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Abstract

Combination of multiple evidences (multiple query formulations, multiple retrieval schemes or systems) has been shown (mostly experimentally) to be effective in data fusion in information retrieval. However, the question of why and how combination should be done still remains largely unanswered. In this paper, we provide a model for simulation and analysis in the study of data fusion in the information retrieval domain. A rank-score function is defined and the concept of a Cayley graph is used in the design and analysis of our framework. Our model and results have led to better understanding of the data fusion phenomena in the information retrieval domain. In particular, we have shown (analytically) and in simulation that combination using rank performs better than combination using score under certain conditions.
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1. Introduction


Since information retrieval can be considered as a problem of inference (see e.g., van Rijsbergen, [19], 1986), it is a process concerned with estimating, given available evidence about things, such as information need and documents, the likelihood (or probability) of  relevance of a document to the information need. As such, different query formulations constitute different sources of evidence that could be used to infer the probable relevance of a document to an information need. This can be generalized to include any source of evidence that might be used for IR such as the evidence of different retrieval techniques, different document representation techniques, or different IR systems. 
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Figure 1. Information Retrieval (IR) Process
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                          Figure 2. Multiple Formulations and Multiple Schemas 

Information retrieval can be viewed as a process which takes a query (Q) as an input and produces the output which is a list of documents or results (R) (see Figure 1(a)). The IR process entails a query formulation (F) or representation and a scheme or system (S) which processes the query formulation in order to obtain results (R) (see Figure 1(b)). With the advent of computer science and information technology (in particular, database technology and information retrieval technology), it has become feasible and possible to improve information retrieval system performance by considering multiple representations and multiple schemes. Figure 2 lists three of such possibilities: multiple formulations single scheme (MFSS) (Figure 2(a)), single formulation multiple schemes (SFMS) (Figure 2(b)), and multiple formulations multiple schemes (MFMS) (Figure 2(c)). However, very few of the developments have actually investigated the effect of multiple representations or retrieval schemes on performance.

Belkin et al ([3], 1993) reported their results on the effect of combining multiple representations of information need on the performance of a single IR technique in their two individual studies in the TREC-2 program. Belkin et al ([4], 1994) and Fox and Shaw ([8], 1994) investigated the effect of combination of multiple representations of TREC topics on retrieval performance. Both projects found that the best method of combination often led to results that were better than the best performing single query. However, they indicated that choosing the best query often results in significant performance differences from combined queries. They also pointed out that in any single run there are always instances of combined queries performing better than the best and on average, combination does better. Lee ([13], 1997) presented rationale for evidence combination that different runs return similar sets of relevant documents but retrieve different sets of non-relevant documents. He also investigated the effect of using ranks instead of using similarity on retrieval effectiveness. In particular, he showed experimentally  that in some circumstances, using ranks works better than using similarity. In their study of the problem of predicting, in advance, whether combination (or fusion) of two or more retrieval schemes will be worth doing, Ng and Kantor ([16], 1998) identified two predictive variables for the effectiveness of the combination: (a) a list-based measure of output dissimilarity, and (b) a pair-wise measure of the similarity of the performance of the two schemes. In a subsequent study, Ng and Kantor ([17], 2000) investigated the prediction power of these two variables using symmetrical data fusion and  receiver operating characteristic (ROC)  curve. They studied the ROC curve of the two predictive methods: parametric logistic regression and the non-parametric bin packing method. Although these two methods are comparable in the sense that they have very similar ROC curves when applied to the test data, the predictive power of the non-parameter bin packing has higher detection rate for the region with false alarm rate greater than or equal to 60%. However, the authors also concluded that the two predictive variables do not completely determine whether simple (linear) and symmetrical data fusion will be effective.

 In this paper, we consider the problem of data fusion in information retrieval domain (see Figure 2). On one hand, we restrict ourselves to information retrieval using similarity measures to search for proper (relevant) documents in the databases or on the World Wide Web when presented with an information need (a query). On the other hand, our consideration includes the general MFMS setting  (see Figure 2(c)).   

Remark 1.1 

(a) Different formulations (or representations) can be derived from the same query by different experts. But they can also be obtained from different (disjoint or non-disjoint) subsets of the same query. 

