An Exact and Efficient Approach for Computing a Cell in an
Arrangement of Quadrics *

Elmar Schomer Nicola Wolpert
Johannes-Gutenberg-Universitit Mainz Max-Planck-Institut fiir Informatik
Institut fiir Informatik Stuhlsatzenhausweg 85
55099 Mainz, Germany 66123 Saarbriicken, Germany
schoemer@informatik.uni-mainz.de nicola@mpi-sb.mpg.de
Abstract

We present an approach for the exact and efficient computation of a cell in an arrange-
ment of quadric surfaces. All calculations are based on exact rational algebraic methods
and provide the correct mathematical results in all, even degenerate, cases. By projection,
the spatial problem is reduced to the one of computing planar arrangements of algebraic
curves. We succeed in locating all event points in these arrangements, including tangential
intersections and singular points. By introducing an additional curve, which we call the
Jacobi curve, we are able to find non-singular tangential intersections. We show that the
coordinates of the singular points in our special projected planar arrangements are roots of
quadratic polynomials. The coefficients of these polynomials are usually rational and contain
at most a single square root. A prototypical implementation indicates that our approach
leads to good performance in practice.

1 Introduction

Computing arrangements of curves and surfaces is one of the fundamental problems in different
areas of computer science like solid modeling, computational geometry, and algebraic geometry.
As long as arrangements of lines and planes defined by rational numbers are considered, all
computations can be done over the field of rational numbers. This avoids numerical errors and
leads to exact mathematical results as well as to good running time behaviors.

As soon as higher degree algebraic curves and surfaces are considered, instead of linear ones,
things become more difficult. In general the intersection points of two planar curves or three
surfaces in 3-space defined by rational polynomials have irrational coordinates. That means
instead of rational numbers one now has to deal with algebraic numbers. One way to overcome
this difficulty is to develop algorithms that use floating point arithmetic. These algorithms are
quite fast but in degenerate situations they can lead to completely wrong results because of
approximation errors, rather than just slightly inaccurate outputs. Assume for example that
for two planar curves one is interested in the number of intersection points. If the curves have
tangential intersection points, numerical inaccuracies can lead to a wrong output.

A second approach besides using floating point arithmetic is to use exact algebraic computation
methods like the use of the gap theorem [13] or multivariate Sturm sequences [43]. Then of
course the results are correct, but the algorithms in general are very slow.
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Figure 1: An arrangement of three ellipsoids. The blue and the green ellipsoid intersect the red
one in two spatial curves running on the surface of the red ellipsoid.

We consider arrangements induced by quadric surfaces in 3-dimensional space. Quadric
surfaces, or quadrics for short, are defined as the set of roots of quadratic polynomials. For
example, the red ellipsoid R in Figure 1 is defined by the polynomial

R(z,y,2z) = 27z% + 62y% + 24922 — 10.

A set of surfaces partitions the affine space in a natural way into four different types of maximal
connected regions of dimensions 3, 2, 1, and 0 called cells, faces, edges, and vertices, respec-
tively. We present an approach for computing the mathematical correct topology of a cell in an
arrangement of quadrics. Our algorithm is

1. ezact in the sense that it always computes the mathematical correct result, even for de-
generate inputs, and

2. efficient in practice concerning its running time.

As far as we know, we are the first who provide a solution to this problem [27]. For more
details consider also [61]. Our algorithm uses exact rational algebraic computation and it can
handle each degenerate input. A prototypical implementation shows that the theoretical results
promise a good performance in practice.

Our approach operates similarly to the cylindrical algebraic decomposition [17]. On the
surface of a given quadric p, the intersection curves of p with the remaining quadrics build a
2-dimensional subarrangement. In our example, the blue and the green ellipsoid intersect the
red ellipsoid. This leads to two intersection curves on the surface of the red ellipsoid, a blue one
and a green one (right picture in Figure 1). Vertices of this subarrangement are common points
of two intersection curves, that means intersection points of three quadrics.

Computing the 2-dimensional subarrangement on the surface of each quadric is the basic
computation that has to be done independent of the special information about the arranged
quadrics one may be interested in, in our case the topological description of a cell. The problem
is particularly difficult because vertices are not expressible as nested square roots of rational num-
bers. We look for a method that conceptually is also extendible to more complicated surfaces.
Intersection curves of surfaces of degree greater than 2 do not have a rational parameterization.
There is also no hope to find a parameterization which can be manipulated symbolically in an



Figure 2: Project all intersection curves and the silhouette of the red ellipsoid into the plane

easy way. Therefore we choose an approach that works by projection. For each quadric p we
project all its intersection curves with the other quadrics and additionally its silhouette into the
plane. This projection step applied to our example proceeds like shown in Figure 2. We have
to compute the planar arrangements resulting from the projection. All curves of the planar
arrangements turn out to be defined by polynomials of degree at most 4. So the reduction is
algebraically optimal in the sense that it does not affect the algebraic degree of the problem we
consider. In such arrangements of projected curves singular points and tangential intersections
appear quite frequently as can be seen in the last picture of Figure 2. The main question with
respect to exactness and efficiency is how to locate these points. Our contribution, and what
is new, is that we succeed in determining all event points in the planar arrangement, including
tangential intersection points and singular points, while keeping the running time low.

1. We show that determining non-singular tangential intersection points can be reduced to the
problem of locating transversal intersection points. For the latter we know that they can
be located easily. The reduction is done by introducing a new curve to the arrangement.
To the best of our knowledge we are the first who consider an auxiliary curve in order to
solve tangential intersections.

2. We succeed in factoring univariate polynomials in a way that the coordinates of singular
points are roots of quadratic rational polynomials. Only in the case that a curve consists
of four lines, computing the coordinates requires a second square root.

2 Previous work

As mentioned, methods for the calculation of arrangements of algebraic curves and surfaces are
an important area of research in different branches of computer science.

2.1 Solid Modeling

Arrangements of curved surfaces typically arise in solid modeling, see for example [30], when
performing boolean operations for quadric surfaces, which play an important role in the design



of mechanical parts. The algorithms in CAD systems have the advantage that they are quite
fast. They profit from floating point arithmetic and often use numerical procedures for tracing
the intersection curves and then approximate them as spline curves. But just this makes them
very sensitive to approximation and rounding errors. Thus they achieve the good running time
at the expense of exactness in degenerate situations which are nevertheless frequent in the design
of geometric objects. None of these systems are exact. Recently some efforts have been made
towards exact and efficient implementations:

MAPC [35] is a library for exact computation and manipulation of algebraic points and
curves. It includes an algorithm for computing the arrangement of curves in the plane. De-
generate situations like tangential intersections or singular points are explicitly not treated.
ESOLID [34] performs exact boundary evaluation of low-degree curved solids. Also here it is
stated that degenerate cases cannot be handled. For a more detailed description of MAPC and
ESOLID consider the PhD thesis of Keyser [36].

2.2 Computational Geometry

Also in computational geometry there is a great focus on computing arrangements, but mainly
on arrangements of linear objects. Consider the overview articles of Halperin [29] and Agarwal
and Sharir [2]. Algorithms coping with arrangements of lines can be implemented with exact
rational arithmetic and with a good performance, because they only deal with linear algebraic
primitives, see for example the fast filtered implementations in LEDA [39] and CGAL [25].
There are some geometric methods dealing with arbitrary curves and surfaces, see for example
Mulmuley [45], Dobkin and Souvaine [21], Snoeyink and Hershberger [57], Bajaj and Kim [8],
Nielsen and Yvinec [47], and Schwarzkopf and Sharir [55]. But all of them neglect the problem
of exact computation in the way that they are based on an idealized real arithmetic provided by
the real RAM model of computation [50]. The assumption is that all, even irrational, numbers
are representable and that one can deal with them in constant time. This postulate is not in
accordance with real computers.

Recently the exact computation of arrangements of non-linear objects has come into the
focus of research. Several authors have looked into the question of using restricted predicates
to report or compute segment intersections, [12], [11], and [14]. The restriction used in these
papers is on the degrees of the predicates used by the algorithms. By restricting to low-degree
predicates, one can generally achieve more robust computations. Predicates for arrangements
of circular arcs are treated by Devillers et al. in [20].

Wein [60] extended the CGAL implementation of planar maps to conic arcs. Berberich et al.
[10] made a similar approach for conic arcs based on the improved LEDA [39] implementation
of the Bentley-Ottmann sweep-line algorithm [9]. Eigenwillig et al. [23] extended the sweep-line
approach to cubic arcs.

2.3 Algebraic Geometry

Computational real algebraic geometry studies algorithmic questions dealing with real solutions
of a system of equalities and inequalities of polynomials over real numbers, see for example the
overview article of Mishra [44].

Collins [17] introduced the cylindrical algebraic decomposition (CAD) as an improvement
of the results obtained by Tarski [58] for quantifier elimination. The cylindrical algebraic de-
composition is based on projection and partitions the d-dimensional Euclidean space IR¢ into
connected subsets compatible with the zeros of a set of input polynomials. Some work has been



done on improving the result of Collins, see for example Arnon, Collins, and McCallum [4], [5],
and [6], and Edelsbrunner et al. [15].

In principle the cylindrical algebraic decomposition can be implemented and our algorithm
is based on this method. The problem is that after the projection steps one has to compute the
roots of univariate polynomials. It is an open problem how to really implement the necessary
algebraic primitives in an exact and efficient way. Of course one could use the gap theorem
introduced by Canny [13] or multivariate Sturm sequences discussed by Pedersen [49] and Milne
[43] but, as mentioned before, the running time of both methods is quite high.

