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Abstract

This paper dealswith preferencerepresentatiorand
elicitationin the context of multiattribute utility theory
underrisk. Assumingthe decisionmaler behaesac-
cordingto the EU model,we investigatethe elicitation
of generalizedadditively decomposableutility func-

tionsonaproductset(GAI-decomposablatilities). We

proposea generakelicitation procedurebasedon a new

graphicalmodel called a GAl-network. The latter is

usedto representaind manageindependencebetween
attributes,asjunction graphsmodelindependencelse-
tweenrandomyvariablesin Bayesiannetworks. It is

usedo designanelicitationquestionnairasednsim-

ple lotteriesinvolving completelyspeci ed outcomes.
Our elicitation procedureis corvenientfor ary GAI-

decomposabletility function,thusenhancinghe pos-
sibilities offeredby UCP-netvorks.

Keywords. Decisiontheory graphicalrepresentations,
preferenceelicitation, multiattribute expected utility,
GAl-decomposabletilities.

Intr oduction

Overthelastfew yearsthe growing interestin decisionsys-
temshasstressedheneedfor compactepresentationsf in-
dividual's beliefsandpreferencedyothfor userfriendliness
of elicitationandreductionof memoryconsumptionln De-
cisionunderUncertainty thediversity of individualsbeha-
iorsandapplicationcontexts have ledto differentmathemat-
ical modelsincluding ExpectedJtility (EU) (von Neumann
& Morgensternl944;Savagel1954),ChoquetEU (Schmei-
dler 1986), Qualitatve EU (Dubois & Prade1995), Gen-
eralizedEU (Halpern& Chu 2003a;2003b). The concern
in compactnumericalrepresentationsf preferencedeing
ratherrecent,studieshave mainly focusedon EU andem-
phasizedhe potentialof graphicaimodelssuchasUCP-nets
(Boutilier, Bacchus& Brafman2001)orin uence diagrams
(Howard& Mathesorl984;Shachterl986).

Using EU requiresbotha numericalrepresentatioof the
Decision Maker's (DM) preferencesover all the possible
outcomega utility functior) andafamily of probability dis-
tributionsovertheseoutcomesin this papemwe focusonthe
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assessmerf utility, whichis usuallyperformedhroughan
interactve process. The DM is asled to answer“simple”
questionssuchas“do you prefera to b?” anda numerical
representatiofollows.

Theoretically the assessmertf preferencesver every
pair of outcomesmay be neededto elicit completelythe
DM's utility, but in practicethe large size of the outcome
setpreventssucha procedureto be feasible. Fortunately
preference®ften have an underlyingstructurethat can be
exploited to drasticallyreducethe elicitation burden. Ser-
eral structureslescribedn termsof differentindependence
conceptshave emeged from the multiattribute utility the-
ory community (Keeng & Raiffa 1976; Fishturn 1970;
Krantzetal. 1971)andledto differentformsof utilities, the
mostpopularof which beingtheadditive andthemultilinear
decompositionsThe particularindependencesoth of these
decompositiongssumesigni cantly simplify theelicitation
proceduresyetasthey compeltheDM's preferenceso sat-
isfy very stringentconstraintghey areinadequatén mary
practicalsituations.

A “good” trade-of betweeneasines®f elicitation and
generalityof themodelcancertainlybeachievedby Gener
alized Additive Independencé€GAl) (Fishturn 1970). This
“weak” form of independencés sufciently e xible to ap-
ply to mostsituationsandassuchdeseresthe elaboration
of elicitation procedures.Although introducedin the six-
ties, GAl hasnot receved mary contrikutionsyet. In par
ticular, elicitation proceduresuggestedn the literaturefor
GAl-decomposableaitilities are not generalpurpose. They
assumeeither that the utilities satisfy constraintsmposed
by CP-netstructure(seeUCP-nets(Boutilier, Bacchus,&
Brafman2001)) or that utilities are randomvariables(the
prior distribution of which is known) andthatthe elicitation
consistsn nding ana posteriori utility distribution (Cha-
jewska & Koller 2000; Chajavska, Koller, & Parr 2000).
We feel thattheseadditionalassumptionsnight not be suit-
ablein a signi cant numberof practicaldecisionproblems.
For instance,aswe shall seelater in this paper thereex-
ist “simple” GAl-decomposabl@referenceshat cannotbe
compactedy UCP-nets. Similarly, the existenceof prior
utility distributionsis not alwaysnatural,for instancethere
is not muchchancethata compaly managefacinga given
decisionproblemmayhave aprior distribution of otherman-
agersautilities at hand.Henceanelicitation procedureappli-



cableto ary GAI decompositiorshouldprove useful. The
purposeof this paperis to proposesucha proceduren the
contet of DecisionMaking underRisk. More preciselywe
assumauncertaintiesare handledthroughprobabilitiesand
DM's preferenceareconsistentvith EU.

Thekey ideain our elicitationproceduras to take adwan-
tageof a new graphicalrepresentatiof GAl decomposi-
tionswe call a GAIl network. It is essentiallysimilar to the
junction graphsusedfor Bayesiannetworks (Shafer1996;
Jensen,Lauritzen, & Olesen1990; 1990; Cowell et al.
1999). As such, it keeptracksof all the dependencebe-
tweenthe differentcomponentf the utilities andthe se-
guenceof questiondo beasledto the DM canberetrieved
directly from this graph.

The paperis organizedasfollows: the rst sectionpro-
videsnecessarypackgroundn multiattribute utility theory
Then,atypical exampleshoving how a GAl-decomposable
utility canbeelicited is presented.The third sectionintro-
ducesGAl networks,agraphicaltool for representingsAl-
decompositionslt alsodescribesa generalelicitation pro-
cedurerelying on this network which appliesto ary GAI-
decomposabletility, aswell asa genericschemefor con-
structingthe GAI network. We nally concludeby empha-
sizing somesigni cant advantagef our elicitation proce-
dure.

