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Rootoftheproblem

•Inmuchofnetworkcodingassume“instantaneouscoding”

•Instantaneouscodingcannotworkwithcycles

•Nodedelay,whichmaybebeneficialcycles,introducesa

synchronizationproblemincodeimplementation

•Howtodealwithnodedelayincaseoflonginputsequence?

•WhataboutdecodingDelay?

•Solution:Convolutionalcodes

Rootoftheproblem2



MotivatingExample
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•Atn=4sinkt1receivesx1(0)onbothofitsincominglinks.

•Attimeinstantn=5,t1receivesx1(1)andx1(1)+x2(0).

•Theeffectivedecodingdelayis5.

•Onlyasinglememoryelementisrequired.

MotivatingExample2-1



'

&

$

%

ConvolutionalNetworkCodes-Definition

•LetF(D)betheringofpolynomialsoverthebinaryfield.

•Linkeisassociatedwithb(e),whoseelementsareinF(D).
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•Inputstreamxi(n)canberepresentedbyapowerseries:

Xi(D)=
∑

∞

n=0xi(n)D
n
,i=1,···,h

•Inlinearconvolutionalnetworkcodes:

Ye(D)=

∞∑

n=0

ye(n)D
n
=

∑

e
′
∈ΓI(v)

me(e
′
)Ye

′(D)=b(e)
T
x(D)

whereye(n)arethesymbolstransmittedonthelinke.

•Toachieverateh,theglobalcodingvectorsontheincoming

linkstothavetospanF[D]
h
,whereF[D]isthefieldof

rationalfunctionoverthebinaryfield.

ConvolutionalNetworkCodes-Definition3
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DealingwithCycles

•PreviousResults

•Precoding

•CodeConstruction

•AlgorithmComplexity

•DecodingDelay

DealingwithCycles4
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PreviousResults

•Ahlswedeetal(00):thecyclicnetworkwasunrolledintoan

acycliclayerednetwork.

–Theresultingschemeistime-variant,requirescomplex

encoding/decodingandlargedelay

•KoetterandMédard(02):ifeachedgehasdelay,thenthere

existsatime-invariantlinearcodewithoptimalrate.

•Lietal(03):aheuristiccodeconstructionforalinear

time-invariantcode.

PreviousResults5
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LineGraph

•OriginallythenetworkismodeledasadirectedgraphG=(V,E)

•L(V,E)isthelinegraphwith:

–VertexSet:V=E∪s∪T

–EdgeSet:E={(e,e
′
)∈E

2
:head(e)=tail(e

′
)}∪{(s,e):

eoutgoingfroms}∪{(e,ti):eincomingtoti,1≤i≤d}

•Iftherearehedge-disjointpathsbetweensandtinG,thereare

correspondinghnode-disjointpathsinL.

LineGraph6
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Recallthefollowing:

•h:theminimalmin-cutbetweensandanyofthesinks

T={t1,···,td}

•F(D):theringofpolynomialswithbinarycoefficients

•F[D]:thefieldofrationalfunctionoverthebinaryfield.

•v(e):aglobalcodingvector(whosecomponentsmaybeinF[D])

assignedtonodee∈L.

•Thecodecanbeusedformulticastifandonlyifforallt∈T,

theglobalcodingvectorsincomingintotspanF[D]
h
.

LineGraph7
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Precoding

•WefindasetofnodesEDinL,suchthatifweeliminatethem,

therewillbenodirectedcycles.

•Toinsurethateachcyclewillcontainatleastasingledelay,the

codingcoefficientsforthissetwillberestrictedtobepolynomials

withDasacommoncomponent.

•Tomaintainthesamenumberofpossiblecodingcoefficients,if

wechoosepolynomialswithmaximaldegreeM,thenfore∈ED

themaximalpolynomialdegreeisM+1.

Precoding8
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•Inordertominimizethedelay,itisdesiredtominimize|ED|.