For non-singular curves in the plane, some specific work has been done by Arnborg and Feng
[3] and Arnon and McCallum [7]. Based on the real RAM model Abhyankar and Bajaj [1] give
a polynomial time algorithm that determines the genus of a plane algebraic curve. Sakkalis [53]
uses rational arithmetic to compute the topological configuration of a single curve. He determines
isolating boxes for the singular points with the help of negative polynomial remainder sequences.
This last approach, although it is exact, is not very efficient, at least if singular points occur
frequently. Hong [31] improves this approach by using floating point interval arithmetic.

Of course, in algebraic geometry and computer algebra some effort was made in developing
software. For example, LiDIA [48] is a library for computational number theory. APU is [52] a
tool for real algebraic numbers. Core [32] and LEDA [39] are libraries that address the issues of
robust numerical and geometric computation.

2.4 Quadric surface intersection

Quadric surfaces are of great importance because they are the simplest of all curved surfaces
and they are widely used in the design of mechanical parts. Levin [37], [38] introduced a pencil
method for computing an explicit parametric representation of the intersection between two
quadrics. Arguing that Levin’s method does not take advantage of the fact that degenerate
intersection curves admit a rational parameterization, Farouki, Neff, and O’Connor [24] made a
complete study of degenerate cases for arbitrary quadric surfaces.

Based on Levin’s method some specific work has been done for natural quadrics, see for
example Miller [41], Goldman and Miller [40], [42], and Shene and Johnstone [56].

Interval arithmetic is used by Geismann, Hemmer, and Schémer [27] to keep track of all
occurring rounding and approximation errors that appear in Levin’s algorithm while comput-
ing a cell in an arrangement of quadrics. If the input does not lie too near to a degenerate
configuration, the algorithm will succeed in predicting the correct topological structure of the
intersection. Otherwise it can detect the existence of a critical situation.

Recently, Dupont, Lazard, Lazard, and Petitjean [22] improved Levin’s method for com-
puting parameterizations for the intersection of two arbitrary implicit quadrics. Their param-
eterization is nearly as rational as possible, meaning that its coefficients are contained in the
smallest possible field extension, up to a unique perhaps unnecessary square root. In one sense
this work leads to the same result as ours, namely that computing with quadric surfaces can be
done exactly and efficiently in all cases, just working over the rationals with only few additional
square roots. But the lack of parameterizations for intersection curves of higher dimensional
surfaces restricts their approach to quadric surfaces. In principle the methods presented in our
work can also be applied to arbitrary curved surfaces. In this sense our work can be seen as
a first step towards an efficient and exact algorithm for computing arrangements of arbitrary
curved surfaces.



3 Notation

In this section we will shortly introduce the mathematical notation we will use in the following.

3.1 Surfaces and Curves

The objects we consider and manipulate in our work are algebraic surfaces and curves represented
by rational polynomials. More generally, we define an algebraic hypersurface in the following
way: Let f be a polynomial in Q[z1,...,z4]. We set

zERO(f) = {(a1,...,aq) € R?| f(a1,...,aq) = 0}

and call ZERO(f) the algebraic hypersurface defined by f. We reserve the terms algebraic surface
and algebraic curve for the special cases d = 3 and d = 2, respectively. (The red ellipsoid R in
Figure 1 is defined by the polynomial R(z,y, z) = 2722 + 62y> + 24922 — 10.) If the context is
unambiguous, we will often identify the defining polynomial of a hypersurface with its zero set.

The total degree of an algebraic hypersurface is the highest degree of all monomials of its
defining polynomial. Thus, ellipsoids are degree 2 algebraic surfaces. We call degree 2 algebraic
surfaces quadric surfaces, or quadrics for short.

A hypersurface f is called squarefree if there are no polynomials fi, fo € Q[z1,...,z4] of
positive total degrees with f = f2 - fo. For a hypersurface f the gradient vector of f is defined
to be

Vf = (ﬁ of ﬁ)e(@[xl,...,xd])d.
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With the help of the gradient vector we characterize a point a = (a1,...,aq) € R lying on
the hypersurface f. It is named a singular point of f if V f(a) = 0, otherwise it is non-singular.
The geometric interpretation is that singular points of a squarefree hypersurface f are exactly
the ones that do not admit a unique tangential hyperplane to f. In a non-singular point a of f
the tangential hyperplane is perpendicular to (V f)(a).

As we will see, our main task will be the computation of arrangements of curves in the plane.
So for the moment let us consider d = 2. Let (a,b) be a non-singular point of a curve f in the
plane, i.e. there exists a well defined tangent line in that point. Under certain assumptions we
do a further classification of (a,b) (for illustration have a look at Figure 3):

1. We speak of (a,b) having a vertical tangent in the case V f(a,b) = ¢+ (1,0) with ¢ being a
non-zero constant.

2. The point (a,b) is called a turning point of the curve if the tangent of f at (a,b) crosses
f in (a,b). At a turning point the curvature of f changes sign. A necessary condition is
that the polynomial fi(z,y) := (fmfg — 2fufyfoy + Fuuf2)(z,y) € Q[z,y] has a root at
(z,y) = (a,b): fi(a,b) = 0.

3. If (a, b) is a turning point that additionally has a vertical tangent, then we call it a vertical
turning point. In our work we consider curves of degree at most 4. A point (a,b) is a
vertical turning point of a curve f of degree at most 4 iff

fy(a,b) =0 and fyy(a,b) =0 and fyyy(a,b) #0 and fi(a,b) #O.
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Figure 3: The curve has two blue extreme points b1, by, one red vertical turning point r, and a
yellow turning point y.

4. We call (a,b) an extreme point if it has a vertical tangent but is not a turning point.

A point a = (a1, ...,a4) € IR is called an intersection point of two hypersurfaces f and g if it
lies on the hypersurface f as well as on the hypersurface g. It is called a tangential intersection
point of f and g if additionally the two gradient vectors V f(a) and Vg(a) are linearly dependent
in a. Otherwise we speak of a transversal intersection point. If a is an intersection point of f
and g and simultaneously a singular point of f, then of course Vf(a) = 0 and a is a tangential
intersection point of f and g. We call an intersection point a non-singular, if a is neither a
singular point of f nor of g.

Two hypersurfaces f,g € Q[z1,...,z4] have a disjoint factorization if they only share a com-
mon constant factor. The set of all intersection points of two surfaces p and ¢ that have a disjoint
factorization is named intersection curve. In 3-space a point (a, b, ¢) on the intersection curve is
a tangential intersection point of p and ¢ if and only if the two gradient vectors (fz, fy, f.)(a,b,c)
and (9z, gy, 9-)(a, b, c) are linearly dependent, which can be expressed algebraically as:

fygz - fzgy 0
(Vf xVg) (a,b,c) = J292 — f292 (a,b,c) = 0
f:cgy - fyg:v 0

For two planar curves f and g an intersection point (a,b) is tangential if and only if (fg, —
fy9s)(a;b) = 0.

We are interested in real singular, extreme, and vertical turning points of one curve f and
also in real intersection points of two curves f and g. But IR is not algebraically closed and most
of the time we have to work over its algebraic closure C. Therefore we transfer all notations and
definitions we made for real points also to points in complex d-dimensional space.

3.2 Generality assumptions

After introducing the most important notation we will name two properties of hypersurfaces
that are, unlike the previous definitions, not intrinsic to the geometry of the hypersurfaces but
depend on our chosen coordinate system.

We call a polynomial f = fpz] +...+ foxg € Q[z1,-..,zq] generally aligned with respect to
x4 if f,, is a non-zero constant: 0 # f,, € Q. The polynomial f is named generally aligned if it
is generally aligned with respect to every z;, 1 <1 < d. Geometrically general alignment means
the absence of asymptotes parallel to the coordinate axes.



We say that two curves f and g are in general relation with respect to x, if they have no two
common roots with the same z-value. If two polynomials f and g are in general relation with
respect to x as well as with respect to y, they are in general relation.

General alignment and general relation constitute no restriction on the surfaces and curves
we consider. In Section 8 we will show how to test and realize them with a random shear for
each kind of input. A shear has no effect on the topology of the arrangement.

Moreover we will establish squarefreeness for each hypersurface and pairwise disjoint factor-
ization for each pair of hypersurfaces we consider during our algorithm. Both conditions can be
easily tested with resultants which we will introduce in the next section. If necessary, we split
the curves with bivariate gcd-computation into squarefree and disjoint subcurves, each defined
by a rational polynomial. Also this operation does not change the topology of the arrangement.
It just changes the way the curves are represented.

We call a pair of curves f and g well-behaved, if both curves are generally aligned and
squarefree and if they have disjoint factorizations and are in general relation.

4 The basic algorithmic and algebraic ideas

Our aim is to compute the topology of a cell in an arrangement of quadrics. Let P be the set
of all quadrics. The basic operation that has to be at our disposal is the following: For each
quadric p € P we have to compute the 2-dimensional subarrangement on its surface, remember
Figure 1. That means for all p # g € P, we have to compute the intersection curve of p and ¢
and we have to compute the interaction of all these curves on the surface of p. Our approach for
computing the subarrangements is based on a projection step as it also occurs in the cylindrical
algebraic decomposition [17].

4.1 Resultants and subresultants

We compute the projection of the intersection curve of two quadrics into the plane. Algebraically
this means determining the (z,y)-coordinates of common roots of the two defining polynomials.
This computation can be done with the help of resultants. For some further investigations we
will also introduce subresultants. All propositions here are stated without proofs. For further
references consider for example [19], [59], and [62].