Utility Decompositions

In this paper we addresgproblemsof decisionmakingun-
derrisk (von Neumann& Morgensterri944)(or underun-
certainty (Savzage 1954)), that is the DM hasa preference
relation%y over a setof decisionsD, “d; %y d>” mean-
ing the DM eitherprefersdecisiond; to d, or feelsindif-
ferent betweenboth decisions. The consequencer out-
comeresultingfrom makinga particulardecisionis uncer
tain andonly known througha probability distribution over
the setof all possibleoutcomes.Decisionscanthusbe de-
scribedin termsof thesedistributions, i.e., to eachdeci-
sionis attacheda lottery, thatis a nite tuple of pairs(out-
come,probability of the outcome),andto %y is associated
a preferencerelation % over the set of lotteries suchthat
di %y do , lottery(d;) % lottery(d,). Takingadwantage
of thisequivalencewe will uselotteriesinsteadof decisions
in theremaindelof the paper

Let X bethe nite setof outcomesandlet L be the set

s_uchthate;pi:houtcomexi 2 X obtainswith a probability
p'>0and [, p?= 1. Moreover, for corvenienceof no-
tation,whenunambiguousywe will notex insteadof lottery
hl; xi. Undersomeaxiomsexpressinghe “rational” behar-

ior of theDM, (Savagel954)and(vonNeumanr& Morgen-
stern1944) have showvn thatthereexist somefunctionsuy :

L 7! Randu: X 7! R, uniqueupto strictly positive af ne

transformssuchthatL; % L, , U(L1) %3J(L2) for all

Li;Lp 2 L andU(ph;xt;ocspdixdi) = L) plu(x’).

Suchfunctionsassigninghigher numbersto the preferred
outcomesrecalledutility functions AsU( ) istheexpected
valueof u( ), we saythatthe DM is anexpectedutility max-
imizer.

Eliciting U( ) consistsin both assessinghe probability
distribution over the outcomesfor eachdecisionand elic-
iting function u( ). The former has beenextensively ad-
dressedn the UAI community(Buntine 1994; Heckerman
1995). Now eliciting u( ) is in generala complex taskas
thesizeof X is usuallyvery large. The rst stepto circum-
vent this problemis to remarkthat usually the setof out-
comeggan be describedasa Cartesiarproductof attributes
X = ir':l Xi, whereeachX; is a nite set. For instance,
a mayor facing the Decision Making problemof selecting
onepolicy for theindustrialdevelopmentof his city canas-
similate eachpolicy to a lottery over outcomesde ned as
tuplesof type (investmentcostsupportedoy the city, envi-
ronmentalconsequencéampacton employment,etc). This
particularstructurecanbe exploited by observingthatsome
independencelold betweenattributes. For instance pref-
erencesover ervironmentconsequenceshouldnot depend
on preferencesver employment. Severaltypesof indepen-
dencehave beensuggestedh the literature,takinginto ac-
countdifferentpreferencestructuresandleadingto different
functionalforms of the utilities. The mostusualis the fol-
lowing:

De nition 1 (Additi ve Independence)Let L, and L, be
anypair of lotteriesandlet p andqg betheir respectivgrob-

are additivelyindependentor % if p andg havingthesame
maiginalson every X; impliesthat both lotteriesare indif-
ferent,i.e. Ly %L, andL, %L; (orL; L for short).

(Bacchus& Grove 1995) illustrates additive indepen-
denceon the following example: let X = X; X
whereX; = fa;;bpgandX, = fap;bg. LetlL,; and
L, be lotteries whoserespectie probability distributions
on X arep andg. Assumep(a;;az) = p(a;;bp) =
p(bi;az) = p(br; k) = 14, g(as; a2) = q(b;bp) = 1=2
andqg(a;; ) = q(b;a2) = 0. Thenp and q have the
samemamginalson X, andX, sincep(a;) = g(a;) = 1=2,
p(b) = q(br) = 1=2, p(az) = q(az) = 1=2andp(ky) =
d(by) = 1=2. Sounderadditive independencdptteriesL ;
andL , shouldbeindifferent.

As additive independenceapturesthe fact that prefer
encesonly dependon the maginal probabilitieson eachat-
tribute, it rulesout interactionsbetweenattributesandthus
resultsin the following simple form of utility (Bacchus&
Grove 1995):

% iff thg{e exist somefunctionsu; : X; 7! R sud that
u(x) = i”:1 Ui (xj) foranyx = (Xg;:::;Xn).

Additive decompositiorallows all u;'sto beelicitedinde-
pendently thus considerablyreducingthe amountof ques-
tionsrequiredto determineu( ). However, asnointeraction
is possibleamongattributes, suchfunctional form cannot
be appliedin mary practicalsituations. Henceothertypes
of independencbave beenintroducedthat capturemoreor
lessdependences-or instanceutility independencef every
attribute (Bacchus& Grove 1995)leadsto a moregeneral



form of utility calledmultilin()a(ar utility:
U(Xg;:::;Xn) = ky  ui(Xi);
&Y f 1:ng i2y
wherethe u;'s are scaledfrom 0 to 1. Multilinear utilities
aremoregenerathanadditive utilities but mary interactions
betweerattributesstill cannotbetakeninto accounty such
functionals.Consideffor instancethefollowing example:

Examplel LetX = X; Xy, whereX; = flamb,veg-
etable,beefyandX, = fredwine, white wineg. Assumea
DM hasthefollowing preferencesver meals:

(lamb,redwine) (vegetableyedwine)
(lamb,whitewine) (vegetable white wine)
(beef,redwine) (beef,white wine),

thatis the DM hassomekind of lexicographicpreference
over food, and then some preferenceover wine. Then,
if a multilinear utility u(food;wine) = kyu;(food) +
koua(wine) + ksui(food)uy(wine) existed, since utilities
are scaledfrom 0 to 1, the above preferencerelations
would imply that u;(lamb = 1 u;(vegetable =
X u;(bee) = 0 and that uy(redwine) = 1 and
uz(white wine) = 0. Butthenthepreferenceelationscould
be translatednto a systemof inequalitiesk; + k, + k3 >
kix + kz + kgx = k; = kyx > ky > 0having nosolution,a
contradiction.Consequentlyo multilinearutility canrepre-
senttheseDM preferencesalthoughthey arenotirrational.

