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1. DISTANCE GEOMETRY PROBLEM (DGP)

I Problem: calculation of the 3D structure of a protein
molecule, using distance information provided by Nuclear
Magnetic Resonance (NMR) experiments.

I Model: distance geometry problem (DGP).
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I DGP: given a simple undirected graph G = (V ,E ) whose
edges are weighted by d : E → (0,∞), determine whether
there is a function x : V → R3 such that

∀{u, v} ∈ E , ||xu − xv || = du,v ,

where xu = x(u), xv = x(v), du,v = d({u, v}).
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I Complexity:

NP-hard.

I Number of Solutions: uncountable or finite.

I Search Space: R3n.

I Solution Methods:

I Continuous approach:

min
∑

(u,v)∈E

(
||xu − xv ||2 − d2

u,v

)2
.

I Combinatorial approach: DGP graph structure.
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I IF there exist a vertex order v1, ..., vn ∈ V :

I For v1, v2, v3, ∃ x1, x2, x3 ∈ R3 satisfying DGP equations;
I ∀i > 3,

{{vi−3, vi}, {vi−2, vi}, {vi−1, vi}} ⊂ E ;

I ∀i > 3,
dvi−3,vi−1 < dvi−3,vi−2 + dvi−2,vi−1 ;

I THEN,

I Number of solutions: finite;
I Search space: binary tree;
I Exact method: Branch & Prune (BP).
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I DGP + vertex order: Discretizable Molecular DGP (DMDGP).
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Main Operation of the BP Algorithm

I The position for vertex vi , i > 3, is obtained by solving the
quadratic system

||xi − xi−3||2 = d2
i−3,i ,

||xi − xi−2||2 = d2
i−2,i ,

||xi − xi−1||2 = d2
i−1,i ,

which can result in up to two possible values for xi , with
probability one.

I DMDGP order ⇒ replace quadratic systems by
matrix multiplications in R4.
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Using homogeneous coordinates:
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2. CLIFFORD ALGEBRA

I Clifford Algebra: Hamilton algebra + Grassmann algebra,
using a new product.

I Def.: Clifford Algebra is a real vector space generated by three
basis vectors {e1, e2, e3}, with a multiplication operation
(geometric product) that is associative, distributive:

e21 = e22 = e23 = 1,

and

e1e2 = −e2e1,
e2e3 = −e3e2,
e3e1 = −e1e3.
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I An element C of the Clifford algebra, called a
multivector, has the form

C = α

+a1e1 + a2e2 + a3e3

+b1e1e2 + b2e2e3 + b3e3e1

+ce1e2e3.

I If we define

i = e3e2,

j = e1e3,

k = e2e1,

we get the Hamilton algebra, and defining

a ∧ b =
1

2
(ab − ba),

we get the Grassmann algebra, where a, b ∈ R3.



I An element C of the Clifford algebra, called a
multivector, has the form

C = α

+a1e1 + a2e2 + a3e3

+b1e1e2 + b2e2e3 + b3e3e1

+ce1e2e3.

I If we define

i = e3e2,

j = e1e3,

k = e2e1,

we get the Hamilton algebra, and defining

a ∧ b =
1

2
(ab − ba),

we get the Grassmann algebra, where a, b ∈ R3.



I An element C of the Clifford algebra, called a
multivector, has the form

C = α

+a1e1 + a2e2 + a3e3

+b1e1e2 + b2e2e3 + b3e3e1

+ce1e2e3.

I If we define

i = e3e2,

j = e1e3,

k = e2e1,

we get the Hamilton algebra, and defining

a ∧ b =
1

2
(ab − ba),

we get the Grassmann algebra, where a, b ∈ R3.



I Using the basis vectors {e1, e2, e3}, we can write
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I If we want to rotate through θ,

R = cos

(
θ

2

)
− sin

(
θ

2

)
B.

I For a rotation of a vector a through θ in the B plane (with
handedness determined by B), we have

RaR−1.
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3. THE CONFORMAL MODEL

I In the DMDGP, we used homogeneous coordinates to
calculate sphere intersections through products of 4× 4
matrices.

I The key idea: points in 3D space are represented as vectors in
a 4D space, where the magnitude of the vector is
unimportant.