Suppose we are given f,g € Q[z1,...,z4] with positive degree in z4. We write
f = fagi+.. .+ forg , 9 = gmad + ...+ govg.
Thus we regard f and g as polynomials in z4 with coefficients f;, g; € Q[z1,...,24-1], 1 <i<n

and 1 < 5 < m. We define the Sylvester matriz of f and g with respect to z4 to be the following
(m +n) X (m + n) coefficient matrix with m rows of f-entries and n rows of g-entries:

fn fn—l PR fO
fTL fn—l .« f()
Syl(f,g,acd) = g Gt :;:)L fnfl f()
gm gm—1 PR 90
9m Gm—1 --- Qo



where the empty places are filled with zeros. The determinant of the matrix is called the resultant
of f and g with respect to z4: res(f,g,zq) := det(Syl(f,g,z4)) € Q[z1,--.,24_1]- One can show
that the resultant is a polynomial of total degree at most n - m.

Here is the statement that the resultant of f and g with respect to x4 performs a projection
of the common roots of f and g onto the (z1,...,z4 1)-plane:

Theorem 1 Let f,g € Q[z1,...,zq4) be generally aligned with respect to zq4. A complez point
(c1,...,c4-1) € €1 is extendible to a common solution (ci,...,cq—1,cq) € C¢ of f and g if
and only if (c1,...,cq—1) s a oot of the resultant res(f,g,zq).

The resultant is equal to the zero polynomial if and only if f and g do not have a disjoint
factorization.

We have just stated that a point (ci,...,cq—1) € €4 is a root of the resultant res(f, g, 4)
if and only if f(cy,...,cq_1,24) € Clzg] and g(c1,---,c4_1,%q4) € Clzg] have a common factor.
Sometimes one is also interested in the degree of this common factor. For answering this ques-
tions we consider subresultants: Let S; be the submatrix of the Sylvester matrix Syl(f, g, z4)
obtained by deleting the last 2/ columns, the last [ rows of f-entries, and the last [ rows of
g-entries. The determinant of this matrix is again a polynomial in Q[z1,...,z4—1] and we call
it the [-th subresultant of f and g with respect to z4: sres;(f,g,zq) € Q[z1,...,24-1]. One can
proof the following:

Theorem 2 Let f,g € Q[z1,...,zq] be generally aligned with respect to xq. For a point
(cy...,ca—1) € C1 the polynomials f(ci,...,cq—1,%q) € Clzg] and g(ci,...,c4-1,24) € Clzq]
have a greatest common divisor of degree h if and only if h is the least index | for which
sres|(f,g,zq) does not vanish at (cy,...,cq-1).

4.2 The projection phase

In order to correctly interpret the resultant of two quadrics as the projected intersection curve,
we assume throughout this and the next chapters that the quadratic input polynomials are
squarefree and generally aligned, and that each two of them have a disjoint factorization. These
assumptions constitute no restriction on the input quadrics, see also Section 8.

From the point of view of the (z,y)-plane a quadric p consists of three different parts: the
lower part, the silhouette, and the upper part. The lower (upper) part of the quadric p consists
of all points (a,b,c) € IR such that p(a,b,z) € R[z] has two different real roots and c is the
smaller (bigger) root. The silhouette of the quadric p consists of all points (a,b,¢) € IR® such
that p(a,b, z) € R[z] has one root of multiplicity 2 and ¢ is this root.

For each input quadric p we want to compute the planar arrangement that takes place on
its surface. So we perform a projection step for each quadric p. In our overall example the
red ellipsoid is intersected by the green ellipsoid in the green intersection curve and by the blue
ellipsoid in the blue intersection curve, see Figure 4. With the help of resultants all intersection
curves are projected onto the (z,y)-plane. Besides the intersection curves we also project the
silhouette of the underlying quadric p, in our example the silhouette of the red ellipsoid. It is
easy to see that this last projection can be performed by computing res(p, p,, z).

In the planar arrangement we obtain for quadric p, there are two different types of planar
curves and exactly one curve is of the first type:
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Figure 4: For a quadric p we project its silhouette and all its intersection curves with the other
quadrics g # p into the plane.

silhouettecurve: The projection of the silhouette of p. The planar curve is the set of roots of
res(p, p,, z) and its algebraic degree is bounded from above by deg(p) - deg(p,) = 2. This
is the red curve in our example.

cutcurve: The projection of the spatial intersection curve of p with another quadric q. The
planar curve is the set of roots of res(p, ¢, z) and its algebraic degree is at most 4.

During the projection we loose the spatial information. Points of intersection curves on the
upper part of p and on the lower part of p are projected on top of each other. This can cause
singular points. For example the two branches of the blue curve, one running on the upper and
one on the lower part of the red ellipsoid, are projected on top of each other generating two
self-intersections, see Figure 4.

Moreover, in space the green and the blue curve have 2 intersection points, marked by the
small arrows. The projected curves in comparison have 6 intersection points, 4 of them resulting
from the loss of spatial information.

The important part of our algorithm with respect to exactness and efficiency is to compute
the planar arrangements we obtain from the projection. Of course, afterwards we have to recover
the spatial information in a postprocessing step. We will shortly sketch the main idea.

For each edge in the planar arrangement we have to decide whether it belongs to the upper or
to the lower part of the underlying quadric p. For edges lying on the silhouettecurve nothing has
to be done. Let us look at edges lying on a cutcurve. A cutcurve originates from an intersection
curve of two quadrics p and ¢. The edge in question has two adjacent cells in the plane. During
the computation of the planar arrangement we easily obtain one rational point inside each of
the two cells for free. We consider a line through each of these points parallel to the z-axis
and compute the order in which p and ¢ are intersected along the lines. By comparing the two
orderings we can make the decision.

4.3 Computing planar arrangements

We have to compute the planar arrangements we obtain from the projection phase. As we
have seen, each arrangement consists of one silhouettecurve and a set of cutcurves. One way of
representing the arrangement would be to store its trapezoidal decomposition [46]. The points
at which a vertical attachment has to be added are the following, consider also Figure 5:
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a) intersection points of two curves,
b) singular points of one curve, for example self-intersection points,
c) and extreme points.

The main part of computing the trapezoidal decomposition with respect to exactness and effi-
ciency is to determine and locate all these points.

Figure 5: A trapezoidal decomposition of the planar arrangement and points where a vertical
attachment is added.

We would also like to interpret singular and extreme points of a curve f as intersection
points of two curves. Due to this aim we also defined vertical turning points in Section 3: The
intersection points of f and f, are exactly the singular, extreme, and vertical turning points of
f- For illustration consider Figure 6. We make the following definition:

Definition 1 The event points of a planar arrangement induced by a set F' of planar curves
are defined as the intersection points of each two curves f,g € F and the intersection points of
f and fy for all f € F.

Figure 6: Singular, extreme and vertical turning points of f are marked by small boxes. They
are exactly the intersection points of f and g = f.

4.4 Computing intersection points of two curves

With our last observations we have reduced the problem of computing the event points in the
planar arrangement to the question of determining intersection points of two curves f and g.
Let F' be the set of algebraic curves in the planar arrangement. Without loss of generality
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we assume that every pair of curves is well-behaved, see also Section 8. Due to our previous
investigations, we can distinguish four different types of pairs of curves, the intersection points
of which we want to locate:

1. f € F and g = fy, whereby f is the silhouettecurve.

2. f € F and g = fy, whereby f is a cutcurve.

3. f,g € F and one of the two curves is the silhouettecurve and the other one is a cutcurve.
4

. f,g € F and both curves are cutcurves.

We face the problem that in general common points of two curves f and g will have irrational
coordinates. Nevertheless we have to locate and characterize them exactly and unambiguously.
Our solution again works in the spirit of cylindrical algebraic decomposition. We compute the
two univariate polynomials X = res(f,g,y) € Q[z] and Y = res(f,g,z) € Q[y]. Let R(X) be
the set of real roots of X and R(Y") be the ones of Y. Each real intersection point of f and g is
a member of the grid

GRID(X,Y) = R(X) x R(Y) = {(ra,ry) | 2 € R(X), 1y € R(Y)}.

By definition, an algebraic number is a root of some polynomial u € Q[z]. If deg(u) > 2 there
is no general way via radicals to explicitly compute its roots. But we can compute an isolating
interval for each real root « of u. That means we compute two rational numbers a and b such
that « is the one and only real root of u in [a,b]. There are various methods of determining
these isolating intervals [18], for example the algorithm of Uspensky.

y
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Figure 7: Distinguish the empty yellow boxes from the red ones

We cannot work directly on the grid GRID(X,Y’), but with the help of a root isolation
algorithm we determine rational interval representations for the real algebraic numbers in R(X)
and R(Y'). This gives us rational intervals on the z- and y-axis, each containing one real root of
X and Y, respectively. Every interval [a,b] on the z-axis, a,b € Q, can be vertically extended
to a stripe in the plane consisting of all points (z,y) with ¢ < z < b and y € IR. In the same
way each interval on the y-axis can be extended to a horizontal stripe. The intersection of the
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stripes yields disjoint boxes with rational corners. The real intersection points of f and g are
contained in the boxes, at most one in each box.

For algorithmic reasons we furthermore want each box to contain at most one singular or
extreme point of f and of ¢g. In case a box contains both, an intersection point of f and g as
well as a singular or extreme point, the coordinates of the two event points should be identical.
This can easily be obtained by pairwise separating the real roots of X, res(f, fy,v), res(g, g4, y),
and of Y, res(f, fy,x), res(g, gy, ) via gcd-computation and bisection by midpoints of the root
isolating intervals.