•FindingtheminimalEDisthelongstandingproblemoffinding

theminimalarcfeedbackset,whichisNP-hard.

•Thebestknownapproximationalgorithmwithpolynomial

complexityachievesperformanceratioO(log|V|loglog|V|).

•Forourpurposes-useanyapproximatesolutiontoinsertenough

delaysinthecycles.

Precoding9
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CodeConstruction

•Thecodeconstructiongoesinstepsovertheterminals:

LetLlbethesub-graphconsistingonlyofthenodesthat

participateintheflowfromstotl.Llisacyclic.

–Gooverthenodese∈Llinatopologicalorder.

–MaintainsalistofhnodesCl={e1,l,···,ei,l,···,eh,l},

eachbelongstoadifferentpath.

CodeConstruction10
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•Somedefinitions:

–Pj,l:thejthpathoftheflowfromstotl.

–pj,l⊂Pj,l:thesetofnodesfollowingej,l∈Cl(not

includingej,l).

–cj,l:thesetofcodingcoefficientsofedgeswithtailinpj,l

andheadinL\pj,l.

–rl:theunionofthesesetsofcoefficients:

rl=∪1≤j≤hcj,l

CodeConstruction11
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Thepartialcodingvector-u(e)

•u(e)isdefinedforalle∈Clastheglobalcodingvectorofe

whenallthecoefficientsinrlaresettozero.

•Vl={v(e):e∈Cl},Ul={u(e):e∈Cl}.

•RequiringVltospanF[D]
h
isnotsufficient.

•RequiringUltospanF[D]
h
issufficient.

•Attheendofstepl,Vl=Ul.

Thepartialcodingvector-u(e)13
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RequiringVltospanF[D]
h
isnotsufficient:
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•ThedashededgesareedgesinLkforsomek<l.

•ThecurrentedgesinClaree1,lande2,l.

•Wehavereachede
n
2,linthetopologicalorder.

•Thepreviousvaluem(e2,l,e
n
2,l)=0remainssincev(e

n
2,l)

andv(e1,l)arealreadyabasis.

•Nextwereache
n
1,landweneedtodeterminem(e1,l,e

n
1,l).

•Butforanyvalueofm(e1,l,e
n
1,l),wehavev(e

n
1,l)=v(e

n
2,l)

andthenewsetofvectorscannotbeabasis!

Thepartialcodingvector-u(e)15
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Returningtothealgorithm...

•Thealgorithmreachednodeei,l;wishestocontinuetoe
n
i,l,the

followingnodeinPi,l

•Sofar,thesetUl={u(e):e∈Cl}isabasis.

•Anewlistisgenerated:C
n
l=Cl∪e

n
i,l\ei,l.

•Thereisanewsetofpartialcodingvectors:

U
n
l={u

n
(e1,l),···,u

n
(e

n
i,l),···,u

n
(eh,l)}.

Returningtothealgorithm...16
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•Thealgorithmdeterminesacodingcoefficientm(ei,l,e
n
i,l)

betweennodeei,lande
n
i,lsothatU

n
lwillbeabasis.

•Letm
′
(ei,l,e

n
i,l)bethecodingcoefficientbetweenei,lande

n
i,l

beforethisstageofthealgorithm.

–Ifwithm
′
(ei,l,e

n
i,l)U

n
lisabasis-done!

–Otherwise-wehavethefollowingTheorem:

Theorem1Supposethatwithm
′
(ei,l,e

n
i,l)thesetU

n
lisnot

abasis.Thenwithanyothervaluem(ei,l,e
n
i,l)thesetU

n
lwill

beabasis.

Returningtothealgorithm...17
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Butwhatabouttheprevioussinks?

•Changingm
′
(ei,l,e

n
i,l)changesthecodingvectorsincoming

attheprevioussinks.Maynotbeabasisanymore!