(b) The search can be based on different formulations  (see Figure 2(a)) or/and using different schemes (or systems) (see Figures 2(b) and 2(c)) on the same database (or the whole World Wide Web). But they can also be obtained from searching different (disjoint or non-disjoint ) subsets of the database (or WWW).

We establish a framework for the study of combining multiple evidences (multiple representations or/and multiple schemes) in information retrieval that involves similarity measure. The outcome of each retrieval (or search) is presented to the user as a list of three columns x, rA(x), and sA(x)  where x’s are indices (documents), and rA(x), and sA(x)  are the rank and score functions respectively for the retrieval scheme (or system). A performance of each list is evaluated using either precision at certain cut off point in ranking order or average precision. When multiple lists (evidences) are obtained resulting from multiple formulations, multiple schemes, or even different runs, we study data fusion (or combination) of these lists in the context of ranking, scoring, and ranking vs. scoring. 

In Section 2, we describe data fusion and its use in combining multiple evidences (e.g., multiple lists) in information retrieval. We also briefly survey previous works by other researchers. Section 3 contains our framework. Section 4 gives an analytical result which strongly supports the advantage of using the framework.   Experimental results are included in Section 5. More detailed discussions and remarks are summarized in Section 6 which concludes the paper. 

2. Data Fusion in Information Retrieval

Data fusion (DF) is a process (acquisition, design, and interpretation) of combining information gathered by multiple agents (sources, schemes, or systems) into a single representation (or result). Data fusion has been used in pattern recognition where results from multiple recognizers (or classifiers) with different feature extracts are combined so as to achieve better result (see e.g. [24], 1992). Multiple sensor DF has been studied in various application domains such as signal detection, target tracking, image processing, surveillance and defense applications (see Varshney, ed. [22], 1997). 

The concept of data fusion has been used in information retrieval to study the combination of multiple evidences resulting from different query formulations or from different schemes. Many empirical studies have been performed and various results have been obtained. While some of the major issues related to the questions such as why and how multiple evidences should be combined remain unanswered, researchers have come to realize the advantage and benefit of combining multiple evidences. 

Saracevic and Kantor ([20], 1988) stated explicitly that taking into account the different results of the different formulations could lead to retrieval performance better than that of any of the individual query formulations. The project reported in Belkin et al ([3], 1993) studied the effect of combining multiple representations of information problems on the performance of the INQUERY probabilistic inference network retrieval engine. The ten topic descriptions under study were taken from the first 50 user topics distributed by TREC organizers. Ten online searchers who were experienced users of large commercial databases participated in the project. Each of the ten volunteer searchers created a query representation for five different topics. This resulted in 50 query formulations which were then partitioned into five query groups. The performances of these 5 query groups (1-5) and 4 other combining Boolean query groups (1+2, 1+2+3, 1+2+3+4, 1+2+3+4+5) were then evaluated (using average precision) and compared against the INQUERY result (INQC). Although their results showed that, in general, progressive combinations of query formulations leads to progressive improvement in  retrieval performance, the INQUERY results (INQC) were substantially better than those of the combined Boolean queries. The authors then considered the issue of combining INQC and the combined Boolean queries (1+2+3+4+5) as two different sources of evidence as Turtle and Croft did in ([21], 1991) to combine natural and Boolean queries. The overall retrieval performance became worse when more weight was given to the Boolean query evidence. However, the performance was improved when fractional weights were given to the combined Boolean queries. 

 
Belkin et al ([5], 1995) reported on two studies conducted in two different institutions that investigated the effect on retrieval performance of combination of multiple representations of TREC-2 topics. In the project conducted at Rutgers (see[4], 1994), five separate Boolean queries for each of the 75 ( 50 TREC  routing and 25 TREC ad hoc) topics were generated by 75 experienced online searchers. Also using the INQUERY retrieval system, these five Boolean queries were both (a) combined into single queries, and (b) used to produce five separate retrieval results for each topic. In both cases, the results showed that progressive combinations of queries led to progressively improving retrieval performance, much better than that of single queries, and at least as good as the best individual single query formulations. In the Virginia Tech project (see [8], 1994), two vector queries and three P-norm extended Boolean queries for each routing and ad hoc topic were compared and combined. 

