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A mapping f: X —Y , is a co-Lipschitz
map provided there is a constant C so that for
all x in X and all r,

FIBr(@)] D B, o (f(2)):

co-Lip(f) denotes the smallest such C.

A co-Lipschitz map is open in a Lipschitz sense.
A function is a Lipschitz quotient map if it is
both Lipschitz and co-Lipschitz. Thus a one-
to-one map is a Lipschitz quotient mapping iff
it is bi-Lipschitz.

If there is a Lipschitz quotient map f from X
onto Y, we say Y is a Lipschitz quotient of X
(A-Lipschitz quotient if Lip(f)-co-Lip(f) < \).



A mapping f: X —Y , is a co-Lipschitz
map provided there is a constant C so that for
all x in X and all r,

FIBr(@)] D B, o (f(2)):

Related concept [David-Semmes]

T : X — Y is ball non collapsing provided
d w>0 s.t. Vee X dyeY s.t.

TBy(x) D Bur(y).

Example of a ball non collapsing Lipschitz map
which is NOT a Lipschitz quotient: fold a
sheet of paper.



Examples of Lipschitz quotients maps in R"
From R to R they must be bi-Lipschitz.

From R? to R, they carry considerable struc-
ture. For example, the number of components
of f~1(¢t) is bounded and each component of
f~1(t) separates the plane.

Define f on R? to be the homogenous exten-
sion to R2 of the mapping z — 2™ on the unit
circle. This is a Lipschitz quotient mapping
which is “typical’— EVERY Lipschitz quotient
map on R2 can be written as Poh where P
is a (complex) polynomial and A is a homeo-
morphism of R2.

From R3 to R?, f~1(¢) can contain a plane but
cannot be a plane. [Csornyei]

References for non linear quotients in R™: [uLpPs],

[Csornyei], [Heinrich], [Randriantoanina], [Maleva].



A mapping f: X —Y , is a co-Lipschitz
map provided there is a constant C so that for
all x in X and all r,

FIBr(@)] D B, o (f(2)):

Let f: X — Y be a surjective Lipschitz map.
Then co-Lip(f) < X iff for all finite weighted
trees T, tgeT, g: T — Y with Lip(g) <1, and
xo € X with f(zg) = g(tg), there exists a lifting
g:T — X so that g(tg) = =g, Lip(g) < A\, and
g=1fog.



For Banach spaces, the fundamental question
IS:

If Y is a Lipschitz quotient of X, [when] must
Y be a linear quotient of X7

In every case where we know “Y is a Lipschitz
quotient of X — Y is a linear quotient of
X" we also know that the existence of a ball
non collapsing Lipschitz map from X to Y
implies that Y is a linear quotient of X.

We do not know whether in general the exis-
tence of a ball non collapsing Lipschitz map
from X to Y implies that Y is a Lipschitz
quotient of X.



f admits affine localization if for every € > 0O
and every ball B C X there is a ball B, C B
and an affine function L : X — Y so that

1f(z) — Lz|| < er, x € Br.

The couple (X,Y) has the approximation by
affine property (AAP) if every Lipschitz map
from X into Y admits affine localization.

AAP is enough to ensure that if f is a Lipschitz
quotient map from X to Y then (for £ small
enough) the linear approximant is a linear quo-
tient map; and if f is a A-Lipschitz quotient,
(i.e., Lip(f)-co-Lip(f) < X) the linear approxi-
mant is a A + € linear quotient.



f admits d-affine localization if for every ¢ > 0
and every ball B C X thereis a ball B C B and
an affine function L : X — Y so that

|f(z) — Lz|| L er, r € B,
and r > §(e) radius(B) (6(e) >0 Ve > 0).

The couple (X,Y) has the uniform approxi-
mation by affine property (UAAP) if there
is a function §(e) > 0 so that every Lipschitz
map with constant one from X into Y admits
o-affine localization.

This notion (not the terminology) was introduced
by [David-Semmes]. They proved that (X,Y) has
the UAAP if both spaces are finite dimensional.

Theorem. The couple (X,Y) has the UAAP
ifF one of the spaces is super-reflexive and the
other is finite dimensional.