•Theorem2LetCkbethesetofnodesincomingintothesink

tk,k<l.DenotebyV
′

k={v
′
(e1,k),···,v

′
(eh,k)},ej,k∈Ck,the

setofglobalcodingvectorsofCkwithm
′
(ei,l,e

n
i,l).

IfV
′

kisabasis,thenatmostasinglevalueofnewcoefficient

m(ei,l,e
n
i,l)willcausethenewsetVk={v(e1,k),···,v(eh,k)}not

tobeabasis.

Butwhatabouttheprevioussinks?18
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Summingitallup

•Ifm
′
(ei,l,e

n
i,l)mustbereplaced,pickanewvaluem(ei,l,e

n
i,l)

accordingtosomeenumeration.

–Checkiftheindependenceconditionissatisfiedforallsinks.

Otherwisetakethenextvalueform(ei,l,e
n
i,l).

–Sinceforeachsinkonlyasinglechoiceofm(ei,l,e
n
i,l)isbad,

itissufficienttoenumerateoverd+1coefficients.

•Thel-stepcontinuesuntilitreachesthesinktl,

•Thealgorithmterminateswhenitgoesoveralldsinks.

Summingitallup19
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Computationoftransferfunctions

•Intheconstructionalgorithmthetransferfunctionfromacertain

nodetoanothernodehastobecomputedineachstage.

•DefineforthelinegraphLthe|E|×|E|matrixCwhere

Ci,j=m(ei,ej)for(ei,ej)∈Landzerootherwise.

•KoetterandMédard(02):Thetransferfunctionbetweeneiand

ejisFi,j,ofthematrixF=(I−C)
−1

=I+C+C
2
+···.

•Fi,jcanbecomputedfromCwithcomplexityO(|E|
2
).

Computationoftransferfunctions20
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ComplexityofCodeConstruction

•Thecomplexityoftheprecodingdependsonthespecific

algorithmchosen.

•Thealgorithmbeginsbyfindingthedflowsfromthesourcesto

thesinksatcomplexityO(d|E|h).

•Thealgorithmhasdstepsandineachitmaygooverallnodes:

–Foreachstage,whencheckapossiblem(·,·):

∗Maycomputedhtransferfunctionsatcomplexity

O(dh|E|
2
)

ComplexityofCodeConstruction21
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∗PerformindependencetestforUlatcomplexityO(h),and

independencetestfortheothersinksatcomplexityO(dh
2
)

–Intheaveragecasecheckaconstantnumberofm(·,·)’s,thus

stagecomplexityO(dh
2
+dh|E|

2
)=O(dh|E|

2
)

–Attheworstcasecheckdvalues-complexityO(d
2
h|E|

2
).

•Totalcomplexity:O(d
2
h|E|

3
)intheaveragecaseand

O(d
3
h|E|

3
)intheworsecase.

ComplexityofCodeConstruction22
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Comparison

•Jaggielal,2003,presentedanalgorithmforacyclic

networkswithcomplexityO(|E|dh
2
)onaverageand

O(|E|dh
2
+|E|hd

3
)intheworstcase.

•Ouralgorithmcanalsobeusedforacyclicnetworksat

complexityO(|E|d
2
h
2
+|E|

2
)intheaveragecaseand

O(|E|d
3
h
2
+|E|

2
)intheworstcase.

Comparison23
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Asingledelayinacycle

•InKoetterandMédard(02)analysisforcyclicnetworksitis

assumedthateachnodeinLhasasingledelay.

•Butaswehaveshownitissufficienttohaveonlyasingledelay

foreachcycleinthenetwork.

•Songetal(05)showedthatforthis“asynchronoustransmission”

themin-cutisanupperboundonthepossiblerate.

•Sincethisboundisachievable,thisboundistight.

Asingledelayinacycle24
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AddingandRemovingSinks

•Theexistingconstructionalgorithms(foracyclicnetworks)do

notprovideasimplewaytoaddandremovesinks.

