward. However, just afterX i 's elimination,all the
nodesin Ci nf X i g still form a clique, hencethe clique as-
sociatedto the �rst eliminatednodein Ci nf X i g contains
Ci nf X i g. Thuslinking Ci to thiscliqueensurestherunning
intersectionproperty. In our example,cliquef X 1; X 2; X 3g
is associatedto nodeX 2 while cliquef X 1; X 3; X 4g is asso-
ciatedto theothernodes.As X 2 is the�rst eliminatednode,
we shall examineclique f X 1; X 2; X 3g. Ci nf X i g is thus
equalto f X 1; X 3g. Among thesenodes,X 3 is the �rst to
beeliminatedandcliquef X 1; X 3; X 4g is associatedto this
node. Hence,thereshouldexist an edgebetweencliques
f X 1; X 2; X 3g andf X 1; X 3; X 4g. As eachclique is linked
to at mostoneotherclique,theprocessensuresthat the re-
sultinggraphis actuallya tree(seeFigure4.b).

Note that the GAI tree simply correspondsto a coarser
GAI decompositionof theDM' sutility function,i.e., it sim-
ply occultssomeknown local independences,but this is the
priceto payto make theelicitationprocesseasyto perform.

Utility Elicitation in GAI Trees

Thissubsection�rst translatesinto aGAI tree-conductedal-
gorithmtheelicitationprocessof theprecedingsectionand,
then,ageneralalgorithmis derived.

Example3 (continued) TheGAI network relatedto Exam-
ple 3 is shown on Figure5: ellipsesrepresenttheattributes
of eachsubutility andrectanglesthe intersectionsbetween
pairsof ellipses.Separatorsareessentialfor elicitationbe-
causethey captureall thedependenciesbetweensetsof at-
tributes.For instanceseparatorX 2 revealsthatcliqueX 1X 2
is independentof therestof thegraphfor any �x edvalueof
X 2. Henceanswersto questionsinvolving gambleson out-
comesof type (�; a2; a3; a4) do not dependon a3; a4, thus
simplifying theelicitationof u1(�; a2).

X 2X 3 X 3 X 3X 4X 2X 1X 2

Figure5: TheGAI treeof Example3.

Theelicitationprocessdescribedin Example3 canbere-
formulatedusingthe GAI treeasfollows: we startedwith
anouterclique,i.e.,a cliqueconnectedto at mostonesepa-
rator. Thecliquewe chosewasX 1X 2. Functionu1(�) was
assessedfor everyvalueof theattributesin thecliqueexcept
thosein theseparator(hereX 2) thatwerekept to therefer-
encepoint a2. This led to assessingu1(x1; a2) for all x1 's
usingEq.(2)'sgamble:

G((b1; a234); (x1; a234); (a1; a234)) :

Then the values of the attributes in the separatorwere
changedto, sayx2, andu1(�) waselicited for every value
of the attributesin clique X 1X 2 except thosein the sepa-
rator that werekept to x2. This was performedusing the
gamblesof Eq.(3) and(4), aswell asgamblessimilar to the



oneabove, i.e.,

G((b1; a2; a34); (a1; x2; a34); (a1; a2; a34)) ;
G((b1; a2; a34); (x0

1; x2; a34); (a1; a2; a34)) ;
G((x0

1; x2; a34); (x1; x2; a34); (a1; x2; a34)) :

After u1(�) was completely determined,clique X 1X 2
and its adjacent separator were removed from the
network and we applied the same process with an-
other outer clique, namely clique X 2X 3: using gam-
ble G((b1; a2; a34); (a1; b2; a34); (a1; a2; a34)) , u2(b2; a3)
couldbedetermined.Thengamble

G((a1; b2; a3; a4); (a1; x2; a3; a4); (a1; a2; a3; a4))

was usedto assessthe value of u2(x2; a3) for any x2 in
X 2. In otherwords,weassessedthevalueof u2(�) for every
valueof theattributesin thecliqueexceptthosein thesepa-
rator(X 3) thatwerekeptto thereferencepointa3. Oncethe
u2(x2; a3)'swereknown,u2(�) wasdeterminedfor different
valuesof x3 usinggambles

G((b1; a2; a3; a4); (a1; a2; x3; a4); (a1; a2; a3; a4)) ;
G((b1; a2; a3; a4); (a1; b2; x3; a4); (a1; a2; a3; a4)) ;
G((a1; b2; x3; a4); (a1; x2; x3; a4); (a1; a2; x3; a4)) ;

i.e.,thevaluesof theattributesin theseparatorwerechanged
to x3 andu2(�) waselicitedfor every valueof theattributes
in cliqueX 2X 3 exceptthosein theseparatorthatwerekept
to x3, andsoon.

