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Repeated games played by FA

o N

#® Non zero-sum
s n players: Aumann (81), Kalai and Standford (88);

» 2 players: Neyman (85), Rubinstein (86), Abreu and
Rubinstein (88), Papadimitriou and Yannakakis (94),
Piccione and Rubinstein (93)...

® Zero-sum

» n players: Bavly and Neyman (04), Gossner
Hernandez and Neyman (05).

s 2 players: Ben-Porath (93), Neyman (97), Neyman
and Okada (99, 00, 00).
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A superstrong player secretly coordinates the actions of
weak members of a team against strong players.
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n players zero-sum

o N

A superstrong player secretly coordinates the actions of
weak members of a team against strong players.

# Bavly and Neyman (04):

#® Gossner Hernandez and Neyman (05):

A superstrong player decodes the strong opponents’
strategies and informs weak players of their future
action plans.
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n players zero-sum

o N

A superstrong player secretly coordinates the actions of
weak members of a team against strong players.

# Bavly and Neyman (04):

#® Gossner Hernandez and Neyman (05):

A superstrong player decodes the strong opponents’
strategies and informs weak players of their future
action plans.

What can a team achieve without superstrong players?
(with players of comparable complexities)
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Moddl: game G, n = 3

Action spaces X1, X2, X3. | X > 2.
X7t =TI X7, X =I; X"
g: X — R payoff to players 1, 2.

vP = VP(G) = maxming
m—3 333
v’ = VG) = max min Esg
SEA(XT)XA(X2) 3
v = V¢(G)= max minEsg= min maxE
(G) SeA(X-3) @b 00 T seA(xs) w5 oY
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Moddl: game G, n = 3

Action spaces X1, X2, X3. | X > 2.
X7t =TI X7, X =I; X"
g: X — R payoff to players 1, 2.

vP = VP(G) = maxming
m—3 333
v’ = VG) = max min Esg
SEA(XT)XA(X2) 3
v = V¢(G)= max minEsg= min maxE
(G) SeA(X-3) @b 00 T seA(xs) w5 oY

v > "™ > P
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Modédl: repeated game

An automaton of size m* for player i, A* € ¥,.: consists of:
® A set of states Q* of size m?, with initial state §* € Q*
® An action function f*: Q* — X°.

# A transition function ¢*: Q* x X ¢ — Q°
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® An action function f*: Q* — X°.

# A transition function ¢*: Q* x X ¢ — Q°
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A triple of automata A!, A%, A3 induces an eventually
periodic sequence. The average of g over a period Is

denoted v(Al, A%, A3).
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Modédl: repeated game

An automaton of size m* for player i, A* € ¥,.: consists of:
® A set of states Q* of size m?, with initial state §* € Q*
® An action function f*: Q* — X°.

# A transition function ¢*: Q* x X" — Q"

It is oblivious If its transitions do not depend on other

player’s actions.

A triple of automata A!, A%, A3 induces an eventually
periodic sequence. The average of g over a period Is

denoted v(Al, A%, A3).
G(m!', m?, m?) is the game with strategy spaces ¥,,,: and
payoff function ~ to players 1 and 2.
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Questions
-

fWe are concerned by the relation between the asymptotic
sizes m', m?, m3 and the limits of

Vm(ml,mz,m3) = Vm(G(ml,mz,m3))
Vc(ml,mz,mS) = VC(G(ml,m2,m3))

pure correlation — p. 6/24



Play against sequences



Play against sequences

-

A pair of automata of players 1 and 2 of sizes m! and m?
that do not observe player 3’s actions induce an eventually
periodic sequence of actions.

pure correlation — p. 7/24



Play against sequences
-

A pair of automata of players 1 and 2 of sizes m! and m?
that do not observe player 3’s actions induce an eventually
periodic sequence of actions.

A periodic sequence & of actions of 1, 2 and A2 induce an

eventually periodic play, ~(&, A%) denotes the average of g
over a period.
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Play against sequences

-

Let § € A(X 3), and £ be a random n-periodic sequence
with n first elements L.i.d.~ 4.

Neyman (97): If n > m3 Inm? then Ve > 0
P(rﬁisn v(Z, A3) < min E;g —¢) — 0
Probabilistic argument: Over a period, each automaton of

player 3 can force a set of bounded probability of
sequences to a significantly smaller payoff than Esg — .
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Conseguence on pure max min

-

| min(ml, mz) > m3 Inm?3 then

-

Vp(ml, m2, m3) — v°

Moreover, the same holds if players 1 and 2 are restricted
to oblivious automata.