•Inouralgorithm-addinganewsinksimplycorrespondstoa

newstepinthealgorithm,asonlycodingcoefficientsintheflow

betweenthesourceandthenewsinkmightbechanged.

•Removingsinksisanalogoustoaddingsinks.

•Theefficientalgorithmforremovingandaddingsinkscanbe

performedforblockorconvolutionallinearnetworkcodes.

AddingandRemovingSinks25
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DecodingDelayoftheSequentialDecoder

I.AcyclicNetworks

•ThedelayofthesequentialdecoderproposedinErezand

Feder(04)isdefinedbythedeterminantofthematrix

A(D),whosecolumnsarethecodingvectorsinVl:

–Ifthetermwiththesmallestpowerofthedeterminantis

D
N
,thenthedelayisatmostN.

I.AcyclicNetworks26
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•ForeachcodingcoefficientwecanchoosefromM

polynomials.

•FornodeeincomingintosinktlletPm(e)bethepathfrom

stoeintheflowLl;denotebylm(e)thelengthofPm(e).

•Itcanbeshownthatforarandomcodetheaveragedelayat

tl,foranyM>disboundedby

delay(tl)=
∑

e∈Γin(tl)

lm(e)

I.AcyclicNetworks27
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ProbabilityDistributionofDelay

•Thecostoftheflowisgivenby

lm=
∑

e∈Γin(tl)

lm(e)

•Forrandomcodes,forlargeM,thedistributionofthedelay:

P(delay=q)=

(

lm+q−1

q

)(

1

2

)

q+lm

•ThedistributionisbetterforsmallerM,aslongasM>d.

ProbabilityDistributionofDelay28
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II.CyclicNetworks

•Forcyclicnetworks,theprecodingstageaddsdelayseven

forblockcodes⇒thesequentialdecoderisusefulbothfor

blockandconvolutionalcodes.

•TheelementsofA(D)mightingeneralberationalfunctions,

wherethedenominatorofeachelementisindivisiblebyD.

•Thereforetheleastcommonmultiplierofthedenominators,

denotedbylcmisalsoindivisiblebyD.

II.CyclicNetworks29
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•IfwemultiplyA(D)bylcmtoyieldÃ(D),thenthe

determinantismultipliedbylcm
h
.

•A(D)andÃ(D)havethesamedelaywiththesequential

decoder.

•ThedelayforÃ(D)isdeterminedbythesumofdelays

accumulatedalongthehpathsbetweenthesourceandthe

sink.

•Incomparisontoacyclicnetworks,thisdelaymightincrease

onlybythenumberofnodesinED.

II.CyclicNetworks30



'

&

$

%

ProofofTheorems

ProofofTheorems31
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Lemma1

Lemma1Considerasetofnodes{e1,···,eh}andtheir

codingvectorsW={w(e1),···,w(ei),···,w(eh)},whichmay

bepartialorglobalcodingvectors.Considernowthecoding

vectorsofthesamesetofnodes

W̃={w̃(e1),···,w̃(ei),···,w̃(eh)},whenm(ei,e)=0for

∀e∈L.ThesetWisabasisiffthesetW̃isabasis.

Lemma132
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ProofOutline

•Splitnodeeiinto3nodes:etail,emidandehead,connected

byedges(etail,emid)and(emid,ehead).

•Gee:thetransferfunctionfromeheadtoetailinL\emid.

•Therelationbetweenw(ei)andw̃(ei)is:

w(ei)=w̃(ei)+Geew̃(ei)+···=
1

1−Gee

w̃(ei)

ProofOutline33
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•Theothervectorsaregivenby:

w(ej)=w̃(ej)+Fij

1

1−Gee

w̃(ei),j6=i

whereFijisthetransferfunctionfromeitoej.

•TherelationbetweenWandW̃islinearandinverse⇒

abasisWwillbemappedtoabasisW̃andviceversa.