When dealing with query combination, the rules used (CombSUM, CombANZ, and CombMNZ) were based on similarity scores between a topic and a document. On the other hand, when dealing with multiple evidences from different schemes (or systems), combinations (MAX, MIN and MED) were based on rank information. Encouraged by the interesting and generally positive results of the two separate studies involving combination of evidences (using similarity scores) or data fusion (using rank information), Belkin et al ([5], 1995) performed two other experiments. The first experiment denoted as j* dealt with the combination of two results (one generated by prior (ad hoc) or wtrain (routing) method of Rutgers and the other by CombSUM method of VT) using two different DF logics and a sum of similarity scores. In the second experiment denoted as 3*, these sets of results (two from the VT schemes (lv and P1.5) and one from the Rutgers scheme (prior or wtrain)) were submitted to one DF logic and a sum of similarity scores. The results of these two experiments (using 5 fusions jmin, jmax, jsum, 3 med, and 3 sum) showed that in the ad hoc (and routing) case, the combined schemes beat all their inputs except CombSUM ( and wtrain) respectively. Overall, the above experiments (Rutgers, VT and the combined) showed strong support for adaptive weighing in query combination, for enlarging the set of query representations, and for the use of different retrieval systems. Moreover, they stated that: 

Remark 2.1

(a) When different systems are commensurable, combination using similarity scores is better than combination using only ranks.

(b) When multiple systems have incompatible scores, a DF method based on ranked outputs rather than the scores directly is the proper method for combination. And 

(c) Although results from the experiments for combination of results from different databases are encouraging, it is not clear that such combination is possible among systems that have different methods for computing similarity scores. 

The paper by Pfeifer, Poersch, and Fuhr ([18], 1996) gave a review of known similarity measures in search for proper names. Their experiments (on measures dealing with phonetic similarity, typing errors, and plain string similarity) showed that all three approaches perform significantly better than a system based on exact-match searches only. They suggested that further improvements are possible by combining different methods. Although they realized that combining two or three different similarity measures seems to be very promising, they indicated that further work for maintaining and searching one or two more methods has to be considered. 

Lee ([13], 1997) provided more experimental results supporting that data fusion improves retrieval effectiveness. By analyzing research results obtained in the DF literature, Lee gave a new rationale for evidence combination that different runs retrieve similar sets of relevant documents but retrieve different sets of non relevant documents. He also investigated the effect of using rank instead of similarity on retrieval effectiveness and found that: 

Remark 2.2

Data fusion using rank works better than using similarity scores if the runs in the combination have ‘different’ rank-similarity curves. 

The LC (linear combination) model for fusion of IR systems combines the results lists of multiple IR systems by scoring each document with a weighted sum of the scores from each of the component systems. Vogt and Cottrell ([23], 1999) study the problem of predicting the performance of a combined system. They introduced a parameter which measures the difference between the average score of relevant documents and the average score of non-relevant documents. Their analysis supports a hypothesis that an LC model should only be used when the systems involved have high performance, a large overlap of relevant documents, and a small overlap of non-relevant documents.

Using the output lists of the 26 and 23 IR schemes produced for the routing tasks of the TREC 4 and 5 meetings for training and testing respectively, Ng and Kantor ([17], 2000) studied 16,250 cases and 11,385 cases of pair  wise data fusion for 50 topics. They used ROC curve on the two predictive methods: parametric logistic regression and the non-parametric bin ranking method to study the two predictive variables identified in their earlier work ([16], 1998). The first variable is a list-based measure of output dissimilarity. This is the Kendall distance (see Marden [15], 1995)  dk(ra,rb)  between two different output rank lists ra and rb. The second variable deals with a pair-wise measure of the similarity of performance of the two schemes. 

