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Partitions of a 4-set with k nonempty subsets

k=1 k=2 k=3 k=4
1234 1)234 112|134 1]2]3]4

2134 1)3]24

3124 1)4|23

4123 23|14

12|34 2|4/13

13|24 34|12

14|23

| Stirling numbers of the second kind |

S,(m. k) =the number of partitions of an »-set with £ nonempty subsets

Example=
S(40=1 S5(42)=7 5(43)=6 S(4.4)=1



Permutations of a 4-set with k disjoint cycles

k=1

(1234)
(1243)
(1324)
(1342)
(1423)
(1432)

k=2
(1)(234). (1)(243)
(2)(134). (2)(143)
(3)(124). (3)(142)
(4)(123).(4)(132)
(12)(34).(13)(24)
(14)(23)

k=3
(1(2)(34)
(D(3)24)
(D(4)4(23)
(2)(3)14)
(2)(4)(13)
(3)(4)12)

k=4
(I2X3)X4)

C(n.k) =the number of permutations of an »-set with k disjoint cycles

| Stirling numbers of the first kind |
Si(nk)=(-1)""Clnk)

Example=

S(41)=—6 S(42)=11  §[43)=—6  S4.49)=1

Inverse Relations |

[, =3 5,000 - =3 S,0u R,
] Eull

N fn=k=0
S(mky=q , ,fori=12
0 i a-k=0=s +&

[x], = (xNx ~1) - (x—n+1)

1 1

1 1

11 1 1

2 -3 1 1 3 1

6 11 6 1 17 6 1

24 50 35 10 1 125 15 10 1
-120 274 -225 85 15 1 1 31 90 65 15 1

S(n k)

Sy(n.k)




Partitions of a 4-set with k nonempty subsets

k=1 k=12

e
EEIFER
e
EAFET
12|34
13|24
14|23

k=3
1)2|34
1)3]24
1)4|23
2|3]14
2|4/13
34|12

k=

|Mu|ti-restricted numbers of the second kind |

4

11234

M7 (m k)=the number of partitions of an »-set with & nonempty subsets

of size < m
Example=

Mi(41)=0 Mj(42)=3

Mi(43)=6 M;(44)=1

_ 1 if n=k=0
With MP(n k)= L
0 ifnk=0=n+k
1 DM (nk)=0 if n4
L )M (nm)=1
15 1 DM (n k)£ S, (n K
1 5': 5'1 ' DM k) =5, (nk
Sy 3 Sy o1 Syim MY (n k)= 5,
MZ S, S5 1 Tmes O ’
MTM?T 5,085 85 1
M MT MZS, S, 85, o 1
M7 MrM? S, 5, ... 5, 1
M7 MIM? M? S, ... 5, 8§, 1

clcor s Iom

)
N if m > norm=n-k

n k)

m-restricted numbers of the 2™ kind, M} (n k)



Explicit Formula

ml

S,(n.k)=

(0 Hza o (@)F@D% - () - K
B4k, it - -

ml
jff.l:ﬂk =
: (1) HZH (A5 RO - (m!) = Iy ey - K !

E+1by+--+mi, =-n

Recurrence Relation

Sy(k) = Sy (n—-LEk—1)+k-Sy(n—-L k)

I _1'\.'
MI(L ) = M2 (n—Lk—1) = k- M2 (n-1 ;c)—i " My e-m-1k-D)
. m y,
A L ] m set
| /
n—1| n‘—1| 'i'f|

~_ o~

kc—1 subsets k subsets



Recurrence Relation

M g:' Ql__Q:__"'__Q:- *_*_"'_* | | 21._@:__"'__2:_1 Q:, *_*_.”_*
m—1-1i set i—1 zet
ic—1 subsets k—1 subsets

_]_I

w11
snR=3|" Hsy0r-1-1 k1) =7 Js (-Lk-1)
AN I A

ik E_
=l (n-1) = (m-1)
MY (nk)= Z| MI(n-1-ik-1)= 3 | | MT(-LEk-1)
4 emel WL
Generating functions
[ 2oF Y "

— o™ = LI ()=
fO=e=|1+t+ S+ 2b | = FO0)= Y 5, (2 0L,
M & k=l

) X "
t)= et — | wy=N mr
f@) ) = (D) ;.‘sz (n,k)[x],

[_'-c],, =x(x—1)x—-2)--(x—n=+1)