On the other hand:
o If m? > m!m?then VP(m!, m?,m3) = vP

o Ifm3 > m! then
VP(m!,m?, m?) < maxg: g2 mings E,zg
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Our main result

-

If min(m?!, m?) > m?3 then

Vp(ml, m2, mg) — v°
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Call a periodic sequence x of actions of players 1 and 2
(m!, m?)-implementable if 34!, A% € ¥,,,» x X,,2 that do
not observe player 3’s actions and generate x.
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| mplementation of periodic sequences
- -

Call a periodic sequence x of actions of players 1 and 2
(m!, m?)-implementable if 34!, A% € ¥,,,» x X,,2 that do
not observe player 3’s actions and generate x.

Thus, all m-periodic sequences are (m, m)-implementable,
and that an (m?!, m?)-implementable sequence is at most

m!m?2-periodic.
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Proposition: Let & € A(X —3) be rational with full support.
Let £ be random n-periodic with n first elements i.i.d.~ §.
Then 3C such that n < Cm Inm implies

P(x is (m,m)-implementable) — 1
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Periods of Implementable sequences

o N

Proposition: Let & € A(X —3) be rational with full support.
Let £ be random n-periodic with n first elements i.i.d.~ §.
Then 3C such that n < Cm Inm implies

P(x is (m,m)-implementable) — 1

Hence, a pair of automata of size m can jointly implement
almost every Cm In m periodic sequences.
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- N

Let m = min(m?!, m?).
1. Choose n suchthat mInm > n > m3 Inm3.

2. Approximate an optimal correlated strategy of players 1
and 2 in G by 4 rational with full support.
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Proof of the main result from the prop.

fLe’[ m = min(m?!, m?). T

1. Choose n such that mInm > n > m?3 In mS.

2. Approximate an optimal correlated strategy of players 1
and 2 in G by 4 rational with full support.

3. Draw x n-periodic, with n first coordinates i..d.~ 4.
Thenfore > 0

P(rrfllisn'y(:f;,A‘g) < rr;:}an Esg—¢) — 0

P(xis (m,m)-implementable) — 1
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Proof of the main result from the prop.
fLe’['m, = min(m!, m?). T
1. Choose n such that mInm > n > m3 Inm3.

2. Approximate an optimal correlated strategy of players 1
and 2 in G by 4 rational with full support.

3. Draw x n-periodic, with n first coordinates i..d.~ 4.
Thenfore > 0

P(min~(%, A%) < minEsg —e¢) — 0
A3 x3
P(xis (m,m)-implementable) — 1

In particular, there exist (m, m)-implementable sequences
that guarantee min, s Esg — €.
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Let & be n-periodic. We construct an automaton of player 1
that follows & as long as the other player does.

-
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| mplementation of sequences
- -

Let & be n-periodic. We construct an automaton of player 1
that follows & as long as the other player does. For

1 <1< n,let ¢ be a permutation of X2, and let g
n-periodic such thatfor1 < t < n.

Yt = T, if I does not divide ¢;
g = (21, p(32)) ifl divides t.
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| mplementation of sequences
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Let & be n-periodic. We construct an automaton of player 1
that follows & as long as the other player does. For

1 <1< n,let ¢ be a permutation of X2, and let g
n-periodic such thatfor1 < t < n.

Yt
Yt

g} is player 1's action at stage t.
g}f IS player 1’'s anticipation at stage t, it differs from the

played action &7 of player 2 every [ stages.
We write the first period of ¢ as the concatenation of words
r1...7n N (X—3)!,
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| mplementation of sequences

. N

Let & be n-periodic. We construct an automaton of player 1
that follows & as long as the other player does. For

1 <1< n,let ¢ be a permutation of X2, and let g
n-periodic such thatfor1 < t < n.

Yt = T, if I does not divide ¢;
gt = (Z;, o(27)) ifl divides t.

g} is player 1's action at stage t.

g}f IS player 1’'s anticipation at stage t, it differs from the

played action &7 of player 2 every [ stages.

We write the first period of ¢ as the concatenation of words
ri...7rain (X %)L Allwords are i.i.d.~ p.
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Let « > 1. The set of states is a cycle z4,..., z;, Of
elements of X —2 such that for every r,

N(r) = #is (20 240) = 7} > ap(r)
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Set of states
-

Let « > 1. The set of states is a cycle z4,..., z;, Of
elements of X —2 such that for every r,

-

N(r) = #is (20 240) = 7} > ap(r)

Relying on DeBruijn sequences, we can construct such a
cycle if m > 37 for some 3 > 0.
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fWhen can we apply the construction? Two different
transitions after after two incorrect anticipations must lead

to two different states.