All cliquescanthusbe removed by inductionuntil there
remainsonly oneclique. This onedeservesa specialtreat-
mentasthehypothesesof Eq. (1) specifyingthat,whenwe
elicit a subutility ui (�), ui (�) = 0 whenever thevalueof the
attributesnot in the separatorequalthoseof the reference
point, apply to every clique exceptthe last one. Whende-
termining the valueof the utility of the last clique, all the
othersubutilities areknown anda directelicitationcanthus
beapplied. �

The above examplesuggeststhe following generalelic-
itation procedure,which is applicableto any GAI tree: let
% bea preferencerelationon lotteriesover theoutcomeset
X . Let Z1; : : : ; Zk be somesubsetsof N = f 1; : : : ; ng
suchthatN = [ k

i =1 Z i andsuchthatu(x) =
P k

i =1 ui (xZ i )
is a GAI-decomposableutility. Assumethat the X Z i 's are
suchthat they form a GAI tree G = (V; E) and that for
every i , onceall X Z j 's, j < i , have beenremoved from
G aswell as their adjacentedgesandseparators,X Z i has
only oneadjacentseparatorleft we will denoteby X Si . In
otherwords,theX Z i 's areorderedgiving prioritiesto outer
nodes. Call Ci = Z i nSi , and let Ck = Zk nSk � 1. Let
(a1; : : : ; an ) and (b1; : : : ; bn ) be arbitrary outcomesof X
suchthat (bC i ; aN nC i ) � (aC i ; aN nC i ) for all i 's. Thenal-
gorithm4 completelydeterminesthevalueof eachsubutil-
ity whichcanthenbestoredin cliques,thusturningtheGAI
network into acompactrepresentationof u(�).

Of course,algorithm 4 can be applied whichever way
the GAI tree is obtained. In particular, it can be applied
on GAI treesresulting from triangulations. For the lat-
ter, thealgorithmmaybe improved taking into accountthe
knowledgeof the GAI decompositionbeforetriangulation.

Algorithm 4
u1(bC1 ; aN nC1 )  1; u1(aN )  0
for all i in f 1; : : : ; kg and all xSi do

ui (aC i ; xN nC i )  0
done
for all i in f 1; : : : ; k � 1g do

if i 6= 1 then
computeui (bC i ; aN nC i ) using

G((bC1 ; aN nC1 ); (bC i ; aN nC i ); (aN ))
endif
for all xSi do

if xSi 6= aSi then
computeui (bC i ; xSi ; aN nZ i ) using

G((bC1 ; aN nC1 ); (xSi ; aN nSi ); (aN ))
andG((bC1 ; aN nC1 ); (bC i ; xSi ; aN nZ i ); (aN ))

endif
for all xZ i do

computeui (xZ i ) usingG((bC i ; xSi ; aN nZ i );
(xZ i ; aN nZ i ); (aC i ; xSi ; aN nZ i ))

done
done

done
/* computationof the�nal clique */
computeuk (bCk ; aSk � 1 ) using

G((bC1 ; aN nC1 ); (bCk ; aN nCk ); (aN ))
for all xZ k do

computeuk (xZ k ) using
G((bCk ; aN nCk ); (xZ k ; aN nZ k ); (aN ))

done

Considerfor instancethe following GAI decomposition:
u(x1; x2; x3; x4) = u1(x1; x2) + u2(x2; x3) + u3(x3; x4) +
u4(x4; x1), representableby theGAI network of Figure6.a
and inducing the GAI tree of Figure 6.b, or equivalently
the GAI decompositionu(x1; : : : ; x4) = v1(x1; x2; x3) +
v2(x1; x3; x4). Applying directly the elicitation processin