Using precision at the 100th document, P@100, to represent efficacy similarity, they use ratio Pl/Ph (Pl and Ph are P@100 for the lower and higher performance schemes respectively) as a variable to measure the similarity of performance of the two IR schemes. Of the 16,250 cases in the DF training data set, 3623 cases are positive cases where the performance of each of the fused system is better than the best of the two original schemes. There are 9171 negative cases (performance worse than the best of the two). Although they found that most of the positive cases have ratio of precision Pl/Ph close to 1, they also stated that the two predictive variables do not completely determine whether simple  (linear) and symmetric data fusion will be effective. In fact, while the work of Vogt and Cottrell ([23], 1999) achieved impressive high levels of statistical success as indicated by the R2 coefficient, Ng and Kantor ([16], 1998) found their results statistically significant but having substantially lower values of R2.

Previous empirical and experimental results (including those reviewed in this section) have achieved certain statistical success in understanding the effectiveness of data fusion (with multiple representations of queries, or multiple schemes, or in different runs) in information retrieval. However, the general questions of “why” and “how” DF in IR can be effective still remain unanswered. All these indicate that the problem has a tremendously high complexity and dimensionality. They have become both quantitatively and qualitatively difficult to trace. In an IR system (see Figure 1), different schemes (systems or engines) can use different techniques (or algorithms) to measure the likelihood or probability of relevance of a document to a given query. Moreover, the choices of techniques (or algorithms) rely heavily on the application domain they are applied to or used in. This situation is complicated by having a variety of multiple representations of the information need and a large and multi-faceted collection of documents (see Figure 2 (a), (b), (c)). Multiple representations (or query formulations) can occur either as a result of the interpretation of the original need by multiple experts or as disjoint or non-disjoint subsets from the partition of the original query (such as a long query). In both cases, they also involve semantic consideration. On the other hand, the document space consists of not only large and different structured database systems but also a variety of sites (such as the World Wide Web) located in different networks and different countries. 

In this paper, we continue the study of the problem of whether DF in IR is worth doing and how fusion should be done. We take the modeling approach, which will encompass several fundamental issues related to the theoretic treatment of the complex problem. We establish a model based on Cayley graphs and digraphs (called CG model) with the following characteristics: 

Remark 2.3

(a) Each of the multiple evidences (say evidence A) is presented as a list of three columns (or vectors) x, rA(x) and sA(x) indicating indices, rank data, and score function respectively. 

(b) Assuming that there are n different documents, each rank data presented by an evidence is then considered as a permutation of these n documents. 

The experimental and analytical results discussed in this section not only are very useful and informative but they also provide us with clear foundation for the modeling approach from many different angles. Our CG model considers the situation that there are m multiple evidences and n documents. For each query, the outputs are the m rank lists each consisting of three vectors: document, rank data, and score function. Each rank data is a permutation of the n objects (i.e. documents) and the set of all permutations of n different objects is a group under the binary operation “composition”. Two permutations α  and  β on n objects are denoted by: 

	  x
	1,   2,   3, …, n

	α(x)
	α1, α2, α3, …, αn

	β(x)
	 β1, β2, β3, …, βn


where α1, β1 = α(i), β(i)  respectively. The composition αoβ of α and β is defined as (αoβ)(x)= α (β (x)). The set of all permutations with “o” operation is (called) the symmetric group Sn of order n. On the other hand, we write the rank data as a n-vector with each component an element in [n] = set of all integers x, 1 ( x ( n. Then the rank data column rA(x)  of the evidence list A can be written as rA(x): (A1, A2, A3, …., An) which is a point in the n-dimensional real number plane Rn. A permutation 
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 can be also written as cycles. For example,
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In Remark 2.3 (a) the score function sA(x) for system A depends on the rank data rA(x) and a rank-score function of the system A. The rank-score function fA for the system A is a function from [n] to [0, s]={x ( R and 0 ( x ( s}where s is the highest score the system A can have. Hence sA(x) = fA (r-1A(x)). In the study of multiple query formulations or data fusion, the number  s  in each of the systems has to be unified and the score functions have to be normalized. 

 In this paper, our model uses a rank list which consists of a rank function (as a permutation in Sn) and a score function (which is the composition of the rank data and the rank-score function of a system). We perform analytical study and simulation of the DF of different rank lists and investigate the effectiveness of these DF’s. We also study DF techniques using rank vs. score combination and explore further the question of when and why one kind of combination is better than the other. We believe that our model and approach will provide better understanding of the phenomena surrounding the issue of effectiveness of DF in information retrieval.