3. THE CONFORMAL MODEL
I In the DMDGP, we used homogeneous coordinates to

calculate sphere intersections through products of 4× 4
matrices.

I The key idea: points in 3D space are represented as vectors in
a 4D space, where the magnitude of the vector is
unimportant.



3. THE CONFORMAL MODEL
I In the DMDGP, we used homogeneous coordinates to

calculate sphere intersections through products of 4× 4
matrices.

I The key idea: points in 3D space are represented as vectors in
a 4D space, where the magnitude of the vector is
unimportant.



3. THE CONFORMAL MODEL
I In the DMDGP, we used homogeneous coordinates to

calculate sphere intersections through products of 4× 4
matrices.

I The key idea: points in 3D space are represented as vectors in
a 4D space, where the magnitude of the vector is
unimportant.



I Fundamental weakness: the Euclidean distances are not
handled in a straightforward manner.

I Solution: the Conformal Model (introduced by A. Möbius).

I Basic idea:
X · Y encodes d(x , y),

where x , y ∈ R3 and X ,Y are in the Conformal space.

I Implication (for x 6= 0):

d(x , x) = 0⇒ X · X = 0.
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I 5D space: spanned by {e0, e1, e2, e3, e∞}.

I New inner product: no positivity.

I {e1, e2, e3} is an orthonormal set:

ei · ej = δij .

I e0 and e∞ are orthogonal to {e1, e2, e3}:
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I Including themselves:

e0 · e0 = 0,

e∞ · e∞ = 0.

I Exception:
e0 · e∞ = −1.
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I If we let

X = x0e0 + x1e1 + x2e2 + x3e3 + x∞e∞,

Y = y0e0 + y1e1 + y2e2 + y3e3 + y∞e∞,

the inner product of X and Y has the form

X · Y = x · y − (x0y∞ + x∞y0).

I For X = Y ,
||X ||2 = ||x ||2 − 2x0x∞.

I For X 6= 0, ||X || need not to be positive:

||e0|| = ||e∞|| = 0.

I The Conformal Space: the 5D space with this
new inner product.
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I From ||X ||2 = ||x ||2 − 2x0x∞,

d(x , x) = 0⇒ X · X = 0

⇒
||X ||2 = 0⇒ ||x ||2 − 2x0x∞ = 0.

I How to represent a point x ∈ 3D in the 5D
conformal space?

I Requiring homogeneity (x0 = 1) and ||X || = 0, we get

x∞ =
1

2
||x ||2.

I In the Conformal Space, a point

x = x1e1 + x2e2 + x3e3

is represented by

X = e0 + x +
1

2
||x ||2e∞.
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I Letting

X = e0 + x +
1

2
||x ||2e∞,

Y = e0 + y +
1

2
||y ||2e∞,

we have

X · Y = x · y −
(

1

2
||x ||2 +

1

2
||y ||2

)
= −1

2
(x − y) · (x − y)

= −1

2
||x − y ||2.

I Squared distances between 3D points are given by

||x − y ||2 = −2X · Y .
I Consequence:
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Spheres in the Conformal Model

I A sphere in 3D is represented in the Conformal Space by

S = C − r2

2
e∞.

I A point in 3D: a sphere of radius 0.

I A line in 3D: a circle of radius ∞ passing through e∞.

I A plane in 3D: a sphere of radius ∞ passing through e∞.
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Conformal Clifford Algebra

I Unified Framework for objects and transformations.

I For {e1, e2, e3}:
eiej + ejei = 2δij .

I For {e0, e∞}, include:

e0e∞ + e∞e0 = −2,

for i = 1, 2, 3,

e0ei = −eie0,
e∞ei = −eie∞,

and
e20 = e2∞ = 0.
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Basic Objects in the Conformal Clifford Algebra

I Point:

Xi = e0 + xi +
1

2
||xi ||2e∞.

I Line:
Xi−2 ∧ Xi−1 ∧ e∞.

I Sphere:

Si = Xi −
r2i
2
e∞.

I Circle:
Si−2 ∧ Si−1.
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I Point Pair:

Si−3 ∧ Si−2 ∧ Si−1.

I Point or ∅:
Si−j ∧ Si−3 ∧ Si−2 ∧ Si−1.