Example (m = 2)
fO=l+1+5] J0)=1
o £ =14
S @)=xl+t+5] (1+1)
NP S (0) =[xl =[x];
Jr(0) = xe—1)1+ 2+ 5) (A1)
+x(l+1+ 5y FE0)=3[x], +[x];

fOO=x-D-2+t+ DA+ 19(0) = 3yl
S3x(x—1 1+ 57 (1+1)

1
FO0) = x- D)= 2= =1+ 5P | 1
_fr_‘{'(_t’—l)(_‘(—})(l_f_%)E—EEI_E): 1 :13 ‘1
+3x(x -1+ 1+ 57 361
15 10 1
15 45 15 1
Mi(n k)

Bessel Polynomials...

The paolynomials V,, of degree » with a constant term equal to 1 satisfying
y,+(2x+2)y, = n(n+1)y,
Yo=1
W=+l
I P P |

3; =15 =15x = 6x =1

5 1
o (n+ k) k
Y= L =Tt 1 1
1 3 1
, 3 6 1
My(n+k.n) 15 10 1
15 45 15 1

Mi(nk)



Inverse Relationships
[s.0u0)] - [soeml=prone) - [

| Multi-restricted numbers of the first kind |
My (n,K) = the (k) - th entry of [M7(n. k)]

1 0 0 0 0
0 1 0 0 0
0 -1 1 0 0
0 2 -3 1 0
0 -5 11 -6 1
0
0
0

-39 -45 35 -10
10 175 -210 85
910 -315 1225 -700 175 21

J-restricted numbers of the 1=t kind, .-‘1«1'1':(?:?._ i)

e

me oo oo O

D oo o oD
200 oo o oo

S,(m k)= the number of partitions of an »-set with & nonempty subsets

M7 (n. k) = the number of partitions of an »-set with £ nonempty subsets
of size < m

| 51(7.k) = the number of permutations of an »-set with & disjoint cycles

| M{"(3 k) |= the number of permutations of an »-set with k disjoint cycles
of length < m



Permutations of a 4-set with k disjoint cycles

k=1 k=2 =13 k=4
-ENT GeEserGesr (004 OB
= QA (1)(3)(24)

L QURO-0NA  (1(4)(23)

=TT (RS (2)(3)(14)

2y (12)(34).(13)24)  (2)4)(13)

=TT (14)(23) (3)(4)(12)

"C(7 k)=the number of permutations of an »-set with & disjoint cycles
of length < m

|Multi-restrained Stirling numbers of the first kind |

"8 (n k)= ()" - "C(n k)

Example=
(4= 0 C(4.2)=3 C(43)=6 C4.4)=1

15,(4.1)=0 15,(4,2)=3 5(43)=—6 S4.4)=1

With ™S, {1 if n=k=0
J . ?’l.' = 3
' 0 fnk=0=n'+k

4

1 1 1) ™S, (m k) =0 ifn <k or n> kom
1 1 2} "S(mm)=1
5 1
Pl 3SR S, )|
15 35 1 4) S (k) =50 fm=norm>n-k
ph e S 5) i S, (2.k) =[5, (2. )
R]: 'jSF;'] 5] 5] 1 He—rm
&y T S5 51
Rr RP ... RMS 5 5 .1
A" .. RI AT & S 5T
R «« RIMRM R S ... 5 8§ 1

m-restrained Stirling numbers of the 1=t kind, "S;(n k)



Inverse Relationships
[S:62] - [$100)] =[5k - (347G R
-l [lsen

| Multi-restrained Stirling numbers of the second kind |
™S, (n.k) = the (1, k)- th entry of ["S, (. B)|

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 1 3 1 0 0 0 0
0 -5 7 6 1 0 0 0
0 —65 15 25 10 1 0 0
0 —455 —455 0 65 15 1 0
0 —1205 —4725 —1715 140 140 21 1
5, (n k)
Explicit Formula
.-S' ?’E‘.Ji('= T 5 F .'.(
R= e TT o Gae) Ge) 06
A e
-1)""*n!
151(H=k:|= Z [: :I

fy ey g 192% o m™ ()R (R,

ey raky Tt mbk g -



Recurrence Relations

S, (n.k) = Z(- n=1)(n-2)(n—-i+1)S,(n—i,k-1)

=S, (n.k) = 2(1 Yn=1)(n—=2)(n—i+1)"5, (n—i,k—-1)

Sk =5n-Lk-1)—(n-1)5,(n-Lk)
"8 (k"5 (n—Lk-1)—(n-1)- "5, (n—Lk)
(D" (m=1n—2)-(n—m)-"S, (mn—-m—-Lk-1)

Cnk) =Cn-1.k-1)+(n-DC(n-1.%)

"Crnkb="Cln-Lk-1)+(n-1)-"Cin-1k)
—(n=Dn-2)--(n-m)- "Cln—-m-1,k-1)

To find a generating function...