3. Model and Architecture

We first review and define some of the notation and terminology, which will be used in latter sections. For positive integers k and n, let [n]={1, 2, 3, 4, …, n} and [k, n]=[n]-[k-1]. If ( ( Sn, we write (i=((i). As stated before, a permutation ( can be written as a 2 ( n matrix or a row vector as : 


( =       = ((1, (2, (3,  (4,…, (n).

It can be also written as the product of disjoint cycles each consisting of elements from [n]: 

( = ((11 (12 ….(1k1) ((21 (22 …..(2k2)….( (h1 (h2…..(hkh)

 where ( (aij)=ai(j+1), ((aiki) =ai1 and  
[image: image6.wmf]n

k

h

i

i

=

å

=

1


        

One example is ( =                                     =(4, 6 ,3, 5, 1, 2)=(1 4 5)(2 6)(3) = (1 4 5)(2 6)

Often a cycle of length one is ignored without any ambiguity. We also adopt the convention that each permutation is written interchangeably (without confusion) as an ordered list of elements of [n] and as concatenations of cycles of elements of [n].

The set Sn, which consists of all permutations on [n], is a group under the composition operation “o”. The symmetric group Sn, when imposed a metric, would become a metric space. For example, when the metric is Kendall distance dk((, () which counts the number of discordant pairs between ( and (, Sn then become a metric space denoted as (Sn, dk). However, since the metric space (Sn, dk) is discrete and it is a special case of a more general structure, we define the concepts of a Cayley graph and Cayley digraph as follows.

Definition 3.1: Let Γ (or Γ’) be a group and S (or S’) a generating set of Γ (or Γ’). Cayley digraph G(Γ, S) is the directed graph with node set V(G) = Γ and arc set A(G)={(a,b)| a, b ( Γ, ba-1 ( S}. The Cayley graph G’(Γ’, S’) is an undirected graph with node set V(G’)=Γ’ and edge set E(G’)={(c, d)| c, d ( Γ’, cd-1, dc-1 ( S}.

The study of Cayley graphs and digraphs, sometimes under the name Cayley color-group or Cayley diagrams, can be dated to the 1940’s. Recent survey and treatments can be found in ([6], 1997) and ([9], 2001 -Chapter 6.4). In our applications here, we are more concerned with the case of Cayley digraph where Γ = Sn, the symmetric group, and S is a generating set with transpositions. Two kinds of S we are most interested in are T1 and T2:

T1 = {(t, t+1)| t ( [1, n-1]},

and

T2 = {(i, j)| i, j ( [n], i 
[image: image7.wmf]¹

j, i < j}

We are using the Cayley digraph G(Sn, T), T = T1 or T = T2, as the rank space. G(Sn, T1) and G(Sn, T2) are closely related to the two metric spaces (Sn, dk) (defined by Kendall distance dk(α,β) and (Sn, dcay) (using Cayley’s distance dcay(α,β), both defined in Marden ([15] 1995) ). While dk(α,β) counts the number of discordant pairs between α and β dcay(α,β) counts the minimum number of arbitrary pair wise interchanges needed to bring the  α order [x1, x2, ….,xn] to the β order [β1, β2, …., βn].

When dk((, ()=1, ( and ( are related to (or incident with) each other by a adjacent transposition ( in Sn. It follows that (Sn, T1) is a graph where Sn is the set of all permutations of [n] [(1, (2, (3,  (4,…….(n] and T1={(t, t+1)|t([1, n-1]} defines the adjacency among two nodes ( and ( ((~( if ( = ( ◦ (  for some ( in T1). In fact, this means that Kendall distance dk((, () is equivalent to the graph distance d((, () calculated in the Cayley graph G(Sn, T1). Same kind of equivalence occurs when the distance is the Cayley distance and the adjacency in the graph is defined using the sets of transpositions T2. Since the Cayley distance dcay ((, () counts the minimum number of arbitrary pair wise interchanges needed to bring the order of ( to the order of (, the pair wise interchanges are the permutations which are transpositions T2={(i,j)| i, j ([n], i<j,  i(j}. Hence the Cayley digraph (Sn, T2) is equivalent to the metric space (Sn, dcay). 