It remains to test each box for a real intersection point. Unfortunately, the number of boxes
is nearly quadratic in the number of intersection points. In the example in Figure 7 we have to
distinguish the empty yellow boxes from the red ones that contain an intersection point.

4.5 Testing a box for an intersection point

We have to answer the question whether a box with rational corners contains an intersection
point of f and g or not. The problem is that we have no information about what is happening
inside the box. The only thing we can obtain is some information about the boundary of the
box. Again with the help of a root isolating algorithm we compute the sequence of hits of the
curves along the left edge of the box, counted with multiplicities. We analogously do the same
for the upper, right, and lower edge of the box. This gives us a sequence of hits of f and g¢
around the boundary of the box.

Sometimes this sequence can help us to determine the behavior of the curves inside the box.
If there are exactly two hits with each curve, counted with multiplicities, and the hits alternate,
then we can be sure that there is an intersection point inside the box at which the two curves
cross each other, see Figure 8. This method of locating for example transversal intersection
points we call simple box hit counting. It is also discussed in [35].

N
T

Figure 8: Transversal intersections can be solved with simple box hit counting by examining the
sequence of hits of the curves with the boundary of the box in clockwise order, staring at the
lower left vertex.

Simple box hit counting:
determine sequence of hits of f and g with the box
while (#hits(f) > 2) or (#hits(g) > 2)
shrink the box
determine sequence of hits of f and g with the box
if (#hits(f) < 2) or (#hits(g) < 2) output: 0 // empty box
else
if (hits alternate) output: 1 // intersection point
else output: 777
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It is easy to see that simple box hit counting has the output 1 if and only if the box contains
an intersection point at which f and g cross each other.

Figure 9: Tangential intersection points and singular points cannot be solved with simple box
hit counting

The problem of simple box hit counting is that it sometimes cannot detect tangential inter-
section points of f and g, see Figure 9. In the first box f and g have a non-singular tangential
intersection, in the second box they have not. But the sequence of hits is identical in both cases.
For non-singular tangential intersections our simple box hit counting algorithm ends up with
the output ?777.

Also singular points of f can be problematic, consider the last two pairs of boxes in Figure 9.
Remember our definition that singular points of f are tangential intersection points of f and f,.
For self-intersections the first while-loop of the simple box hit counting algorithm runs forever.
For the isolated point it gives the wrong answer empty box.

Concerning the examination of the boxes we have to solve two problems in the following:

1. Find a method to avoid applying simple box hit counting to boxes that contain a tangential
intersection in order to avoid infinite loops and wrong results.

2. Find methods to solve (a) non-singular tangential intersections and (b) singular points.

The answer to these two questions is crucial, because, as one can see in Figure 10, non-singular
tangential intersections and singular points appear quite often in our arrangements. This is the
reason why classical methods like the gap theorem [13] or multivariate Sturm calculation [43]
are too expensive. In the next two chapters we will develop a new method that treats these
cases in a fast and robust way.

Figure 10: Tangential intersections and self-intersections appear quite often



5 Non-singular tangential intersections

In this section we will answer the first question of how to avoid applying simple box hit counting
to boxes that contain a tangential intersection. The boxes are defined by the roots of the
resultants on the z- and on the y-axis. The roots can have different multiplicities. There is a
strong connection between the kind of intersection two planar curves f and g have at a common
point (a,b) and the multiplicity of the root a of the resultant X = res(f,g,y). Of course, the
considerations symmetrically hold for a root b of the resultant Y = res(f, g, z).

5.1 Multiple roots of the resultant

For two curves f and g we want to investigate the roots of X = res(f,g,y) € Q[z] and especially
their multiplicities. Remember our overall assumption that the polynomials f and g are well-
behaved. We assume that this is valid in the whole section.

Without loss of generality let us in the following assume that f and g intersect in the point
(a,b) = (0,0). This is not a restriction, because the multiplicities of the roots of X are invariant
under translation of f and ¢: a translation of the two curves in z-direction only causes the
same translation of the roots of the resultant. A translation in y-direction keeps the resultant
unchanged.

Using partial derivatives it is easy to see that f and g can be written in the form

n n—1 ] m m—

ZZ.,fwyz(OO) a’)-y' and wy:ZZ .gwyzOO) @) .

i=0 j —_——— i=0 j:O —_———
:fmlyl —gm]yz

With this new notation the resultant of f and g with respect to y has the following form:

2?(%) + fax 0
X = res(f,g,y) = z-det o) +fy () + /e =: z-detV
2’(¥) +Goz 0

where all remaining entries in the last two columns of V' are 0. We know that the resultant is
a polynomial of degree at most n - m and because of that there are some rational numbers «;,
1 <17 < mn with

X = z-detV = z- (a1 + a7 + ... + Qppz™ ).

The resultant has a root of multiplicity greater than 1 in z = 0 if and only if the coefficient oy
is equal to zero. We can explicitly compute a;:

Lemma 1

o] = (_1)n : (.fwgy - fygcc) : Sresl(f,g,y)(O)
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Proof. By definition of V' and «; we have a; = det V(0). Substituting z = 0 into V' and
applying the definition of the first subresultant leads to the statement we want to prove:

A0

ap = detV(0) = det| 7 AR
B 0 0

Gy G

= (_1)n : (.fzgy - fygw) - det ( g )
= (_1)n : (fzgy - fygm)(oa()) * Sres; (f,g,y) (0)

O

By our assumption f and g are well-behaved. So it cannot happen that a multiple root
z = a of the resultant appears because besides (a,b) there is a second different intersection
point (a,b'). Then sres;(f,g,vy)(a) = 0 implies fy(a,b) = gy(a,b) = 0. We obtain:

Theorem 3 Let f and g be two well-behaved polynomials. Then every multiple root of X =
res(f,g,y) is in 1-1 correspondence to one tangential intersection point of the curves defined by

f and g.

Theorem 3 gives us a criterion for distinguishing boxes that can be solved by simple box
hit counting from the ones for which this tool is not suitable. The only thing we have to
do is factoring the resultant X = res(f,g,y) of two curves f and g into one polynomial uy
containing all simple roots and one polynomial us containing all multiple roots: X = w1 - us.
This factorization can be done by derivative- and gcd-computations. The same has to be done
for Y =res(f,g,y): Y = v1-vy. Intersection points of f and g can only take place in boxes that
are defined by roots of X and Y of the same multiplicity. The boxes defined by the real roots
of u; and v1 can be solved by simple box hit counting. This answers our first question we posed
at the end of the last section.

5.2 The Jacobi curve

For well-behaved curves multiple roots are caused by tangential intersections. By definition, a
point (a, b) is a tangential intersection of f and g if and only if (a,b) is a root of the polynomial
fz9y — fygz. This polynomial and the curve it defines will play an important role in our future
investigations. Therefore we will give it a name:

Definition 2 Let f,g € Q[z,y] be two bivariate polynomials. We define a third polynomial
h € Q[z,y] by
h = fmgy_fygz-

The set of real roots of this polynomial h we call Jacobi curve of f and g.

We remark that the algebraic degree of h is bounded from above by deg(f) + deg(g) — 2.
With the help of the Jacobi curve we reformulate Theorem 3:

16



Corollary 1 Let f,g € Q[z,y] be well-behaved polynomials. The point a € C is a root of
multiplicity > 2 of the resultant res(f,g,y) if and only if there exists a number b € C such that
(a,b) is a common root of f, g, and h = frgy — fygs-

Let (a,b) be a non-singular tangential intersection point of f and g. We know that (a,b) is
also a point on the Jacobi curve h. There are two possibilities: either h cuts f and g transversally
in (a, b) or tangentially, consider Figure 11. Both situations lead to different multiplicities of the
root = a of res(f, g,y):

Figure 11: The Jacobi curve h either cuts tangentially or transversally through a tangential
intersection point of f and g.

Theorem 4 Let f,g € Q[z,y] be two well-behaved bivariate polynomials, the planar curves of
which have a non-singular tangential intersection in the point (a,b). Then the Jacobi curve h
intersects [ as well as g transversally in (a,b), or a is a root of multiplicity > 3 of res(f,g,y).

Proof. We again assume without loss of generality that (a,b) = (0,0). Further let f be
a polynomial of total degree n and g be a polynomial of total degree m. With the notation
introduced in the last subsection we obtain the following:

x(x) 0 0
x(*)+fg ~T2(*)j‘fm$ ~ 0~ .
res(f,g,y) = x-det o(¥) + gifyy 2+ foyr + fy 2(4) + g St + fa
z(*) 0 0
(%) + gy 2?(*) + gy 0
z(*) + %gyy $2(*) + GzyT + Gy 5’72(*) + %gzziﬂ + 9z
z-detV

= z-(01 + a2z + ...+ Q™).

