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Cutting Planes for Integer Programming

® \/alid Inequalities for the convex
hull of integer feasible solutions.

® 50+ Years of development for
Linear Integer Programming.

® Used to get tighter Linear
Programming Relaxations.

® Crucial for state of the art
solvers.
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Convex Non-Linear Integer Programming

® Problems with convex
continuous relaxation.

® Many applications, results and
algorithms available.

® Cutting planes significantly less
developed.

® Need new tools: linear results
strongly rely on rationals.
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Two Classic Cutting Planes
® Chvatal-Gomory Cuts (Gomory 68, Chvatal 73):

® AKA Gomory Fractional Cut

3

mple, but yield pure cutting plane a

ossom’s for Matching and Comb’s

® Split Cuts (Cook, Kannan and Shrijver 1990):

® AKA MIG (Gomory 1960) and MIR

(Nemhauser and Wolsey 1988)

® Yield

gorithm,
or TSP

D

—low Cover Cuts and modern |IP solvers.
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Outline

® Chvatal-Gomory Cuts for Non-Linear IP:

® Polyhedrality of the Chvatal-Gomory Closure

® Split Cuts for Non-Linear |P:

® Closed form Expressions.

® Finite Generation v/s Polyhedrality of Split
Closure

® Other Results and Open Questions
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Chvatal-Gomory Cuts
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Polyhedrality of CG Closure

® Not always a polyhedron

® Shrijver 1980:

® Theorem: If ('Is a rational
polyhedron then CC(C) is too.
(Constructive Proof)

® Question: What about for
non-rational polytopes”?
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CG Closure is Finitely Generated

® Theorem (Dadush,
compact convex set then there ex

finite S C Z" such that:

cc(C) = () {z €R” : (a,2) < |oc(a)l}

acsS

e

cc(C,S)

Dey, V. 2011): It (' is a
S{S a

® Corollary: cCc(C') is a rational polytope.

® [n particular ar

SWers Shrijver’s guest

Also answered

oy Dunkel and Schulz 2011.

On.
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Corollary: Stability of CG Closure

de > 0 such that:

C'CPC =CC(C') = CC(P)




Corollary: Stability of CG Closure

de > 0 such that:

C'CPC =CC(C') = CC(P)




Proof Sketch of Theorem

® [-or strictly convex sets without integral points in
boundary

® Proof Outline:
» Step 1: Create finite 51 s.t. CC(C, S1) C int(C).
Separate points in boundary
Compactness argument

» Step 2: Show only missed finite number of cuts
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Separate points in bd(C')
webd(C)\Z"  da" cZ" §rs(u) ¢ Z" YA >0:

(a",u) > |oc ()] c=leer?: J2ra2<1

fz; = (1/2,V3/2)" ¢ bd(C:)

s(u) = (1/2,V3/2)"
As(u) € Z" = oc(As(u)) € Z

\
rcR? : /22 + 23 <5}

uw = (25/13,60/13)" € bd(C)
Diophantine approx. of s(u) B s(u) = (5,12)%, oc(s(u)) = 65
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Compactness Argument

K :=Dbd(C)
Su =1z : {a",x) > |oc (a”)]}

compact =—» K C U Su

ue K

|

K C 6 S,
1=1




Step 2 : Separate cc(S*,0)\ cc(C)
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Step 2 : Separate cc(S*,0)\ cc(C)
7= ext (CC(SH, O))

>0 B"4+vcCcC VYoelV

1
lafl =2 = =
E

loc(a)] = oc(a) -1
Ovtepn(a) —1
(v,a) +ellal| -1
(v, a)

S% = (1/e)BNZ"




Main Tool: Lifting Cuts for Faces

P polyhedron, /' face of P
CC(F') = CC(P)N (Schrijver, '86)
(Convex Sets: Dadush, Dey, V. (2011)

Part 1: Kill [rrationality:
aff 7 (F) := aff (aff (F) N Z")

® Kronecker's approx.

® Part 2: Lift inside

® Dirichlet’s approx.
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Split Disjunctions and Split Cuts

me ", mg € Z Split Disjunction
LW,WO — {33 c R" : <7T733> < 770}
Ry ={zeR" : (m,x) > my+ 1}

Zn gLﬂ',ﬂ'O URTF,’R‘Q

CNZ"™ CON(Ly ryUR 1)

C™"0 .= conv (Cﬂ(LW,wo UR: g ))

{fxeC : gi(x)<0,i€el Spllt Cuts




Known Facts for Rational Polyhedra

® Formulas for simplicial cones:

® MIG (Gomory 1960) and MIR
(Nemhauser and Wolsey 1988)
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Known Facts for Rational Polyhedra

® Formulas for simplicial cones:

® MIG (Gomory 1960) and MIR
(Nemhauser and Wolsey 1988)

7,770

® Split Closure ﬂ(ﬁmo)gznxz

® Rational Polyhedron (Cook,
Kannan and Shrijver 1990)

® Constructive Proofs:

® Dash, Gunluk and Lodi 2007;
V. 2007

| I/ 24


http://www.springerlink.com/content/?Author=Sanjeeb+Dash
http://www.springerlink.com/content/?Author=Sanjeeb+Dash
http://www.springerlink.com/content/?Author=Oktay+G%c3%bcnl%c3%bck
http://www.springerlink.com/content/?Author=Oktay+G%c3%bcnl%c3%bck
http://www.springerlink.com/content/?Author=Andrea+Lodi
http://www.springerlink.com/content/?Author=Andrea+Lodi

Split Cut for Ellipsoids

@ C={zeR": ||A(x — )|z <1}

® Dadush, Dey and V. 2011:

O = {x c R" :

Az —c)fl2 < 1
B(x —¢)||l2 < a{m,x) + b}

® Also see Belotti, Goez,

PoliK,

Ralphs, lerlaky 2011
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Split Cut for Quadratic Cones
@ C={(z,t) eZ" xR : ||A(z — ¢)||2 < t}
® Modaresi, Kiling, V. 2011

Cc™™ ={(z,t) e R" xR :
|A(z —c)l|l2 <t
| Bz — d||s < t}
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Split Closure is Finitely Generated

® [heorem (

Dadush,

convex se
such that:

[

(7,70 ) EZ™ X Z

Dey, V. 2011): If O is a strictly

' then there exists afinite D C Z" x Z

(70— ﬂ (7570

(7, m0)ED

® Does not Imply polyhedrality of split closure.

® Split Closure is not stable
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Split Closure Can Be Non-Polyhedral
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Split Closure Can Be Non-Polyhedral
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Split Closure Can Be Non-Polyhedral
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Other Results and Open Questions

® CG closure is polyhedron for a class of
unbounded sets:

» Class includes rational polyhedra = True

general

Zdl

lon of Schrijver theorem.

® Open Questions:

» Constructive characterization of CG closure.

Algorithms to separate CG/Split cuts.

N
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