I Rotor:

Ri = cos

(
λi
2

)
− sin

(
λi
2

)
Bi ,

where
Bi = (Xi−2 ∧ Xi−1 ∧ e∞) · I−1.
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4. Conformal Clifford Algebra and the DMDGP

I Basic step of the BP algorithm:

||xi − xi−1||2 = d2
i−1,i ,

||xi − xi−2||2 = d2
i−2,i ,

||xi − xi−3||2 = d2
i−3,i .

I Geometrically:
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I DMDGP order:

I Chemistry of proteins:

I di−1,i and di−2,i (precise distances).

I NMR experiments:

I di−3,i (interval distances).
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I We define a rotor Ri :

Ri = cos

(
λi
2

)
+ sin

(
λi
2

)
z∗i , 0 ≤ λi ≤ φi ,

where the rotation axis is

zi = Xi−2 ∧ Xi−1 ∧ e∞

and z∗i is the dual of zi ,

z∗i = (Xi−2 ∧ Xi−1 ∧ e∞) · I−1.

I The arc points are given by

X 0
i (λi ) = Ri (λi )P

0
i R
−1
i (λi ),

X 1
i (λi ) = Ri (λi )P

1
i R
−1
i (λi ),

for 0 ≤ λi ≤ φi .
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Example (distance matrix):



0 1 1.73205 [1.75, 2.2] ∗ ∗ ∗
0 1 2.3452 [2.3, 2.5] ∗ ∗

0 2.3452 2.09165 [1.9, 2.3] ∗
0 1 1.73205 [2.2, 2.5]

0 1 1.73205
0 1

0


.

I The first three atoms can be fixed and the search begins at
the fourth level of the BP tree:

x1 = (0, 0, 0) ,

x2 = (−1, 0, 0) ,

x3 = (−1.5, 0.866025, 0).
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Atom x4

I {x2, d2,4} defines the sphere S2,4.

I {x3, d3,4} defines the sphere S3,4.

I S2,4 ∧ S3,4 gives the circle C4.

I {x1, d1,4}, where d1,4 ∈ [1.75, 2.2], defines spheres S1,4 and

S1,4, resulting in the points:

P0
4 = e0 + 0.719e1 + 1.57e2 − 0.287e3 + 1.53e∞,

P1
4 = e0 + 0.719e1 + 1.57e2 + 0.287e3 + 1.53e∞,

P0
4 = e0 + 0.25e1 + 1.3e2 − 1.5e3 + 2e∞,

P1
4 = e0 + 0.25e1 + 1.3e2 + 1.5e3 + 2e∞.
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I We can also calculate the angle φ4 corresponding to the arcs
P0
4P

0
4 and P1

4P
1
4 :

φ4 = 0.588.

I We define the rotor R4,

R4 = cos(λ42 ) + sin(λ42 )z∗4 ,

z4 = X2 ∧ X3 ∧ e∞,

given by

R4 = cos(λ42 ) + sin(λ42 )(0.866e13 + 0.5e23 + 0.866e3 ∧ e∞),

for λ4 ∈ [0, 0.588].
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The two possible arcs are giving by

X 0
4 (λ4) = R4(λ4)P0

4R
−1
4 (λ4),

X 1
4 (λ4) = R4(λ4)P1

4R
−1
4 (λ4).

For example,

x04 (λ4) =

 0.719 cos2(λ42 )− 0.496 cos(λ42 ) sin(λ42 )− 3.22 sin2(λ42 )

1.57 cos2(λ42 )− 0.286 cos(λ42 ) sin(λ42 )− 0.703 sin2(λ42 )

−0.286 cos2(λ42 )− 4.55 cos(λ42 ) sin(λ42 ) + 0.286 sin2(λ42 )
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Atom x5

I For x5, we have to consider x2, x3, x4, but the sphere S4,5 has
a “moving” center:

I The rotation axis for R5,

X3 ∧ X i
4(λ4) ∧ e∞,

also changes when λ4 varies.
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I Important: the angle φ5 corresponding to the arcs in C5 does
not depend on λ4.

I The position X5 depends on “local” rotation given by R5,
through the axis determined by the “global” change caused by
R4.

I We can prove that

z5 = R4(λ4)(X3 ∧ P i
4 ∧ e∞)R−14 (λ4),

R5 = cos(λ52 ) + sin(λ52 )z∗5 (λ4), 0 ≤ λ5 ≤ φ5,
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