Note that all other entries in the last three columns of the determinant are zero. We know from
the previous chapter that a; = 0, because f and g intersect tangentially in (0,0). It remains to
show that ag = 0 if h does not intersect f and g transversally. If h does not intersect f and g
transversally, then all three gradient vectors

(fwa fy)’ (gwa gy)a (il:ca i’/y) = (f:c:cgy + fwgwy - fwygw - fygwwa fwygy + fwgyy - fyygw - fygwy)
evaluated at the point (0,0) are linearly dependent. We obtain the three properties

1) 0 = f:cgy - fygz

2) 0 = hmfy - hyfm = fy(fmmgy - fygmm) + ny(fmgzy - fmygm) - fm(fmgyy - fyygm)

3) 0 = hwgy - hygw = gy(f:wgy - fygzw) + 2gy(f:cgwy - fwyg:c) - gw(fwgyy - fyygw)
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We will show that under these three conditions ap = 0 holds. We have detV € Q[z] and we
know that as = (det V)'(0). Let V; be the matrix we obtain by taking the derivative of each
polynomial entry in the i-th column of V. We obtain

n+m

oy = Z det V;(0).
i=1

Let us first have a look at det V;(0) for ¢ = 1,...,n+m — 2. For such a V; we take the derivative
of a column of V' that is not one of the last two. Because of that, these det V;(0) have the form
(det Vi)(0) = (fegy — fygz) - (x) = 0 due to our property 1). It follows

oy = det Vm+n—1 (O) + det Vm+n (0)

X fy [ O Sy 00
= det afuy foy fa + det afyy [y afee

Sy G 0 gy 00

519yy Y9zy Yz o19yy 9y 319zz

with all other entries in the last 3 columns being 0. Let us have a look at these last 3 columns of
Vinen—1 and Vp,4p,. For a d X d matrix M let M (i, j, k) denote the 3 x 3 submatrix the entries of
which are taken from the last 3 columns and the rows ¢, j, and k of M. If the determinant of each
of these submatrices is equal to zero, that means if for each triple (7,7, k) with1 <i < j <k <d
we have det M (i,7,k) = 0, then we can easily conclude det M = 0. The two matrices Vi, 1n—1
and Vi, are of the same size and all columns are identical, except the last 2. So a similar
argumentation about developing the two determinants with respect to the last 3 columns leads
to the following: If det Viy4p—1(%, j, k) +det Vi yn(i,7,k) =0forall 1 <i < 7 < k <n+m, then
ag =det Vy4n—1 +det Vi, = 0. In order to finish the proof one just has to use our properties
1), 2), and 3) for verifying

det Vi 1(0)(i, 5, k) + det Vipyn(0)(3,5,k) =0 forall1<i<j<k<n+m.

o

For illustration have a look at the red silhouettecurve f and the green cutcurve g in Figure
12. There are two tangential intersection points of f and g both causing roots of multiplicity
2 in the resultant X = res(f,g,y). And indeed, the cyan-colored Jacobi curve has transversal
intersections with f and g in both marked tangential intersection points.

5.3 Extended box hit counting

The Jacobi curve h leads to a new test for non-singular tangential intersection points. The
problem is that we have to know in advance that an examined box contains no singular point.
We address the problem of singular points in the next section.

In order to determine the intersection points of two curves f and g, we partially factor their
resultant X = res(f, g,y) into one polynomial u; containing all simple roots, one polynomial us
containing all double roots, and one polynomial uz containing the rest: X = u; - u2 - uz. The
same has to be done for Y = res(f, g,y): Y = v1 - v3 - v3. The boxes defined by the real roots of
uy; and v1 can be solved by simple box hit counting. A box defined by us and v, can be tested
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Figure 12: Introduce the Jacobi curve in order to solve simple tangential intersections

for a non-singular tangential intersection point with the help of the Jacobi-curve h. In order
to get a correct result, we first have to make the box small enough to guarantee that there is
exactly one intersection point between f, g, and h inside the box.

Extended box hit counting:

if (# different intersection points f,g,h >1) make box small enough

if ( simple box hit counting (f,h) = 1 & simple box hit counting (g,h) =1 )
output: 1 // tangential intersection

else output: O

5.4 Explicit Solutions

In the last sections we used partial factorization of univariate polynomials with respect to the
multiplicities of their roots. For a clarification of our terms, we repeat and complete a notation
we introduced in Section 4:

Definition 3

1. Let u € Q[z] and v € Q[y]. By R(u) we denote the set of real roots of u. By GRID(u,v)
we mean the grid R(u) x R(v).

2. Let f,g € Q[z,y], X = res(f,9,vy), and Y = res(f,g,z). We call the pair (X,Y) the
bi-resultant of f and g.

Of course we can also be apply other criteria than the multiplicity of the roots of the resultants
in order to factor X and Y. Therefore our notation is in a more general way:

Definition 4 Let ui,us € Q[z] and vi,vs € Qly]. The expression (ui,v1) - (ug,v2) is called
bi-factorization of the bi-resultant (X,Y) = (res(f, g,y),res(f,g,x)) iff

1. X:ul-uQ, Y:’Ul"Ug,
2. and all intersection points of f and g lie on GRID(u1,v1) U GRID(ug,v2).

The pairs (u1,v1) and (ug,v9) are called bi-factors.
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We now give a criterion how to determine general intersections, including singular points, of
two curves under special circumstances. Let again f and g be two bivariate polynomials. Let
additionally (u,v) be a bi-factor of (res(f, g,v),res(f,g,x)), u and v being polynomials of degree
at most 2:

u(z) = awt® + by +cy v(z) = avy? + byy + cy.

We assume that some kind of partial bi-factorization gave us these two rational polynomials u
and v. In this case we can compute the real roots of u and v explicitly as one-root expressions:

1 / 1
- _ . 2 _ _ .
T12 = 2au (bu + bu 4aucu)) = 20,u (bu + \/Zz)
1 / 1
y1,2 == _2a,u . (bv + b,l2) — 40;1101))) = — E . (bv + \/B)

In order to determine whether f and g intersect in one of the points (z;,y;) we just have to test
whether f(z;,y;) = 0 = g(z;,y;). Testing simple square-root expressions for zero can be made
by using root separation bounds, for example realized in the LEDA real class [39]. So if there
are quadratic polynomials u,v € @ the roots of which define boxes in the plane, then we can
explicitly test each box for an intersection point. We call this method ezplicit solutions.

Assume for example we know a quadratic bi-factor (u,v) of (X,Y’) describing the two self-
intersection points in Figure 13. In this case we are able to compute the behavior of the curves
directly on the grid GRID(u,v).

e

X1 X2

=

]

Figure 13: We can explicitly compute the grid points GRID(u, v)

Of course this method of computing explicit solutions can also be applied to quadratic
polynomials that are not rational but defined over a field extension Q(,/p) for some p € Q.

6 Singular points of cutcurves

In this section we will attack the problem of distinguishing in advance boxes that potentially
contain singular points from the ones that cannot contain such a point. As an immediate result
we will obtain that, in our special arrangements we obtain from projecting quadric intersection
curves into the plane, every singular point can be determined using explicit solutions. In the
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following we will focus on singular points of cutcurves because, as we will see in the next section,
silhouettecurves pose no problem.

As always we will assume that all pairs of quadrics we consider are generally aligned and
squarefree and have a disjoint factorization. Moreover we assume that all pairs of curves are
well-behaved.

Every cutcurve f = res(p,q,z) is the result of projecting the intersection curves of two
quadrics p and ¢ into the plane. We assume p and ¢ to be of total degree 2. Otherwise we are
in the easy case that the cutcurve is a planar quadratic curve that can be treated the same way
as a silhouettecurve.

If (a,b) € €? is a point on the cutcurve f := res(p, ¢, z), then general alignment of p and ¢
guarantees the existence of a number ¢ € € with p(a, b, c) = ¢(a,b,¢) = 0. We will show next that
(a,b) is a singular point of f if and only if p and ¢ share another common root (a,b,c') # (a, b, c)
or if p and ¢ intersect tangentially in (a, b, ¢).

For illustration first have a look at the left picture of Figure 14. The blue spatial curve
running on the red ellipsoid is the intersection curve of the red and the blue quadric in our
overall example. It consists of two branches, one on the upper and one on the lower part of the
red ellipsoid. The two branches are projected on top of each other causing two singular, namely
self-intersection, points. In the right picture the red and the green ellipsoid have a tangential
intersection in space, that means the spatial intersection curve already has a singular point.
This singular point will be projected into the plane.

Figure 14: Top-bottom points result from the projection. Genuine points are caused by tangen-
tial intersections in space.

Definition 5 Let f = res(p,q,z) be a cutcurve defined by the quadratic polynomials p,q €
Q[z,y,2]. Let (a,b) € C* be a point on the cutcurve that originates from the intersection
point (a,b,c) of p and q. If sresi(p,q,z)(a,b) = 0, we call (a,b) a top-bottom point. If 0 =
(P2qz — P2qx)(a,b,¢) = (Pyq. — P2qy)(a,b,¢) = (psgy — Pygz)(a,b,c), we call (a,b) genuine.

Theorem 5 Let f be a cutcurve that originates from two generally aligned quadrics p and q.
The singular points of f are exactly the top-bottom and genuine points of f.

Proof. Without loss of generality let (0,0) be a point of f which originates from the
intersection point (0,0,0) of p and g. The resultant computation is invariant under translation
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along the z-axis. A translation of p and ¢ along the z- or y-axis just causes the same translation
of the resultant.

Without loss of generality the polynomials p and g have the form p = 2?2 + p1z + py and
g = 22 + q1z + qo where p; € Q[z,y] and ¢; € Q[z,y] are polynomials of degree at most 2 — .
Taking partial derivatives we obtain the equalities

po = p(z,9,0) = pl.—o @ = 4q(z,y,0) = q|.—0o
P = p.z,9,0) = pl=0 @ = ¢(z,9,0) =: ¢l.=0-

Computing the resultant of p and ¢ leads to the expression

f = res(p,q,2) = (pg: — P2q)|s—0 - sresi(p, ¢, 2) + ((p — q)|2=0)*.

For a polynomial p € C[z,y, 2] it is obvious that taking the partial derivative with respect to
a variable x # z and then substituting z = 0 is the same as first substituting z = 0 and then
taking the partial derivative: (pz)|.—0 = (p|2=0)z-

Due to our assumption we have p(0,0,0) = ¢(0,0,0) = 0. This leads to

f2(0,0) = ((p2g> — P24z)|2=0 - sresi(p, g, 2))(0,0)
f4(0,0) = ((pyaz — P24y)|z2=0 - sresi(p, ¢, 2))(0,0).