ProofOutline34
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ProofofTheorem1

•DenotethecodingvectorsofC
n
lwhenallthecoefficientsin

rlarezerobyŨ
n
l={ũ

n
(e1,l),···,ũ

n
(e

n
i,l),···,ũ

n
(eh,l)}.

•AssumeUl={u(e1,l),···,u(ei,l),···,u(eh,l)}isabasis.

•Afterreplacingm
′
(ei,l,e

n
i,l)bym(ei,l,e

n
i,l),ũ

n
(e

n
i,l)equals:

ũ
n
(e

n
i,l)=ũ

′
(e

n
i,l)+(m(ei,l,e

n
i,l)−m

′
(ei,l,e

n
i,l))u(ei,l)

ProofofTheorem135
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•UsingthisrelationitcanbeshownthatifUlisabasisand

ifwithm
′
(ei,l,e

n
i,l)thesetŨ

n
lisnotabasis,thenforany

otherm(ei,l,e
n
i,l)thesetŨ

n
lisabasis.

•FromLemma1itfollowsthatthesetU
n
lisalsoabasis.

ProofofTheorem136
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ProofofTheorem2

•Beforethereplacementofm
′
(ei,l,e

n
i,l)theset

V
′
k={v

′
(e1,k),···,v

′
(eh,k)}isabasis.

•Wewanttoanalyzewhenafterthereplacementto

m(ei,l,e
n
i,l)thenewsetofglobalcodingvectors

Vk={v(e1,k),···,v(eh,k)},isalsobasis.

•Assumethattheedgesoutgoingfromei,l,except(ei,l,e
n
i,l),

areΓo={(ei,l,e1),···,(ei,l,eq)}.

ProofofTheorem237
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•ThesystemGeecanbeexpressedas

Gee=G1+m(ei,l,e
n
i,l)G2,

•Theglobalcodingvectorv(ei,l)isgivenby:

v(ei,l)=ṽ(ei,l)+Geeṽ(ei,l)+···=
1

1−Gee

ṽ(ei,l)

=
1

1−m(ei,l,e
n
i,l)Q

y(ei,l)

whereQ=G2/(1−G1)andy(ei,l)=ṽ(ei,l)/(1−G1).

ProofofTheorem238
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•Usingthelinearityofthecode,itcanbeshownthatfor

1≤j≤h:

v(ej,k)−v
′
(ej,k)=f(m(ei,l,e

n
i,l))Hjy(ei,l)

whereHj≡F1,j+QF2,jandF1,jisthetransferfunction

fromei,ltoej,k,whenm(ei,l,e)=0,e∈Γo\(ei,l,e
n
i,l),and

F2,jwhenonlythecoefficientm(ei,l,e
n
i,l)=0.

ProofofTheorem239
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•Supposetherepresentationofy(ei,l)inbasisV
′
kis:

y(ei,l)=β1v
′
(e1,k)+β2v

′
(e2,k)+···+βhv

′
(eh,k)

•UsingthisrelationandtheassumptionthatV
′
kisabasis,

thesetVkisnotabasisonlyifthefollowingsetofequation

hasanontrivialsolution:

−
1

f(m(ei,l,e
n
i,l))














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.

αh




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


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
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
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
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


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





ProofofTheorem240
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•Anontrivialsolutionexistonlyifthematrixhaseigenvalue:

λ=−
1

f(m(ei,l,e
n
i,l))

•Thematrixhaseigenvalue0withmultitudeh−1and:

λ=trace(A)=H1β1+H2β2+···+Hhβh

withmultitude1.

ProofofTheorem241
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•ItcanbeshownthatVkisnotabasisonlyfor,

m(ei,l,e
n
i,l)=

m
′
(ei,l,e

n
i,l)−

1−m
′
(ei,l,e

n
i,l)Q

trace(A)

1−Q
1−m

′
(ei,l,e

n
i,l)Q

trace(A)

⇒foratmostasinglechoiceofm(ei,l,e
n
i,l)thesetVkwill

notbeabasis.

ProofofTheorem242