Within multilinear utilities, interactions between at-
tributesaretakeninto accountusingthe productsof suhutil-
ities on every attribute. The advantages thatthe elicitation
taskremaingeasonablyractablesinceonly theassessments
of theu;'sandof constantky 'sareneededBut thepriceto
payis thatmary preferenceelationscannotberepresented
by suchfunctions.Oneway out would beto keepthetypes
of interactionsbetweenattributesunspeci ed,thatis, sepa-
ratingtheutility functioninto asumof sututilities on setsof
interactingattributes:this leadsto the GAl decompositions.
Thoseresultfrom a generalizatiorof additive utilities:

De nition 2 (GeneralizedAdditi ve Independence) Let
L, and L, be any pair of lotteries and let p and g be
their probability distributions over the outcomeset. Let

N =

if the equalityof the maminalsof p andgonall Xz, 'sim-
pliesthatL; L.

As provedin (Bacchus Grove 1995;Fishlurn1970)the
following functionalform of theutility calledaGAI decom-
positioncanbe derived from generalizedadditive indepen-
dence:

Proposition2 Let Z,;:::;Zx be somesubsetsof N =

eralized additivelyinde@enden(GAl) for % iff there exist
somerealfunctionsu; : ~;,, Xj 7! Rsutthat

u(x) =
i=1

wherexz, denoteshetupleof componentsfx havingtheir

indexin Z;.

Example 1 (continued) GAI decompositionsallow great
exibility becausethey do not make ary assumptionon

the kind of relationsbetweenattributes. Thus, if besides
main courseand wine, the DM wants to eat a dessert
and a starter her choice for the starterwill certainly be
dependenton that of the main course, but her prefer

encesfor dessertsmay not dependon the rest of the
meal. This naturallyleadsto decomposindhe utility over
mealsasu, (starter maincourse+ u,(maincoursewine) +

uz(desselt andthis utility correspondpreciselyto a GAI

decomposition.

Notethattheundgsomposeudtility u( ) andtheadditively
decomposeditility i”:l ui () are specialcasesof GAI-
decomposabiletilities. Theamounf questionsequiredby
theelicitationis thuscloselyrelatedto the GAl decomposi-
tionitself. In practicejt is unreasonablt considereliciting
suhutilities with morethan 3 parametersBut GAl decom-
positionsinvolving “small” X z, 's canbe exploited to keep
thenumberof questiongo areasonablamountasshovn in
thenext two sections.

Elicitation of a GAl-decomposableUtility

In thissectionwewill rst presenthegeneratypeof ques-
tions to be asled to the DM during the elicitation process
and,then,wewill specializeéhemto the GAl-decomposable
modelcase.

Let % be a preferenceelation on the setL of all pos-
sible lotteriesover an outcomesetX. Let x, y andz be
three arbitrary outcomessuch that the DM prefers mak-
ing ary decisionthe result of which is always outcome
y (resp.x) to ary decisionresultingin x (resp.z), i.e.,
y % X % z. In termsof utilities, u(y) u(x) u(z).
Consequentlythere exists a real numberp 2 [0; 1] such
thatu(x) = pu(y) + (1 p)u(z), or equialently, there
exists a probability p suchthatx  hp;y;1  p;zi. This
gambleis illustratedon Figure 1. Knowing the valuesof

Figurel: Gamblex Ip;y;1 p;zi.

p, u(y) andu(z) thuscompletelydetermineghat of u(x).

This is the very principle of utility elicitation underrisk.

In the remainder to avoid testingwhich of the outcomes
X, y or z are preferredto the others,for ary three out-

comesxt; x?; x3, wewill denoteby G(x*; x?; x®) thegam-
blex @  hp;x ;1 p;x @ where isapermutation
of f 1; 2; 3g suchthatx @ %x @ opx @,

Assumethaty andz correspondo themostandleastpre-
ferredoutcomesn X respectrely, thenall thex'sin X are
suchthaty % x % z, andthe utility assignedo every out-
comein X canbedeterminedrom theknowledgeof p, u(y)
andu(z). Moreover, asundervon Neumann-Mogensterrs



axiomsutilities areuniqueupto strictly positve af ne trans-
forms,we canassumeéhatu(y) = 1 andu(z) = 0. Hence
therejust remainsto asses@robabilitiesp. Differentinter

active proceduregxist but they all sharethe samekey idea:
theDM is askedwhich of thefollowing optionssheprefers:
x orhp;y; 1 p;zi for agivenvalueof p. If sheprefers
the rst option,anothersimilar questionis askedwith anin-

creasedsalueof p, elsethe valueof p is decreasedWhen
the DM feelsindifferentbetweenboth options,p hasbeen
assessed.