We immediately obtain that a top-bottom or genuine point of f is a singular point of f. For
the other inclusion it remains to show the following: If (0,0) is a singular point of f but not a
top-bottom point, then also 0 = (pzqy — Pyq-)(0,0,0).

If at least one of g, or p, does not vanish at (0,0,0), without loss of generality ¢, this is easy
to see: From ¢,(0,0,0) # 0, 0 = (pzq, — P24z)(0,0,0), and 0 = (pyq, — p.qy)(0,0,0) it follows
p2(0,0,0) = ({;—;qz) (0,0,0) and p,(0,0,0) = ({;—;qy) (0,0,0). This leads to

b p
(pry - pqu)((), 0, O) = <q_ZQ$Qy - q_zQwa> (07 0, 0) = 0.
2 z

Under our assumption that (0,0) is not a top-bottom point, the case p,(0,0,0) =0 = ¢,(0,0,0)
cannot occur. Otherwise the first subresultant of p and ¢ would vanish at (0,0), leading to a
contradiction. O

Projecting two intersection points in space on top of each other or projecting a tangential
intersection point in space are exactly the events that cause singular points of a cutcurve. Of
course, a singular point can be top-bottom as well as genuine.

6.1 Top-bottom points

We will prove that under our conditions of general alignment and squarefreeness a cutcurve f can
have at most 2 top-bottom points. These 2 points can be determined using explicit computation
as described in the previous section.

Theorem 6 Let f € Q[z,y] be a generally aligned and squarefree polynomial which defines a
cutcurve. Then f can have at most 2 top-bottom points.

Moreover, one can compute two at most quadratic polynomials u,, € Q[z] and v, € Q[y] such
that the top-bottom points lie on GRID(uy, vy).
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Proof. Let p,q € Q[z,y,z] be two quadratic polynomials and f = res(p,q,z). Without
loss of generality we denote p = 22 4+ p1z + po and ¢ = 2% + q1z + qo where p;, q; € Q[z,y] are
polynomials of degree at most 2 — 4.

The first subresultant of p and ¢ with respect to z is of the form [ := sres;(p,q,2) = ¢1 — p1.
That means [ is a polynomial of degree at most 1. By definition, all intersection points of f and
[ are top-bottom and therefore by Theorem 5 singular points of f. The curve f is assumed to be
squarefree. That means f has only finitely many singular points and because of that [ cannot
be the zero-polynomial. If [ is constant and non-zero, then there are no intersection points of f
and /. In this case f has no top-bottom point and we are done.

So let us consider the case that [ is a polynomial of total degree 1 defining a line. We assume
without loss of generality that [ is generally aligned. The resultant res(f,l,y) € Q[z] is not the
zero polynomial (f is squarefree) and has degree at most 4. Each root of the resultant res(f,l,y)
has multiplicity > 2, because it results from a singular point of f through which also [ cuts, see
Theorem 3. That means f and [ intersect in at most 2 points. We finally conclude that the
polynomial

Uy = gcd(res(f, la y)7 %res(fa la y))
has degree at most 2 and contains the z-coordinates of the top-bottom points. Analogously one
can compute the polynomial v, using res(f, !, z). 0

6.2 Genuine points

Next we will consider genuine points. We will prove that their number is bounded by 4 and we
will give the algorithmic ideas how to determine them.

Theorem 7 Let p,q € Q[z,y,z] be generally aligned with respect to z, squarefree, and let p
and q have a disjoint factorization. Furthermore let f := res(p,q,z) be squarefree and generally
aligned.
The cutcurve defined by f can have at most 4 genuine points. If it has more than 2 genuine
points, [ consists of two distinct lines and another gquadratic curve, all of them not necessarily
rational.

Proof. Let A = (ag,0y,0;), B = (Bs,8y,B:), and C = (7v,7y,7.) be three distinct
tangential intersection points of p and g. We will show that f = res(p, g, z) consists of two lines
and another quadratic curve and has at most 4 genuine points.

We will first prove by contradiction that the three points A, B, and C' cannot be collinear.
So assume A, B, C to be collinear and let [ be the line in space passing through them. We will
prove that in this case each point on [ is a tangential intersection point of p and ¢. That means
f has infinitely many singular points, contradicting its squarefreeness.

For our investigations the location of [ in space is not important. So we assume without
loss of generality A = (a,,0,0), B = (84,0,0), and C = (;,0,0). We define pi(z) := (prqy —
Pyqz)(,0,0), pa() := (pxq: — P2qx)(2,0,0), and p3(z) := (pyq. —p.qy)(z,0,0). Every p; € Q[z]
is the zero-polynomial because by construction p; has degree at most 2 and we know three
different roots: ay, By, and 7v,. We conclude that every point D = (z,0,0) on [ is a tangential
intersection point of p and gq.

We know that A, B, and C' are not collinear and therefore there exists a uniquely defined
plane h through these three points. Let us first consider the case that h is a factor of p or ¢g. It
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cannot be a factor of both because by assumption p and ¢ have disjoint factorizations. Assume
without loss of generality p = h - h. Then the spatial intersection curve ¢ of p and ¢ consists
of two conics s and § embedded on h and 71, respectively. The points of ¢ that cause genuine
points in the plane are exactly the intersection points of s and §, the singular points of s, and
the singular points of 5.

As we have just seen there can be at most two intersection points of s and §: They lie on the
line I = {(z,y,2) € C*|h(x,y,2) = h(z,y,z) = 0} and we know that no 3 tangential intersection
points of p and ¢ are collinear. The curve f has 3 genuine points, so we conclude that at least
one of s or § must have a singular point. A planar quadratic curve has a singular point if and
only if it consists of two intersecting lines. We conclude that ¢ consists of two intersecting lines
and another quadratic curve and so does its projection f. Furthermore we deduce that ¢ has at
most 4 singular points and therefore f has at most 4 genuine points.

The case we have not discussed so far is that the tangential intersection points A, B, and C
of p and ¢ are not collinear and A is neither a factor of p nor of gq. Then the spatial intersection
curves of h and p and of h and ¢ are quadratic. So on h there are two quadratic planar curves
that have 3 tangential intersection points. This can only happen if both curves are identical:

{(a:,y,z) \p(a:,y,z) =0= (CC Y,z )} = {(CC Y,z ) | Q(xay’z) =0= h(a:,y,z)} = S

We conclude that p and g intersect in two spatial quadratic curves s and §. Due to our assumption
of f being squarefree we have s # 3. That means there exists another plane h # h such that

s and § are embedded on h and il, respectively. Let r := h - h. By construction the spatial
intersection curve of p and ¢ equals the one of p and r. That means we have reduced this case
to the previous one where h is a factor of one of the quadrics. d

Figure 15: The cutcurve consists of two intersecting lines and another conic. There are at least 3
genuine points, marked by the red circles. The remaining singular points are top-bottom points
and marked by the blue squares.

The statement of the theorem is that in most cases a squarefree cutcurve has at most 2 gen-
uine points. Bad things only happen if the cutcurve consists of two lines and another quadratic
curve as shown in Figure 15. A close look at the proof shows that in these cases the under-
lying spatial intersection curve comnsists of two lines and another quadratic spatial curve, each
embedded in a plane. Let h and A be these two planes and r := h - h. We have that at most 2
tangential intersection points lie on the intersection line [ of h and h and at most 2 do not.
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It would be quite useful to know r because the line defined by the polynomial res(r,r,, z) is
the projection of I. With the help of this line the genuine points could be classified: the ones
that lie on the line and the ones that do not. Each group has at most two members. As we
did for top-bottom points we could factor the resultants on the z- and y-axis according to this
distinction leading to quadratic polynomials as desired.

Theorem 8 Let p and g be two quadrics in space.

1. If f = res(p,q,z) consists of two lines and another quadratic curve not equal to two lines,
then there exists a polynomial r € Q[z,vy, 2] defining two planes such that f = res(p,r, z).

2. If f = res(p,q,z) consists of four lines, then there exists a polynomial r € Q(\/p)[z,y, 2],
for some p € Q, defining two planes such that f = res(p,r, z).

In both cases we can compute r.

Proof. We omit a detailed proof. This result is not new. It is part of the theory of quadric
pencils and can be found for example in [24]. Using the classification of intersection curves
made there, one derives that in our first situation exactly one quadric r defining two planes is
in the quadric pencil of p and ¢q. So necessarily r is rational. In the second case there are two
such quadrics 1 and 9 in the pencil and because of this r1 and ry are polynomials over a field

extension Q(,/p). 0

7 Computing the planar arrangements

Now we have finished all preliminary considerations and we will prove our main theorem: Given
a set of n input quadrics, we can exactly determine the event points in each of the n planar
arrangements that arise from the projection phase.

Theorem 9 Let P = {p1,...,pn} be a set of trivariate quadratic polynomials. For 1 <i <mn
let F; be the set of curves in the i-th planar arrangement we obtain from the projection phase:
Fi = {res(pi, (pi)z; 2)} U Ujzj{res(pi, pj, 2)}. Let furthermore f and g be a pair of polynomials
with either f,g € F; or f € F; and g = fy.

For f and g we can compute a set of k rational bozes that is in 1-1 correspondence to the
set of real intersection points of the curves defined by f and g. The jth real intersection point
(e, Bj) of f and g is the only one inside the jth box. Moreover we can determine whether the
intersection point inside a box is transversal or tangential and whether it is a singular point of
one of the curves.