A Banach space is super-reflexive iff it is iso-
morphic to a uniformly convex space iff it is
isomorphic to a uniformly smooth space.



Repeat:

(1) If (X,Y) hasthe AAP and Y is a A-Lipschitz
quotient of X then Y is a (A + ¢)-isomorphic
to a linear quotient of X.

(2) If X is super-reflexive and Y is finite di-
mensional, then (X,Y) has the AAP.

T herefore:

(3) If X is super-reflexive and Z is a A-Lipschitz
quotient of X, then every finite dimensional
quotient of Z is (A 4+ ¢)-isomorphic to a linear
quotient of X ( <= every finite dimensional
subspace of Z* is (A 4 €)-isomorphic to a sub-
space of X™).

(4) If Z is a A-Lipschitz quotient of a Hilbert
space, then Z is A-isomorphic to a Hilbert space.

(5) If Z is a A-Lipschitz quotient of Ly, 1 <p <
oo, then Z is A-isomorphic to a quotient of L.



The classification of Lipschitz quotients of ¢y,
1 <p#2< oo isopen. A Lipschitz quotient
of ¢, is a Lipschitz quotient of L,. For 2 <r <
p < oo, the space 4, is linear quotient of L, but
is not a Lipschitz quotient of 4.

There are known to exist non separable Banach
spaces X and Y which are bi-Lipschitz equiv-
alent but not isomorphic [Aharoni-Lindenstrauss].
It turns out that Y is not even a isomorphic to
a linear quotient of X.

It may be that separable Banach spaces that
are bi-Lipschitz equivalent must be isomorphic.
The results on quotients suggest that if X is
separable and Y is a Lipschitz quotient of X,
then Y is isomorphic to a linear quotient of X
(at least if X is one of the classical examples
of Banach spaces). However,....



Metric trees and Lipschitz Quotients
of spaces containing ¢ [JLPS]

A metric space X is a metric tree provided
it iIs complete, metrically convex, and there is
a unique arc (which then by metric convex-
ity must be a geodesic arc) joining each pair
of points in X. There is an equivalent con-
structive definition of a separable metric tree,
which we term an SMT because the equiva-
lence to separable metric tree is not needed.
Using the constructive definition, it is more-
or-less clear that every metric tree is obtained
by starting with a (possibly infinite) weighted
tree and filling in each edge with an interval
whose length is the distance between the ver-
tices of the edge.

The /1 union of two metric spaces

If XNY = {p}, the £1 union is (X UY,d), where
the metric d agrees with dxy on X, d agrees
with dy on Y, andifxz € X, y €Y, then d(x,y)
is defined to be dx(z,p) + dyv(p,vy).



Construction of an SMT

Let I; be a closed interval or a closed ray and
define 17 := I7. The metric space 17 is the
first approximation to our SMT. Having de-
fined Ty, let I, be a closed interval or a
closed ray whose intersection with 73, IS an
end point, pp, of I,41, and define T, ;1 =

TpUq I,41. The completion, T, of nngn IS an
SMT. If each I, is a ray with end point p,_1
for n > 1 and the set {pp};2; of nodal points
is dense in T, then we call T' an ‘41 tree’ and
say that {In}o2 1, {Tn}oq1, {pn}toq describe

an allowed construction of T..

Proposition. LetT be an{q tree. Then every
separable, complete, metrically convex metric
space is a 1-Lipschitz quotient of T'.



Proposition. LetT be anfq tree. Then every
separable, complete, metrically convex metric
space is a 1-Lipschitz quotient of T'.

Let Y be a separable, complete, metrically con-
vex metric space. Build the desired Lipschitz
quotient map by defining it on T}, by induction
(where {In}>2 1, {Tn}5 1, {pn}o2; describe an
allowed construction of T).

Suppose you have a 1-Lipschitz map f : 1T, —
Y, and y is taken from some countable dense
subset Yp of Y. Extend f to 7,471 by map-
ping I,4+1 to a geodesic arc [f(pn),y] which
joins f(pn) to y; f is an isometry on {z €
Ih41 2 d(pn,z) < d(f(pn),y)} and f maps points
on I,4+71 whose distance to pn is larger than
d(f(prn),y) to y. This makes f act like a Lips-
chitz quotient at p, relative to [f(prn),y]. Since
the nodal points are dense in 7', a judicious se-
lection of the points from Yy will produce a
1-Lipschitz quotient mapping.