Of course,asin practiceX is a Cartesianproduct,X's
sizetendsto increaseaxponentiallywith the numberof at-
tributessothat,assuch theabove procedureannotecom-
pletedusingareasonableumberof questionsFortunately
GAI decompositionelpsreducingdrasticallythenumberof
guestiongo be asled. The key ideacanbe illustratedwith
thefollowing example:

Example2 ConsideranoutcomesetX = X; X, Xg
andassumehatu(xi; X2;X3) = U(X1) + Ux(X2; X3). Then
it is easilyseenthatgamble

(X1;a2;83)  Mpi(yi;az;a3); 1 p;(za; az; ag)i
is equivalentto gamble
(X1;bp;b3) (Y1 e bs); 1 p;(za; by )i

asthey bothasserthatu; (x1) = pui(y1) + (1 p)ui(za).

Hence,assumingpreferencesre stableover time, thereis

no needto askthe DM questiongo determinehevalueof p

in thesecondgamble:it is equalto thatof p in the rst one.
Thusmary questionscan be avoided during the elicitation
processNotethatin essencehis propertyis closelyrelated
to a CeterisParibus statemen{Boutilier etal. 1999).

Now let us introduceour elicitation procedurewith the
following example:
Q.

Example3 Let X = iz1 Xi and assumethat utility

u : X 7! R over the outcomesis decomposableas

elicitation algorithm consistsin askingquestionsto deter
mine successiely thevalueof u;( ), thenthatof u,( ) and
nally thatof us().

Let (a1; az; az; a4) be an arbitrary outcomethat will be
usedasareferenceoint. In thesequelfor notationakorve-
nience,insteadof writing X 1.4 for (x1; x2) we shallwrite
X12. Letusshav thatwe mayassumaevithoutlossof gener
ality that:

uy(b;ap) = L
us(as;aq) = 0;

Assumethe DM' s preferencearerepresentablby a utility

ui(as; x2) = Oforall x, 2 Xy; (1)
u2(a2;x3) = Oforall X3 2 X3:

ontheoutcomesetsuchthatv( ) doesnotnecessarilgatisfy
Eq.(1). Let

Ur(X1;X2) = Va(X1;X2)  vi(as; X2):

up(X1;X2) + [Va(X2;X3) +
vi(ag; X2)] + vs(Xs;Xq) andva(Xz;X3) + vi(ag;x2) is a

functionon X, Xz anduji(az;xp) = 0 for all x,'s. It
canthusbe saidthatv,( ) has“absorbed a partof vy().
Similarly, somepart of v,( ) may be absorbedy v3( ) in
suchaway thattheresultingu,(az; x3) = 0 for all x3's: it
is sufcient to de ne

Ua(X2;X3) = Va(Xg2;X3) + vi(ag; X2)
Va(ag;Xs)  Vvi(as; an):
V(X1;:::;Xq) thus equalsto ui(xy;Xz) + Uz(X2;X3) +

V3(X3; Xa) + V2(az; X3) + Vi(a1; @2). Notethatus(xs; X4) =
V3(X3;X4) + Vo(az;X3) + vi(az;ap) is a function over
X3 Xgasvi(a;ap) isaconstant.

Von Neumann-Maogensterrs utilities being unique up
to positive af ne transforms,it can be assumedwithout
loss of generality that u(a;;as;as;as) = 0 and that
u(bi;az;az;ay) = 1 for somearbitraryb, 2 X3 such
that outcome(by; az34) % (a1; a234), hencereslutingin
uz(as;as) = Oanduy(by;ay) = 1. Consequentlyhypothe-
ses(1) maybeassumedvithoutlossof generality

Thus,theassessmermf u;(x1; a,) for all x;'scanbede-
riveddirectly from gamblessuchas:

(X1;8234) i’p;(bl; 3234); 1 p;(a1;3234)i (2)
alsodenotedasG((by; axas); (X1; @234); (a1; a234));

as they are equialentto u;(x;;a) = p. Note thatin
the above gambleslotteriesonly differ by the rst attribute
value, hencethe questionsasled to the DM shouldnot be
cognitively toocomplicatecandthe DM shouldnothave dif-
culties answeringhem.Then

G((by; az; @za); (a1; X2; aga); (a1; az; @za)) 3)
determinesthe value of u,(Xxy;az). For instance, if

(by; ap; aza) (a1;X2; ass4), then the abore gamble is
equialentto:
(a1;X2;@34)  hoy(brsaz;aszs); 1 g (as; az; @za)i;

whichimpliesthatu,(X»; az) = g. CombiningEq. (3) with
G((by; @i asa); (X3 X2; @s4); (A1; 82 834));  (4)

wherex{ is an arbitraryvalue of X 1, the determinatiorof
ur(x?;x2) follows. Note that until now all calls to func-
tion G( ), and especiallyin equations(3) and (4), shared
the same rst and third outcomes,i.e., (b;;ay; ass) and
(a1;az2; az4). Notealsothatthe gamblesremaincognitively
“simple” asmostof the attributesare the samefor all out-
comes. Now, the value of u;(x9;x>) is sufcient to in-
ducefrom G((x9;x2); (X1;X2); (a1; X2)) the valuesof all
theu(X1; X2)'sandthedeterminatiorof u, ( ) iscompleted.
The same process applies to assessuy().  First,
using gambles similar to that of Egq. (3), i.e,
G((by; az; az4); (ag; p; aza); (a1; a2; @za)), uz(by; as)
can be assessedor arbitrary values b, of X,. Then
G((ay; bp; az4); (a1; X2; az4); (a1; @2; @z4))  will  enable
the determinationof the u,(x»,; az)'s for all x5's (in fact,
they will involve termsin uy() andu,( ) butasuy() has
beenelicited, only the u,( )'s remainunknawvn). Oncethe
Ux(X2; az)'s areknown, gamblessimilar to thoseof Eq. (3)
andEgq. (4) but appliedto X »; X 3 insteadof X ;; X , leadto
thecompletedeterminatiorof u,( ).