In the following we will prove the theorem: for all curves f € F in a planar arrangement the
intersection points of f and g = f, and the ones of f € F and g € F can be determined. We do
this either by applying box hit counting arguments or by partially factoring the bi-resultant of
f and g and computing explicit solutions. According to the distinction of the curves in F into
silhouettecurve and cutcurves there are four different kinds of pairs of curves f and g that have
to be considered, each treated in one subsection.

We assume without loss of generality that all pairs of curves are well-behaved. That means
all curves are generally aligned and squarefree and every pair has a disjoint factorization and is
in general relation. The way these conditions are tested and realized is described in the next
section.

Let in the following X :=res(f,g,y) and Y :=res(f, g, ).
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7.1 [ is the silhouettecurve and g = f,

If f is the silhouettecurve and g = f,, then we know that both resultants X and Y have degree
at most 2. That enables us to compute explicit solutions. Consider also the left picture in
Figure 16.

Figure 16: For the extreme and singular points of the silhouettecurve f (left picture) we can
compute explicit solutions. If f is a cutcurve (right picture) we do a multiplicity bi-factorization.
Transversal intersections lie inside light grey boxes, tangential intersection points lie inside dark
grey boxes. The yellow line cuts through the top-bottom points.

7.2 fis a cutcurve and g = f,

In the case f is a cutcurve and g = fy is its partial derivative, the resultants X and Y have
degree at most 12. We compute a multiplicity bi-factorization (u1,v1) - (ug,v2) of (X,Y’) such
that all intersection points with multiplicity 1, i.e. all transversal intersection points, lie on
GRID(u1,v1). All intersection points with multiplicity > 2, i.e. all tangential intersection points,
lie on GRID(ug,v2). For illustration have a look at the right picture of Figure 16.

The light grey boxes around GRID(u1,v1) can be handled with simple box hit counting as
shown in Chapter 5.

The dark grey boxes around GRID(ug, v2) are the candidate boxes for tangential intersections.
Unfortunately, a tangential intersection point of f and g = f, is not necessarily a singular point
of f. By definition, an intersection point (a,b) € C2 of f and g is tangential if and only if
(fz9y — fy9z)(a,b) = (fofyy — Fyfay)(a,b) = (fzfyy)(a,b) = 0. We conclude that there are two
kinds of tangential intersection points:

1. Singular points of f, that means f;(a,b) = 0, and

2. non-singular points of f with fy,(a,b) = 0. We call these points vertical flat points. A
vertical flat point is either a vertical turning point of f (fyyy(a,b) # 0) or an extreme point

of f (fyyy(a,b) =0).

The existence of vertical flat points is not caused by the geometry of our curves but by our
chosen coordinate system. In the remaining part of this subsection we will provide an algorithm
that factors (ug,ve) in absence of vertical flat points such that each of its bi-factors (us,vy) is
of degree at most 2. If one of the resulting bi-factors has a higher degree, we know that this
is caused by vertical flat points. In this case we shear f and g to get rid of the situation and
restart, see also Section 8.
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For every quadratic bi-factor (us,vs) we can compute explicit solutions. Of course it can
happen that a point (a,b) we computed explicitly this way is a vertical flat point of f instead
of a singular point. In order to recognize this, we substitute (z,y) by (a,b) in f; and explicitly
test fy(a,b) for zero. If f (a,b) =0, (a,b) is a singular point of f. Otherwise it is a vertical flat
point and we explicitly test fyyy(a,b) for zero in order to distinguish vertical turning points of
f from extreme points of f.

We promised to provide an algorithm that factors (us,v2) into at most quadratic bi-factors.
Using gcd-computation we first make ug and ve squarefree. According to Theorem 6 we compute
the first bi-factor (us, ve) of (ug, v2) splitting off the top-bottom points of f: (ug,v2) = (U, vip)-
(ug,vg). Both polynomials in (us,vs) have degree at most 2. In our example all tangential
intersection points are top-bottom. The yellow line [, which is the first subresultant of the
involved spatial quadrics, cuts through them, see Figure 16.

In the case that u, as well as vy, are at most quadratic polynomials, as in our example,
everything is fine and we compute explicit solutions also for (ug,vg).

Now consider the case that u, or v4 or both have degree > 2. We assumed that all curves we
consider are squarefree. We conclude according to Theorem 7 that (in the absence of vertical
flat points) the cutcurve consists of two intersecting lines and a conic. Let p and ¢ be the
quadrics with f = res(p,q, z). We compute the quadric pencil of p and ¢ and look for a pair
of planes h and h in this pencil. If we cannot find such a pair of planes, we know that we
are in degenerate situation caused by vertical flat points and we proceed as described before.
Otherwise we can compute a polynomial r = h - h with either r € Q or r € Q(/p)[z,y,2], p € Q.
In the discussion after the proof of Theorem 7 we noticed that at most 2 genuine points lie on the
line [ = res(r,r,,2) and at most 2 genuine points do not lie on /. As in the case of top-bottom
points, we use ! to factor off these points: (ug,vq) = (ug1,vg1) + (ug2,v42). In the absence of
vertical flat points all polynomials in this partial bi-factorization are at most quadratic.

7.3 f is the silhouettecurve and g is a cutcurve

Let f be the silhouettecurve and g be a cutcurve. The polynomials X and Y have degree at
most 8. This implies that there are at most two roots of multiplicity > 3. We compute a bi-
factorization (u1,v1) - (ug,v2)? - (u3, v3) of (X,Y) such that u1,v; contain all simple roots, ug, vo
all roots of multiplicity 2, and wus, v3 all roots of multiplicity > 3.

All transversal intersections points lie on GRID(u1,v1) and can be solved with simple box hit
counting.

The ones lying on GRID(ug,v2) either are singular points of f or g or they are transversal
intersections of the Jacobi curve h = f,g, — fyg, and f and of h and g, according to Corollary 4.

We would like to apply extended box hit counting to these boxes, but first we have to be
sure that there is no singular point inside the tested box. In the last section we have shown
how to compute quadratic bi-factors (usm,vs), (ug1,vg1), and (ug2,v42) for all singular points
and compute explicit solutions. If any of these bi-factors has a common bi-factor with (ug, vo),
we split off this common bi-factor. What remains is a bi-factor (ub, v5) with only non-singular
tangential intersections of f and g on its grid. We apply extended box hit counting to the boxes
defined by w), and v}.

Because of the degree of X and Y the bi-polynomial (ug, v3) has at most two different roots.
With the help of ged-computation we compute two at most quadratic polynomial u% and v}
containing them and apply explicit solutions.
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7.4 f and g both are cutcurves

Let f and g both be cutcurves. They are the result of intersecting a quadric p with other quadrics
q and 7, respectively. Each cutcurve has algebraic degree < 4 and therefore the polynomials
X and Y have degree at most 16. We would like to compute a bi-factorization (X,Y) =
(us,vs)- (tg,vq) such that all polynomials ug, vs, ug, v, have degree at most 8 and the polynomials
ug and u, and the polynomials vs and v, share no common factor.

Let us assume we have such a bi-factorization. Then for (us,vs) and for (uq,v,) we can
proceed exactly like in the case of a silhouettecurve and a cutcurve described in the previous
section. We perform a bi-factorization according to the multiplicities 1, 2, and > 3. Again
a polynomial of degree 8 can have at most two roots of multiplicity > 3. According to the
assumption that ug,u, and vs,v, have no common roots, the boxes belonging to multiplicity
1 can be handled with simple box hit counting. The boxes defined by roots of multiplicity 2
are solved with extended box hit counting, after we split off the singular points of f or g. The
remaining bi-factor belonging to roots of multiplicity > 3 defines at most 4 grid points that are
solvable with explicit solutions.

What remains to do is to establish the bi-factorization (X,Y) = (us, vs) - (uq,vs) such that
each involved polynomial has degree < 8. As for singular points, we can distinguish two different
types of intersection points f and g have: spatial and artificial.

Definition 6 Let (a,b) € C? be an intersection point of two curves f = res(p,q,z) and g =
res(p,r,z) with p,q,r being quadratic trivariate polynomials. We call (a,b) spatial, if for a root
c of p(a,b,z) € C[z] we have p(a,b,c) = q(a,b,c) =r(a,b,c) =0. If p(a,b, z) € Clz] has the two
roots ¢ and ¢ and it holds p(a,b,c) = q(a,b,c) = 0 and p(a,b,d) = r(a,b,c') = 0, then we call
(a,b) artificial.

/
el ED) e
= '

Figure 17: Projections of common intersection points of the red, green, and blue curve are called
spatial.

Spatial points are projected common intersection points of p, ¢, and r. Artificial points are a
result of the projection phase. For illustration have a look at Figure 17. Intersection points of the
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the green and blue spatial curves are common points of the red, green, and blue quadric in our
permanent example. There are two such intersection points, marked by the arrows. Projecting
both curves into the plane results in a green and a blue cutcurve that have 6 real intersection
points: 2 spatial and 4 artificial. The light blue curve k is the projection of the intersection
curve of the blue and the green ellipsoid. By definition we know that it cuts through the spatial
points. Of course it can happen that points are both spatial and artificial.

Theorem 10 Two cutcurves have at most 8 spatial and at most 8 artificial intersections,
counted with multiplicities.

Proof. Let as before f = res(p,q,2) and g = res(p,r,z) be the cutcurves. The bound
for their spatial intersections immediately follows by the theorem of Bézout. Three quadrics in
space can have at most 8 discrete common intersection points, counted with multiplicities.