X 3X 1

X 4 X 3X 4

X 2 X 2X 3X 1X 2

X 1X 4 X 1X 3X 4

X 1X 2X 3

X 1X 3

a.originalGAI network b. �nal GAI tree

Figure6: A GAI treeresultingfrom a triangulation.

the graphof Figure6.b would be quite inef�cient asmany
questionswould beaskedto theDM althoughtheir answers
couldbecomputedfrom theanswersgivento previousques-
tions. For instance,assumethat X 1 (resp. X 2; X 3) can
take valuesa1; b1 (resp.a2; b2; a3; b3). Then,asobviously
v1(x1; x2; x3) = u1(x1; x2) + u2(x2; x3), theaboveelicita-
tion algorithmensuresthat

v1(a1; a2; a3) = u1(a1; a2) + u2(a2; a3) = 0:



X 1X 2X 3 X 1X 3 X 1X 3X 4

u3(x3; x4) + u4(x4; x1)u1(x1; x2) + u2(x2; x3)

Figure7: Subutilities in aGAI tree.

But, then,

v1(b1; a2; b3) = u1(b1; a2) + u2(a2; b3)
= u1(b1; a2) + u2(a2; a3)+

u1(a1; a2) + u2(a2; b3)
= v1(b1; a2; a3) + v1(a1; a2; b3):

Hence, after the elicitation of both v1(b1; a2; a3) and
v1(a1; a2; b3), that of v1(b1; a2; b3) canbe dispensedwith.
Intuitively, suchquestionscan be found simply by setting
down thesystemof equationslinking thevi 's to theui 'sand
identifyingcolinearvectors.

In GAI trees,the running intersectionpropertyensures
that thequestionsrelatedto thesubutilities of outercliques
are suf�cient to determineunambiguouslythesesubutili-
ties. Whenthe GAI networks aremultiply-connected,this
property doesnot hold anymore: the equationsresulting
from questionsdo often involve several unknown subutil-
ity values. Consequently, in suchnetworks, questionsare
usedto �ll a systemof linear equationson subutility val-
uesand,whentheelicitationprocessis completed,this sys-
temis solved,thusproducingvaluesfor all subutilities. GAI
multiply-connectednetworksarethuslessuser-friendly than
GAI treesto performthe elicitation process.Moreover, as
the subutility valuesremainunknown until the elicitation
processis completed,determiningthenext questionto askis
lessobviousthanin GAI treesbecausewemust�nd aques-
tion that will not addan equationcolinearwith the restof
thelinearsystem,hencethis requiresadditionaltests.

Conclusion
In this paper, we provided a generalalgorithm for elicit-
ing GAI-decomposableutilities. UnlikeUCP-nets,GAI net-
worksdonotassumesomeCP-netstructureandthusextend
therangeof applicationof GAI-decomposableutilities. For
instance,consideraDM having somepreferencesoversome
mealsconstitutedby a main course(eithera stew or some
�sh), somewine (redor white)anda dessert(puddingor an
icecream),in particular

(stew,redwine,dessert)� (�sh,white wine,dessert)
� (stew,whitewine,dessert)� (�sh,red wine,dessert)

for any dessert.Moreover, assumethat theDM would like
to suit the wine to the main courseandsheprefershaving
ice creamwhensheeatsa stew. Thensuchpreferencescan
berepresentedef�ciently by u(meal) = u1(course,wine) +
u2(course,dessert) andthusbecompactedby theassociated
GAI network. Nevertheless,sincepreferencesover courses
dependon wine andconversely, andsincethereexistssome
dependencebetweencoursesanddesserts,UCP-netsdo not
help in compactingutility functionu(�) despiteits GAI de-
composability.