Finally as function uz() is the only remaining un-
known, uz(xs3;X4) can be elicited directly using ary
gamble involving two “elicited” outcomes. For in-
stanceG((by; az3; as); (a1; @3; X4); (a1; azz; as)) will de-
termine the uz(as;Xx4)'s for all valuesof x4 and, then,
G((a12; as; bu); (a12; X3; X4); (125 ag; a4)) will complete
theassessmerf uz( ).

Note that only a few attributesdifferedin the outcomes
of eachof the abose gambles,henceresultingin cogni-
tively simplequestionsAt rst sight,thiselicitationscheme
seemgo be a ad hoc procedurebut, aswe shall seein the
next section|it provesto bein factquitegeneral.

GAIl Networks

To derive agenerakschemerom the abore example,we in-
troducea graphicalstructurewe call a GAI network which
is essentiallysimilarto thejunctiongraphsausedin Bayesian
networks (Jenseri996;Cowell etal. 1999):

De nition 3 (GAI network) Let ;1o Zx  be some
subset®fN = f1;:::;ngsud that k -1 Zi = N. Assume
that % f§ representableby a GAl-decomposableutility

uix) = L (xz ) for all x 2 X. Thena GAIl network
representingu( ) is an undirectedgraph G = (V;E),
satisfyingthefollowing properties:
1.V =1Xz,;:::X2,0;
2. Forevery(Xz,;Xz;) 2 E, Zj\ Z; 6 ;. Moreover,
foreverypairofnodes)(z‘;Xzj sudthatZ;\ z; =
Tij 8 ;,therexistsapathin G linking Xz, andX z,
sudh thatall of its nodescontainall theindicesof Tj;
(Runningintersectionproperty).
Nodesof V are called cliques Moreover, every edge
(XZi ;ij) 2 Eis IabeledbeTij = Xzi\ Zi which is
calleda separatar

Throughoutthis paper cliqueswill be dravn asellipses
and separatorsas rectangles. The rest of this sectionwill
be devotedto the constructionof GAI networks, andespe-
cially GAI trees,from GAIl decompositionsf utilities, and
an elicitation procedureapplicableto any GAI treewill be
inferredfrom the exampleof the precedingsection.

From GAIl Decompositionsto GAIl Networks

For ary GAI decompositionDe nition 3 is explicit asto
which cliquesshouldbe createdthesearesimply the setsof
variablesof eachsuhutility. Forinstanceif u(xq;:::;Xxs) =
Up(X1;X2;X3) + U2(X3;X4) + Uz(X4; Xs) then, as shavn
in Figure 2.a, cliquesare fX1;X5;X3g, fX3;X49 and
fX4; X50.

Property2 of De nition 3 givesusa cluefor determining
the setof edgesof a GAI network: the algorithmconstruct-
ing this setshouldalwayspresere the runningintersection
property A simple— althoughnot alwaysef cient — way
to constructheedgeghussimply consistsn linking cliques
thathave somenodesin common. Hencethe following al-
gorithm:

a) cliguesof the GAI network

K} K>

b) edgesf the GAI network

Figure2: Theconstructiorof a GAl network.

Algorithm 1 (Construction of a GAI network)
constructsetv =Xz, X2,.9
fori2fl:::;k 1gdo
for j 2 fi + 1:::;kgdo
if Zi\ Z; 6 ; then
addedg (Xz,; Xz, ) toE

done
done

Applying this algorithm on set V. = ff X1;X5;X30;
f X3, X409, fX4; X500, setsfXy;X2;X3g and fX3;X4g
having a nonempty intersection, an edge should be
created between these two cliques. Similarly, edge
(f X 3; X40;fX4; X50) should also be addedas X4 be-
longsto both cliqgues. Consequentiythe network of Fig-
ure 2.b is a GAI network representingu(Xy;:::;Xs) =
Uz(X1; X2;X3) + U2(X3; X4) + Uz(X4; Xs).

As we shall seein the next subsection,GAI treesare
more suitable than multiply-connectednetworks for con-
ducting the elicitation process. Unfortunately GAI net-
worksrepresentingitility decompositionsften containcy-
cles. For instance,considerthe following decomposition:
U(X1; X2; X3; X4) = Ur(X1;X2) + Ua(X2; X3) + U3(X3; X4) +
U4(X4;X1). Thenthe only possibleGAI network is that of
Figure3.

Figure3: A GAI network containinga cycle.

Unlike GAI treeswherea sequencef questiongeveal-
ing theDM' s utility functionnaturallyarises GAI multiply-
connectechetworks do not seemto be appropriateto eas-
ily infer the sequencef questiongo askto the DM. Fortu-
nately they canbe corvertedinto GAI treesusingthe same
triangulationtechniquesasin Bayesiametworks (Kjeaerulff
1990;Darwiche& Hopkins2001):



Algorithm 2 (Construction of a GAI tree)
1/ createa graphG°= (V% E9 sud that
alVo= X4 Xne;
b/ edee (Xi; X;) belongsto Eiff there existsa
sututility containingboth X; andX;
2/ triangulate G°
3/ derivefromthetriangulatedgrapha junctiontree:
theGAl tree

For instance,consideragain the GAl network of Fig-
ure 3 representingitility u(x1;X2;X3;X4) = Uy(X1;X2) +
Uz(X2; X3) + U3(X3; Xa) + Us(X4; X1). GraphGPconstructed
on stepl of the abore algorithmis depictedon Figure4.a:
the nodesof this graphare X 1; X,; X 3; X4, i.e., they cor
respondo the attributesof the utility. As functionuy() is
denedover X; X, G%containsedge(X 1; X5). Simi-
larly, functionsus( ), uz( ) andus( ) imply thatE ° contains
edgeqX2; X3), (X3;X4) and(X 4; X 1), henceresultingin
thesolidedgesn Figure4.a.NotethatgraphG°corresponds
to a CA-independenceapof (Bacchus& Grove 1995).

a.attributedependences b. nal GAl tree

Figure4: FromaGAI network to a GAl tree.