-
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Size

-

When can we apply the construction? Two different
transitions after after two incorrect anticipations must lead
to two different states. We thus need

vr, #{j,rj =7} < N(r)

-

This holds if

vr, #{Gr; =1} < ap(r)
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Size

-

When can we apply the construction? Two different
transitions after after two incorrect anticipations must lead
to two different states. We thus need

vr, #{j,rj =7} < N(r)

-

This holds if
. n
Vr, #{j,r; =71} < aP("“)T

Computation shows that this has probability close to one if
| =v(a) Inn.
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Size
-

When can we apply the construction? Two different
transitions after after two incorrect anticipations must lead
to two different states. We thus need

vr, #{j,rj =7} < N(r)

-

This holds if
. n
Vr, #{j,rj =1} < ap(”'“)j

Computation shows that this has probability close to one if
| =v(a) Inn.

Hence m > p% = L. or for some C:
v(a) Inn

\_ n<Cmlnm J
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L ength of Implementable sequences

-

What is the order of magnitude of n(m) such that the set ofT
n(m) periodic (m, m)-Implementable sequences has large
probability?
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L ength of Implementable sequences
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n(m) periodic (m, m)-Implementable sequences has large
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We have proven the existence of C such that

n(m) > Cmlnm
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L ength of Implementable sequences
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What is the order of magnitude of n(m) such that the set ofT
n(m) periodic (m, m)-implementable sequences has large
probability?

We have proven the existence of C such that

n(m) > Cmlnm

We also know that if n(m) > m? In m? then
VP(m,m,m3) — v°.
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L ength of Implementable sequences

-

What is the order of magnitude of n(m) such that the set ofT
n(m) periodic (m, m)-implementable sequences has large
probability?

We have proven the existence of C such that

n(m) > Cmlnm
We also know that if n(m) > m? In m? then

VP(m,m,m3) — v°.
Thus we do not have

n(m) > mlnm
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Any number of players
L -

Players {1,..., I} against player I + 1. If

min(m!...m!) > m!*! and at least 2 players {1,...,I}
have at least two actions, then {1,..., I} possess pure
strategies that guarantee the correlated max min against
I+ 1.
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One player of size m can implement all m-periodic
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One player of size m can implement all m-periodic
sequences.

-

Two players of size m can implement almost all
C'm In m-periodic sequences.
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On the power of ateam

-

One player of size m can implement all m-periodic
sequences.

Two players of size m can implement almost all
C'm In m-periodic sequences.

More than two players cannot implement a large set of
sequences of significantly larger period (or they could
obtain v¢ against a player of the same size as theirs).
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We derive results from two player games.
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We derive results from two player games.

From Ben Porath (93): If In m? < m then

Ve(m,m,m>) — v°
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From Ben Porath (93): If In m3 < m then
Ve(m,m, m?) — v°

Furthermore, the same limit obtains when players 1, 2 use
oblivious strategies only.
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Correlated strategies 1
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We derive results from two player games.

From Ben Porath (93): If In m3 < m then
Ve(m,m,m>) — v°

Furthermore, the same limit obtains when players 1, 2 use

oblivious strategies only.
Over a period, each initial state of an automaton of player 3

can force a set of bounded probability of sequences to a
significantly smaller payoff than Esg — «.
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Correlated strategies 1
W -

e derive results from two player games.

From Ben Porath (93): If In m3 < m then
Ve(m,m,m>) — v°

Furthermore, the same limit obtains when players 1, 2 use

oblivious strategies only.
Over a period, each initial state of an automaton of player 3

can force a set of bounded probability of sequences to a
significantly smaller payoff than Esg — €. The asymptotic
condition on m? and n is that this probability times the

number m3 of states for 3 goes to O.
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Correlated strategies improved
-

Since two players of size m can implement a large set of
sequences of size m In m, applying the same method
shows.

-
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Correlated strategies improved
. -

Since two players of size m can implement a large set of
sequences of size m In m, applying the same method
shows.

If In m3 < mInm then

Ve(m,m, m?) — v°
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From Neyman (97): With K = In | X! x X?|, if
In m? > Km!'m? then

Ve(mt, m?, m?) — oP

There is a (mixed) strategy of player 3 that eventually plays
a best response to almost all sequences of actions of
players 1 and 2.
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Correlated strategies 2

fFrom Neyman (97): With K = In | X1 x X?|, if T
In m? > Km!'m? then

Ve(mt, m?, m?) — oP

There is a (mixed) strategy of player 3 that eventually plays
a best response to almost all sequences of actions of
players 1 and 2. This automaton is capable of finding which

sequence of actions is implemented by players 1 and 2 with
high probabillity.
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Conjecture

-

There exists K such that, if In m3 > Km In m then

Ve(m,m, m3) — P



Conjecture

There exists K such that, if In m3 > Km In m then

Ve(m,m, m3) — P

Indeed, this size of m? is sufficient for beating all
sequences of period m In m.
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