For proving the second bound we proceed as follows: We mirror g parallel to the z-axis at the
plane p, = 0. Without loss of generality let the polynomial p be of the form p = 22 +p, z+py with
p; € Q[z,y] of degree 2 — 4, i = 1,0. The function f : C* — €3, f(a,b,c) = (a,b, —p1(a,b) — c)
mirrors points (a,b,c) vertically at the plane p, = 2z + pi(z,y). If we apply this function
to every point of a quadric ¢ = 2> 4+ q1z + qo this leads to the quadratic polynomial § =
22+ (2p1 — 1)z + (p] — P1g1 + qo)-

It is easy to verify that res(p, g, z) = res(p, g, z). That means all intersection points of p and
¢ have the same (z,y)-coordinates as the intersection points of p and ¢g. But the intersection
points of p and ¢ that lie on the top of p now lie on its bottom and vice versa. So the spatial
and artificial intersections have changed place and we can again apply the theorem of Bézout to
p, r and q. d

Now we know that there at most 8 spatial and artificial intersection points, we would like to
compute a bi-factorization (us,vs) - (uq, vq) of (X,Y) according to this distinction. We want the
roots of ug to be the z-coordinates of common intersection points of p, ¢, and r. One way would
be to additionally compute the resultant k¥ = res(q,r, z) and perform a greatest common divisor
computation between X, res(f,k,y), and res(g, k,y). Caused by the projection from space to
the plane it can happen that k£ cuts through an artificial intersection point of f and g. Then the
z-coordinate of this artificial point would be a root of us, contradicting our goal. This would not
disturb our following algorithm as long as the degree of u; would still be at most 8. Otherwise,
similar to the methods described in the next section, we could shear the spatial arrangement in
order to remove this effect.

An alternative way to compute us would be to use the results of [16]. There a method
for computing ug directly from the spatial quadrics p, ¢, and r with the help of multivariate
resultants is provided.

8 [Establishing the generality assumptions

In the previous sections we made assumptions on the location of the quadrics in space and
the curves in the plane in order to simplify the argumentation: general alignment and general
relation. We will present a method how to detect the lack of the conditions and how establish
them with a random shear.
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8.1 General alignment

Let P C Q|z,y, 2] be a set of n quadrics. We want each trivariate polynomial to have a constant
non-zero coefficient of z2. This of course is easy to test by just examining the coefficient of 22
for each p € P. If the coefficient is non-constant for at least one p, we will shear all quadrics.
The main idea of a shear method is described in [51].

We randomly choose a rational vector v = (u1,us) € Q% and consider the shear function
d(z,y,2) = (z+wu1-2zy+u-zz2). We compute po ¢ for each p € P. For nearly all
choices of (u1,uz) we obtain generally aligned quadrics. The drawback is that a shear causes
a slightly larger coefficient size. This can have an impact on all following resultant and root
isolation computations. The geometry of the spatial arrangement is not effected by the shear.
Intersection points of quadrics remain intersection points. They only change their z- and y-
coordinate.

We also want to have the property that all bivariate polynomials we consider have a con-
stant non-zero leading coefficient with respect to each variable. Let F' be the set of bivariate
polynomials defining the curves in a planar arrangement. Let us look at the polynomials in F
as polynomials in the variable y. Like in the case for the trivariate polynomials, we randomly
choose a rational number v € Q. Applying the affine transformation ¥ (z,y) = (z +v - y,y) to
each polynomial f € F will result in a set of polynomials that have a constant leading coefficient
of y with very high probability.

We also want to have a constant leading coefficient of z. So in the same way, we randomly
choose a rational number w and apply the shear ¥(z,y) = (z,y+w-z) to each polynomial. Tt
is easy to see that the constant leading coefficient of y is not effected by this shear and so the
second shear does not destroy the effect of the first shear.

9 General relation of two planar curves

In our algorithm we want each pair of curves f and g to be in general relation. Remember that
f and g are defined to be in general relation with respect to z or y if there are no two common
roots with the same z- or y-value, respectively. As vertical asymptotes, common coordinates of
intersection points are not intrinsic to the two curves. We can avoid it by choosing a different
direction of projection or by equivalently shearing the curves.

Let us look how to test general relation with respect to . The test for y is symmetric. A
similar algorithm to the one we we will explain is described in [54].

For the two curves f and g we look at their sheared versions at the time v:

[Pz, y) = flz+vy,y) , ¢°(z,y) == g(z +vy,y).

Of course we can interpret f¥ and ¢ as polynomials in Q[z,y,v]. The resultant res(f",g¢",y) €
Q[z,v] defines an arrangement of lines, the z-coordinates of the intersection points of f and ¢
walk along when we change the shear parameter v, see Figure 18. That means the resultant

factors over C in linear parts [y, ...,Ix € C[z,v] with & being an upper bound on the number of
intersection points of f and g: res(f”,g"”,y) =11 -...- ;.

During the shear each intersection point (a,b) € €2 of f and g moves along one of the
lines I;, 1 < j < k. Each intersection point moves along a different line. So the two curves
f = f%and ¢ = ¢° have no two intersection points with common z-coordinates if and only
if there is no intersection point of two of the lines on the z-axis. This is equivalent to the
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Figure 18: The z-coordinates of intersection points of two curves change linearly when we shear.

statement that there are no factors [, and [ in the complex factorization of res(f?, g%, y), a # b,
with l4(z,0) = l(x,0). The polynomials f and g are both generally aligned and because of
that (res(f”,9",v))|lv=0 = res(f,g,y). There is an intersection point on the z-axis if and only
if substituting v = 0 in the factorization of the resultant (I - ... [}*)|,=¢ differs from the
factorization over C of res(f,g,y).

In practice we do not want to perform a complex factorization of res(f”, ¢g”,y). But we can
compute its multiplicity factorization over @ analogously to the one for univariate polynomials.
Only gcd-computations are performed and they can also be realized for bivariate polynomials
using pseudo-division [33]. And of course we can do a multiplicity factorization of the univariate
polynomial res(f, g,y). With our previous remarks it is easy to see that f and g are in general
relation if and only if both rational factorizations are equal.

10 Experimental results

We have developed a method for computing a cell in an arrangement of quadric surfaces. It uses
exact algebraic computation and provides the correct mathematical result in every case, even a
degenerate one.

We claimed that our theoretical results for computing arrangements of quadric surfaces
promise a good performance in practice. In order to justify this statement, we made some
experiments in implementing and testing our ideas. Our prototypical implementation determines
event points in the planar arrangements induced by three quadrics. It uses the basic data types
of LEDA [39] and the rational polynomial class as well as the resultant and Sturm sequence
computation of MAPC [35].

Consider the screen shots in Figure 19 we made from the output for computing the event
points for the three input quadrics

p(z,y,2) = 72162% — 110222y — 12220zz + 15624y + 15168yz
+111862% — 1000

485412 — 35602y + 44682 + 658z + 5040y + 32yz + 1914y
+102442% + 32422 — 536

q(z,y,2)
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Figure 19: Screen shots for computing all event points in the three planar arrangements for the
quadrics p, q, and r.

r(z,y,2) = 8877x? — 10488zy + 9754xz + 1280z + 16219y% — 16282y2
—808y + 1015222 — 1118z — 796.

The blue ellipses in the first row are the silhouettecurves of the input ellipsoids p, ¢, and r.
The green line is the respective partial derivative. All extreme points are determined correctly
and marked by small boxes. In the second row first the extreme and then the singular points
are determined for each of the three blue cutcurves. Again the green curves are the partial
derivatives. In the third row all tangential intersection points between blue silhouettecurves and
green cutcurves are computed. In each picture there is another blue curve: the Jacobi-curve. In
the last row we first compute all artificial intersection points of pairs of cutcurves. The spatial
points are the common intersection points of all three cutcurves. They are computed in the last
picture.

The running time of our implementation for this special example on an Intel Pentium 700 is
about 18 seconds. Of course the running time mainly depends on the number of decimal digits
of the three input quadrics as can be seen in the following table:
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number of digits 5110115 (20| 25| 30
running time in seconds | 18 | 33 | 56 | 92 | 126 | 186

The only mathematical tools that are used during the calculation are resultants and sub-
resultants, root separation, gcd of univariate and bivariate polynomials, and solving quadratic
univariate polynomials. The size of the coefficients of the polynomials has a great impact on
the behavior of all these computations. In our example about half of the running time is spent
on computing all necessary resultants. Isolating the real roots on the coordinate axes with Us-
pensky’s algorithm is quite fast. The rest of the time is needed to test the more than 100 boxes
for intersection points.

In order to judge the running time of our algorithm, we have run our example in Maple [26]
using the plot_real curves function in the algcurves package. As can be seen in the screen shots
in Figure 19, our program outputs a plotting of the real branches of the curves and marks their
extreme and singular points and all intersection points between two curves by small boxes. The
plot_real_curves function applied to a bivariate polynomial nearly does the same. It also plots
the defined curve and inter alia marks all extreme and singular points. Maple took 60 seconds
on an Intel Pentium IIT with 850 MHz to compute and plot every single silhouettecurve and
cutcurve that appears in our example. Computing the interaction of two such curves was even
slower. We have tested the plot_real curves function with the input res(p, g, z) - res(p, r, z) and
it ran for 70 seconds. Of course the comparison is not really fair because Maple only deals with
single curves and makes no use of the fact that the algebraic curves, as projected intersection
curves of quadrics, have a special form. But it nevertheless shows that locating singular points
and intersection points of two curves is difficult and time-consuming and that our approach
leads to promising running times.
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