On step2, G is triangulatedusingary triangulational-
gorithm (Becler & Geiger2001;Kjeerulff 1990; Olesen&
Madsen2002),for instanceusingthefollowing one:

Algorithm 3 (triangulation) Let G° = (V%E9 be an
denotethe set of nodesadjacentto X; in G% A node
Xi 2 VOis saidto beeliminatedfromgraphG°when
i) theedeges(ad (X;) ad (X;))nE° are addedto E° so
thatad (X;) [ fX;gbecomes clique;
i) theedgesbetweerK; andits neighbos areremovedfrom
EC aswellasX; fromV©°
Let beanypermutationoffl;:::;ng. Letuseliminate

edgesaddedto graph G° by theseeliminations.Thengraph
GY = (VO EC[ EY) istriangulated.

Thistriangulationalgorithm,whenappliedwith elimination
sequence 2, X 3, X1, X4, preciselyproduceghe graphof
Figure 4.a, in which edgesin EY are dravn with dashed
lines.

Step 3 consistsin constructinga nev graphthe nodes
of which are the cliques of G° (i.e., maximal complete
subgraphof G9: here,fX1;X2;X3g andfX1; X3; X490
(seeFigure 4.a). The edgesbetweenthesecliquesderive
from the triangulation(Cowell etal. 1999;Kjeerulff 1990;
Rosel1970): eachtime anodeX; is eliminated it will either

createa new clique C; or asubcliqueof analreadyexisting

cliqgueC;. In both casesassociateC; to eachX;. Oncea
nodeX; is eliminated,it cannotappeatin the cliquescre-

atedafterward. However, just after X ;'s elimination,all the
nodesin C;nfX;g still form a clique, hencethe clique as-
sociatedto the rst eliminatednodein C;jnfX;g contains
CinfX;g. Thuslinking C; to thiscliqueensuresherunning
intersectiorproperty In our example,cliquef X 1; X 2; X 39

is associatetb nodeX , while cliquef X 1; X 3; X 40 is asso-
ciatedto theothernodes.As X 5 is the rst eliminatednode,
we shall examineclique f X 1; X2; X3g. CinfX;g is thus
equalto f X 1; X3g. Amongthesenodes X ; is the rst to

beeliminatedandcliquef X 1; X 3; X 49 is associatedo this

node. Hence,there should exist an edgebetweencliques
fXq1;X2; X3gandf X1; X3; X40. As eachcliqueis linked

to at mostoneotherclique, the processensureghatthe re-

sultinggraphis actuallyatree(seeFigure4.b).

Note that the GAI tree simply correspondgo a coarser
GAIl decompositiorof the DM' s utility function,i.e.,it sim-
ply occultssomeknown localindependencesut thisis the
priceto payto make the elicitationprocessasyto perform.

Utility Elicitation in GAI Trees

Thissubsectionrst translatesnto a GAI tree-conductedl-
gorithmtheelicitation procesof the precedingsectionand,
then,ageneraklgorithmis derived.

Example 3 (continued) TheGAIl network relatedto Exam-
ple 3 is shavn on Figure5: ellipsesrepresenthe attributes
of eachsuhutility andrectangleghe intersectionsbetween
pairsof ellipses. Separatorare essentiafor elicitation be-
causethey captureall the dependenciebetweensetsof at-

tributes.ForinstanceseparatokX , revealsthatclique X 1 X ,

is independenof therestof thegraphfor ary x edvalueof

X . Henceanswerdo questiongnvolving gambleson out-

comesof type ( ; az; as; a4) do not dependon as; a4, thus
simplifying theelicitationof us ( ; a).

KX DX f—X X D—{Xa —XaX oD

Figure5: The GAI treeof Example3.

Theelicitationprocesslescribedn Example3 canbere-
formulatedusingthe GAI treeasfollows: we startedwith
anouterclique,i.e.,acliqueconnectedo at mostonesepa-
rator The cliguewe chosewasX 1 X ,. Functionuy( ) was
assessefibr every valueof theattributesin thecliqueexcept
thosein the separatofhereX ;) thatwerekeptto therefer
encepoint a,. This led to assessingi;(x1; ay) for all X;1's
usingEg. (2)'sgamble:

G((lbr; @234); (X1; @234); (A1; @234))

Then the values of the attributes in the separatorwere
changedo, sayx,, andu;( ) waselicited for every value
of the attributesin clique X X, exceptthosein the sepa-
rator that were keptto x,. This was performedusingthe
gamblesof Eq. (3) and(4), aswell asgamblessimilarto the



oneabove,i.e.,

G((b1; az; @za); (a1; X2; @za); (aa; @2; 3a));
G((by; a2; @sa); (X9 X2; @sa); (1; a2; @34));
G((x9;%2; a34); (X1; X2; A34); (81; X2; Ag4)):

After u() was completely determined,clique X 1X»
and its adjacent separator were removed from the
network and we applied the same process with an-
other outer clique, namely clique X,X3: using gam-
ble G((by; az; aza); (ar; bp; @sa); (a1; @2; az4)), U2(b2; az)
couldbedeterminedThengamble

G((a1; bp; as; a4); (a1; X2; as; as); (a1; az; as; as))

was usedto assesghe value of u,(x»;a3) for ary x5 in

X 2. In otherwords,we assessethevalueof u,( ) for every
valueof theattributesin the clique exceptthosein the sepa-
rator (X 3) thatwerekeptto thereferencepointaz. Oncethe
Uz(X2; az)'swereknown, u,( ) wasdeterminedor different
valuesof x3 usinggambles

G((by; az; az; aa); (a1; az; X3; aa); (ag; az; az; aa));
G((br; az; as; aa); (an; bp; X3; a4); (a1; @z; @s; aa));
G((a1; b2; x3; a4); (a1; X2; X3; @4); (a1; @2; X3; a4));

i.e.,thevaluesof theattributesin theseparatowerechanged
to x3 anduy( ) waselicitedfor every valueof the attributes
in cliqgue X ;X 3 exceptthosein the separatothatwerekept
to X3, andsoon.