Lemma. Assume that X andY are l-absolute
Lipschitz retracts which intersect in a single
point, p. Then X Uy Y Is also a l-absolute
Lipschitz retract.

A metric space X is a 1-absolute Lipschitz re-
tract if and only if X is metrically convex and
every collection of mutually intersecting closed
palls in X have a common point.

Corollary. Let T be an SMT. Then T is a
1-absolute Lipschitz retract.



Proposition. Every SMT isa l-Lipschitz quo-
tient of C(A), where A is the Cantor set {—1, 1},

Let r, be the nth coordinate projection on A.
In the space C(A), the sequence {rn} 2 is
iIsometrically equivalent to the unit vector ba-
sisof /1. Forn=1,2,..., let E, be the func-
tions in C(A) which depend only on the first
n coordinates. Notice that if =z is in FE, and
m > n then for all real t, ||x+trm| = ||z|| + |t|.
In other words, if I is a ray in the direction of
rm €manating from a point p in E,, then, in
C(A), the set E,UI is an £1 union of E, and I.
That {rn}>2 acts like the ¢; basis over C(A)
IS the key to proving the above proposition.
The lemma is used to extend a 1-Lipschitz
mapping from E, UI into the SMT to a 1-
Lipschitz mapping from E,, into the SMT.



Corollary. IfY is a separable, complete, met-
rically convex metric space, then Y is a 1-
Lipschitz quotient of C(A).

In particular, every separable Banach space is
a 1-Lipschitz quotient of C(A), but it is well
known that e.g. ¢1 is NOT isomorphic to a
linear quotient of C(A).

From known results in the linear theory it then
follows:

Theorem. Let X be aseparable Banach space
which contains a subspace isomorphic to £q
and let € > 0. Then every separable, com-
plete, metrically convex metric space is a (1 +
g)-Lipschitz quotient of X. (Moreover, the
Gateaux derivative of the Lipschitz quotient
mapping has rank at most one wherever it ex-
ists.)



f . X — R" is measure non collapsing provided
wf(Br(x)) > 6r"™;, f is ball non collapsing if
f(Br(x)) D Bs(y) (u = Lebesgue measure).

[David-Semmes] if f : R™ — R"™ s Lipschitz
and measure non collapsing then it is ball non
collapsing. R™ can be replaced by any super-
reflexive space [BJLPS].

If X is a separable Banach space containing
an isomorph of 1 then 3 f: X — R? Lipschitz,
measure non collapsing, but f(X) is closed
and has empty interior (hence f is NOT ball
non collapsing).



Problems and concluding remarks

(1) Classify the metric spaces which are Lip-
schitz quotients of a Hilbert space. In particu-
lar, must each such space bi-Lipschitz embed
into a Hilbert space?

(2) Classify the metric spaces which are Lip-
schitz quotients of a subset of a Hilbert space.

We know only:

(2.1) There are metric spaces which are not
Lipschitz quotients of any subsets of a Hilbert
space.

(2.2) There are metric spaces which are Lip-
schitz quotients of subsets of a Hilbert space
but which do not bi-Lipschitz embed into a
Hilbert space.

Quantitative versions of problem 2 might be
interesting.

(3) Estimate, in terms of A and N, the largest
Euclidean distortion of an N-point metric space
which is a A-Lipschitz quotient of a subset of
a Hilbert space.



Recall the definition of d-affine localization:

f admits o-affine localization if for every e > 0
and every ball B C X thereis a ball B C B and
an affine function L : X — Y so that

|f(z) — Lz|| L er, r € B,
and r > §(¢) radius(B).

(4) Is there an analogue of §-affine local-
ization for Lipschitz mappings between other
classes of metric spaces? Maybe metric groups?
Are there conditions which will guarantee that
a pair (X,Y) has the analogue of UAAP?