Another speci�city of our procedureis that we always
considergamblesover completelyspeci�ed outcomes,i.e.,
including all the attributes. This is an advantagebecause
answersto questionsinvolving only a subsetof attributes
arenot easily interpretable.Considerfor instancea multi-
attribute decisionproblemwherethe multi-attribute space
is X = X 1 � X 2 � X 3 � X 4, with X 1 = f a1; c1; b1g,
X 2 = f a2; c2; b2g, X 3 = f a3; c3g, andX 4 = f a4; c4g. As-
sumethe preferencesof the DM canbe representedby the
following utility function:

u(x) = u1(x1) + u2(x1; x2) + u3(x2; x3) + u4(x3; x4);

wheretheui 's aregivenby thetablesbelow:

x1 a1 c1 b1
u1(x1) 0 500 1000

u2(x1; x2) a2 c2 b1
a1 0 10 70
c1 50 10 90
b1 60 80 100

u3(x2; x3) a3 c3
a2 0 7
c2 5 2
b2 9 10

u4(x3; x4) a4 c4
a3 0 0:6
c3 0:4 1

Note that the big-steppedstructureof utilities in the above
tables is consistentwith the Ceteris Paribus assumption
aboutpreferences,henceu(�) can be characterizedby the
UCP-netof Figure8. Asking theDM to provide probability

X 2 X 3X 1 X 4

Figure8: A simpleUCP-net.

p suchthat c1 � hp;b1; 1 � p;a1i would, at �rst sight, be
meaningfuland,assumingu1(a1) = 0 andu1(b1) = 1000,
it would certainly imply that u1(c1) = 1000p. How-
ever, a careful examinationhighlights that it is not so ob-
vious. Indeed,suchgamble, involving only attribute X 1
would be meaningfulonly if the DM hada preferencere-
lation %1 over X 1 that could be exploited to extract in-
formations about %, the DM' s preferencerelation over
X . In the classicalframework of additive conjoint mea-
surement(Fishburn 1970; Krantz et al. 1971; Wakker
1989), this propertyholdsbecausec1 � hp;b1; 1 � p;a1i
is equivalent to (c1; x2; x3; x4) � hp; (b1; x2; x3; x4); 1 �
p; (a1; x2; x3; x4)i for any (x2; x3; x4) 2 X 2 � X 3 � X 4,
but thisdoesnothold for GAI decompositionsinvolving in-
tersectingfactors.For instance,usingtheabove tables,it is
easilyseenthat,whatevervaluesfor X 3 andX 4:



(a1; b2; x3; x4)

(b1; b2; x3; x4)0:505

0:495

(c1; b2; x3; x4) �

(a1; c2; x3; x4)

(b1; c2; x3; x4)0:467

0:533

(c1; c2; x3; x4) �

(a1; a2; x3; x4)

(b1; a2; x3; x4)0:519

0:481

(c1; a2; x3; x4) �

Theexplanationof thisunfortunatepropertylies in themis-
leadinginterpretationwe mayhave of CeterisParibusstate-
ments: in the above UCP-net,CeterisParibus implies that
preferencesoverX 1 donotdependonthevaluesof theother
attributes. The observation of the subutility tablescon�rm
this fact: b1 is preferredto c1, that is alsopreferredto a1.
However, the CP propertydoesnot take into accountthe
strengthof thesepreferenceswhile theprobabilitiesinvolved
in the lotteriesdo: whatever thevalueof X 2, (b1; x2) is al-
wayspreferredto (c1; x2), but theDM prefersmore(b1; c2)
to (c1; c2) than(b1; a2) to (c1; a2) andthis resultsin differ-
ent valuesof p in gambles. This explains the discrepancy
betweenc1 � hp;b1; 1 � p;a1i andthesamegambletaking
into accounttheotherattributes.This discrepancy is not re-
strictedto UCP-netroot nodes,it is easilyseenthat it also
occursfor othernodessuchasX 2 or X 3.

To conclude,the GAI networks introducedin this paper
allow takingadvantageof any GAI decompositionof amul-
tiattributeutility functionto constructacompactrepresenta-
tion of preferences.The ef�ciency of the proposedelicita-
tion procedureliesbothin therelativesimplicity of theques-
tionsposedandin thecarefulexploitationof independences
betweenattributesto reducethenumberof questions.This
approachof preferenceelicitationis agoodcompromisebe-
tweentwo con�icting aspects:theneedfor suf�ciently �e x-
ible modelsto capturesophisticateddecisionbehaviors un-
der uncertaintyand the practicalnecessityof keepingthe
elicitationeffort at anadmissiblelevel. A similar approach
might be worth investigating for the elicitation of multiat-
tribute utility functionsundercertainty. Resortingto GAI
networksin thiscontext mightalsobeef�cient to elicit subu-
tility functionsundersomesolvability assumptionson the
productset.
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