All cliquescanthusberemoved by inductionuntil there
remainsonly oneclique. This onedeseresa specialtreat-
mentasthe hypothese®f Eq. (1) specifyingthat,whenwe
elicit asuhutility u; (), u;() = 0wheneerthevalueof the
attributesnot in the separatorequalthoseof the reference
point, apply to every clique exceptthe lastone. Whende-
termining the value of the utility of the last clique, all the
othersuhutilities areknown anda directelicitation canthus
beapplied.

The abore example suggestghe following generalelic-
itation procedurewhich is applicableto ary GAI tree: let
% be a preferenceelationon lotteriesover the outcomeset
X. LetZj;:::;Zx besomesubsetsof N = f1;:::;ng
suchthatN = [ ¥, Z; andsuchthatu(x) = = ¥, ui(xz,)
is a GAl-decomposableitility. Assumethatthe X z,'s are
suchthatthey form a GAl treeG = (V;E) andthat for
every i, onceall Xz, 's,j < i, have beenremoved from
G aswell astheir adjacentedgesand separatorsX z, has
only oneadjacentseparatoteft we will denoteby X s, . In
otherwords,the X z, 's areorderedgiving prioritiesto outer
nodes. Call C; = ZinS;, andlet Cx = ZnS¢ ;. Let

suchthat(bc,;annc;)  (ac;;annc,) foralli's. Thenal-
gorithm 4 completelydetermineghe valueof eachsuhutil-
ity which canthenbestoredin cliques,thusturningthe GAI
network into acompactrepresentatioof u( ).

Of course,algorithm 4 can be applied whichever way
the GAI treeis obtained. In particular it canbe applied
on GAI treesresulting from triangulations. For the lat-
ter, the algorithmmay be improved taking into accountthe
knowledgeof the GAI decompositiorbeforetriangulation.

Algorithm 4

ui(be,;annc,) Lu(an) O

ui(ac; s Xnnc;) 0

done
foralliinfl;:::;k 1gdo
if i 6 1then

computeu; (be, ; @ nc, ) USNg
G((bc,;annc,): (be;sannc; )s (an))
endif
for all xs, do
if Xs, 6 ag, then
computeu; (b, ; Xs; ; @y nz, ) using
G((bc,;annc,); (Xs;; anns; )s (an))
andG((bc,;annc,); (be; s Xs; s annz, )s (an))
endif
for all xz, do
computeu; (Xz, ) usingG((be; ; Xs, ; annz, );
(Xz;3@nnz, ) (Ac; s Xs; s annz; )
done
done
done
/* computatiorof the nal clique */
Compu':GJk(bCk ; as, 1) using
G((bc,;annc,); (b, s annc, ); (an))
for all xz, do
computeuy (Xz, ) using
G((bc,;annc,)s (Xz, s @nnz, )s (an))
done

Considerfor instancethe following GAl decomposition:
U(X1; X2; X3;X4) = Uz(X1;X2) + Ua(X2;X3) + U3(X3;X4) +

us(X4; X1), representablby the GAI network of Figure6.a
and inducing the GAI tree of Figure 6.b, or equivalently

b. nal GAl tree

a.original GAl network

Figure6: A GAI treeresultingfrom atriangulation.

the graphof Figure 6.b would be quite inef cient asmary

questionsvould be asledto the DM althoughtheir answers
couldbecomputedrom theanswergjivento previousques-
tions. For instance,assumethat X; (resp. X,; X3) can
take valuesay; by (resp.az; bp; as; ). Then,asobviously
v1(X1;X2;X3) = Ur(X1;X2) + U2(X2; X3), theabove elicita-

tion algorithmensureghat

vi(ag; az;az) = ui(ag; ap) + ux(ag;ag) = O



U1(X1;X2) + Uz2(X2; X3) U3(X3;X4) + Ua(Xa;X1)

Figure7: Suhutilities in a GAI tree.

X1X3

But, then,

vi(by; az; 3) = ug(by; @) + uz(az; )
us(br;az) + uz(az;ag)+
ui(ag;az) + uz(az; bg)

vi(bi; ag;as) + vai(ag; ag; s):

Hence, after the elicitation of both vi(by;a,;a3) and
vi(ay; az; bs), thatof vy (by; az; b) canbe dispensedvith.
Intuitively, suchquestionscan be found simply by setting
down the systemof equationdinking thev;'sto theu;'sand
identifying colinearvectors.

In GAI trees,the running intersectionproperty ensures
thatthe questiongelatedto the sukutilities of outercliques
are sufcient to determineunambiguouslythesesuhutili-
ties. Whenthe GAIl networks are multiply-connectedthis
property doesnot hold anymore: the equationsresulting
from questionsdo often involve several unknavn suhutil-
ity values. Consequentlyin suchnetworks, questionsare
usedto Il a systemof linear equationson sukutility val-
uesand,whentheelicitation processs completedthis sys-
temis solved,thusproducingvaluesfor all sulutilities. GAI
multiply-connectedhetworksarethuslessuserfriendly than
GAI treesto performthe elicitation process.Moreover, as
the suhutility valuesremain unknonvn until the elicitation
processs completeddetermininghenext questiorto askis
lessolviousthanin GAl treesbecauseve must nd aques-
tion thatwill not addan equationcolinearwith the restof
thelinearsystemhencethis requiresadditionaltests.