[Faa di Bruna's farmula]  f(r) =I'g[r'}']‘

ohy < “lgm““ -
0%, I Tl ) €Ok

kel ky —'. +otk -
i+ 2k, —--—w'. -3

(-1 nl .
Z 1%2% o™ (D 1) (K, ) H
[E(UJ=1
:>i‘g{__:lmj=‘[(_1y' (-1 ifi<m

L0 if else

.7 3 4 L
:»g(r)=1—r—%—%—%—---—(—1)’*~1% = f()=(g@)

)



Extension of 3-resfrained Stirling numbers

1 (k)= 2D -1 S (n-1.k-1)
15 1 =
65 10 1
0 25 6 1
455 15 7 301
455 65 5 1 1
1
1
1001
2 3 1
11 6 1
20 35 10 1

40-135 85 -15 1

Generating functions
- - X

| = = EF | s -
§10) =L1 +t —%—%—---—E—I) IEEJ = f(0)= Z]‘, "3, (n. R[],
. [ tt £ w1l -\I'x (=) -
fO=|1+t-—+——s(]) 1;""}! = [0 = Ejl(nﬁ:'[ﬂ

f[:f:l=i:_1_f_%_%— _____ %i :’f':‘:'(ﬂ:l=i“c(?f=k:|[x]=
(. 2P Y :
f)=| l—r—E—E—"'—;_"'J = f '(UJ=§f(”=kJ[I]=



Reciprocity Law

[a( K] o - an infinite invertible matrix with
a0)==1
only finitely many nonzero elements in each row
|

Suppose a(n—lzk—lj=z_}f(nja[:n—f=kj for all integers = k& and n=0
]

Set a(i, K)=0 if only one of » and k& is negative.
=

There is a unigue extension satisfying the given recurrence relation:
al—n—k) =(-17"*b(k, 1)

where [B(ik)]. .., is the inverse of [a(n )] ..

b(n—lj:—l]=i_}‘__'(ﬁ:—£’—1:b(?1_ﬁ:—f:| for all natural m k&

Extensions
[s,(nR[s; (m]” = S,(-n-k)= (1" -5,(kn)
b)) = MI(n—) = () M)

"s:ak0)=["s; e RO = "5 (-nk) = ()" (k)




Horizontal recurrence relations

lJiC _1“‘.
M n-1Lk-1)= Z‘ I |uq " ko+1)

S, (n-1k—1)= z‘ il J|Sl(nic—f)

sl =3

I.-'I.\

|.z~?1 (n+Li+1)

~S,(n-1k—-1)= E(—lj‘ﬁ:(k—lj{ﬁ:— 2)en (ke +1—1)"S, (n.k+ 1)
S, (n-1,k-1)= i(—lj‘ﬁ:(k—lj(ﬁ:— 2)--(k +1-1)- 8, (n.kc +1)

S:(0K) = 3 (=17 0,5, (n+Li+1)

A Markov Chain Example

Cows are drawn one after the other from a farm initially containing » whites,
according to the following scheme:

If white is drawn, place a black cow in the farm;

If black is drawn, put it back.

What is the probability draw &k whites in ntrials, P(kn)?

Blacks cannot be drawn more than m times.

1)

Pcn) == - 1}——P(ﬁcrr - |” - TR et 1-m)
P(1;1}=1=[$]1 p(m)_ﬁ p(;qn)=aﬂ[’_r}

Ik _rk+t Dl ko @_"’n—ﬂr—ﬁc-la [

i o = - I N n—l - Li-1 rr"l_]_ .‘-’"H -1 .‘-"H'm

My

(-1
Gt = By 151 G, 1 —‘ il = Pkn)=Mn ;C)[r_}f
r

S
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