Conclusion

In this paper we provided a generalalgorithm for elicit-

ing GAl-decomposablatilities. Unlike UCP-netsGAI net-
worksdo notassumeomeCP-netstructureandthusextend
therangeof applicationof GAI-decomposabletilities. For

instanceconsideia DM having somepreferencesversome
mealsconstitutedby a main course(eithera stev or some
sh), somewine (redor white) anda desser{puddingor an
ice cream),in particular

(stew,redwine,dessert) ( sh,white wine,dessert)
(stew,whitewine,dessert) ( sh,red wine,dessert)

for ary dessert.Moreover, assumeahatthe DM would like
to suit the wine to the main courseand sheprefershaving
ice creamwhensheeatsa stav. Thensuchpreferencesan
berepresentedf ciently by u(mea) = u;(coursewine) +
u,(coursedessetandthushecompactedy theassociated
GAI network. Neverthelesssincepreferencesver courses
dependon wine andconversely andsincethereexistssome
dependencbetweercoursesanddessertslJCP-netsdo not
helpin compactingutility functionu( ) despiteits GAI de-
composability

Another speci city of our procedureis that we always
considergamblesover completelyspeci ed outcomesj.e.,
including all the attributes. This is an advantagebecause
answersto questionsinvolving only a subsetof attributes
arenot easilyinterpretable.Considerfor instancea multi-
attribute decisionproblemwhere the multi-attribute space
isX = X3 Xy Xz X4, with X; = fag;c;bg,
Xz = fag; ¢, pg, X3 = fag; c3g, andX 4 = fay; c40. As-
sumethe preference®f the DM canbe representedy the
following utility function:

u(x) = uz(X1) + Uz(X1; X2) + Uz(X2;X3) + Ua(X3;X4);

wheretheu;'s aregivenby thetablesbelow:

X1 a| G b
ui(xy) | O | 500 | 1000

Ua(X1;X2) |@2 [ G | by
a; 0[10] 70
C 50| 10| 90
by 60| 80| 100

U3(X2;X3) | @3 | C3

ao 0 7

Co 5 2

b 9 |10
Us(X3;X4) | a4 | C4
az 0 | 06

C3 0:4 1

Note that the big-steppedstructureof utilities in the above
tablesis consistentwith the Ceteris Paribus assumption
aboutpreferenceshenceu( ) canbe characterizedy the
UCP-netof Figure8. Askingthe DM to provide probability

(X2 )——=(x5)
X)X

Figure8: A simpleUCP-net.

p suchthatc;  hp;bi;1  p;azi would, at rst sight, be
meaningfuland,assumingui(a;) = 0 andu;(b;) = 1000
it would certainly imply that u;(c;) = 100Q. How-
ever, a carefulexaminationhighlightsthatit is not so ob-
vious. Indeed,suchgamble,involving only attribute X 1

would be meaningfulonly if the DM had a preferencee-
lation %, over X that could be exploited to extract in-
formations about %, the DM's preferencerelation over
X. In the classicalframevork of additive conjoint mea-
surement(Fishkurn 1970; Krantz et al. 1971; Wakker
1989), this propertyholdsbecauses;  hp;by;1  p;aqi

is equialentto (C1;X2;X3;X4)  p;(b1;X2; X3 X4a); 1

p; (a1;X2; X3;Xg)i for ary (X2;X3;X4) 2 X2 X3z Xy,
but this doesnot hold for GAI decompositionivolving in-
tersectingactors.For instanceusingthe above tablesiit is
easilyseenthat, whatever valuesfor X 3 andX4:



0:519 __(by;ap; X3;X4)
(C1;@2;X3; Xa)

/

0:481 —(a1;@2;X3;X4)
0:467 (b1} Co; X3; Xa)
(C1; C2; X35 Xa)

/

0:533 —(a1;C2; X3; Xa)

0:505 _(by; bp; X3; Xa)
(c1; bp;X3; X4a)

/

0:495 —(a1; b2;X3;X4)

Theexplanationof this unfortunatepropertyliesin themis-
leadinginterpretationwe may have of CeterisParibus state-
ments: in the abore UCP-net,CeterisParibus implies that
preferencesver X ; donotdependnthevaluesof theother
attributes. The obsenration of the sulutility tablescon rm
this fact: by is preferredto c;, thatis alsopreferredto a;.
However, the CP property doesnot take into accountthe
strengthof thesepreferencewvhile theprobabilitiesnvolved
in the lotteriesdo: whatever the valueof X ,, (by; x») is al-
wayspreferredo (ci; ), butthe DM prefersmore(by; ¢;)
to (c1; ¢p) than(by; ay) to (cr; @) andthis resultsin differ-
ent valuesof p in gambles. This explainsthe discrepang
betweerc; p;b;1  p;a;i andthesamegambletaking
into accounthe otherattributes. This discrepang is notre-
strictedto UCP-netroot nodes,it is easilyseenthatit also
occursfor othernodessuchasX > or X 3.

To conclude,the GAI networks introducedin this paper
allow takingadwantageof ary GAl decompositiorof amul-
tiattributeutility functionto constructacompactepresenta-
tion of preferencesThe ef ciency of the proposecklicita-
tion procedurdiesbothin therelative simplicity of theques-

tionsposedandin the carefulexploitationof independences

betweenattributesto reducethe numberof questions.This
approactlof preferencelicitationis agoodcompromisee-
tweentwo con icting aspectstheneedfor sufciently e x-
ible modelsto capturesophisticatediecisionbehaiors un-
der uncertaintyand the practical necessityof keepingthe
elicitation effort at anadmissibleevel. A similar approach
might be worth investigating for the elicitation of multiat-
tribute utility functionsundercertainty Resortingto GAI
networksin this context mightalsobeef cient to elicit suku-
tility functionsundersomesolvability assumption®n the
productset.
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