In our approach of studying DF in information retrieval, a ranked list consists of a rank data and a score data. A rank data rA(x)  is a ranking of the documents in D={d1, d2, …, dn}. Although often we use the numerical subindices to denote the documents, it is easy to confuse document ordering and ranking. In order to alleviate this problem, we note that when we write (for example) the following ranked list: 

	x
	 1   2  3  4  5  6  7  8  9  10

	rA(x)
	 2   3  5  6  8  4 10 7  1   9

	sA(x)
	10  7  7  6  5  4  3  2  1   1


It means the following: 

	x
	1      2      3      4      5      6      7       8      9      10

	y
	d1   d2     d3     d4    d5     d6     d7     d8     d9     d10

	rA(x)
	d2  d3     d5    d6    d8     d4     d10     d7     d1     d9

	fA(x)
	10    7      7      6      5      4      3        2      1       1

	sA(y)
	     1    10    7      4      7      6      2        5      1       3


Remark 3.1


We specifically note that because of the notational convention we have 

sA(y) = (fA ◦ r -1A)(y) = fA ( r -1A(y)) = fA(x) , where rA(x) = y

Therefore, the two functions fA(x) and sA(y) should not be confused. However, where there is no ambiguity we write sA(x) to mean fA(x).

For a ranked list A with rA(x) and sA(x) and q ( [n], we define two notations to measure the performance of the systems (or schemes) which give the ranked list A. 

Definition 3.2 (Precision at q and average precision)

Let A(k) = {i([n]| i ≤ k}  and A(k)= smallest set Aj, 1 ≤ j ≤ N, s.t. |Aj (Rel|=k, where Rel=set of all documents (denoted as integers) that are judged to be relevant. If |Rel|=q  for some integer q (0 ≤ q ≤ N) we define two measures as follows: 

Precision at q of A:                   
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For two ranked lists A and B, we present two, quite different, ways of combining A and B. One uses rank and the other uses score. 

Definition 3.3: (Rank combination) Given two ranked lists A and B with rA(x), sA(x) and rB(x), sB(x) respectively, let fAB(x)=1/2[r-1A(x) + r-1B(x)]. Sort the array fAB(x) in ascending order and let sf(x) be the resulting array. Then the ranked list C which is the combination of A and B using ranks has rC(x) = f -1AB(sf(x)) as the rank data. 

Definition 3.4: (Score combination). Given two ranked lists A and B with rA(x), sA(x) and rB(x), sB(x), let gAB(x)=1/2[sA(r-1A(x))+sB(r-1B(x))]. Sort the array gAB(x) in descending order and let sg(x) be the resulting array. Then the ranked list D which is the combination of A and B using scores has rD(x)= g-1AB(sg(x)) as the rank data. 

We illustrate the above two definitions with the example in Figure 3 for a case n=10. Note that each of the two rank data fAB(x) and gAB(x) may contain duplicate values (such as in fAB(x) in Figure 3(c)). When this happens, we use the convention of choosing the smaller rank in the inverse mapping  f-1AB or  g-1AB.  Therefore in Figure 3(c), we would pick “1” first and then “8” because f-1AB(sf(6)) = f-1AB(6.5)={1,8}. 

	  x
	    1    2    3     4     5      6     7     8     9    10

	rA(x)
	    2    8    5     6     3      1     4     7    10    9

	sA(x)
	   10   7  6.4   6.2   4.2   4     3     2     1     0


(a) Ranked list A

	  x
	    1     2     3     4     5     6     7     8     9     10

	rB(x)
	    5     9     6     2     8     7     1     3     10     4

	sB(x)
	  10     9     8     7     6     5     4     3      2      1     


(b) Ranked list B

	  x
	   1      2      3      4     5      6      7      8      9      10

	fAB(x)
	  6.5   2.5    4    8.5    2     3.5    7     6.5     6      9

	sf(x)
	   2     2.5   3.5    4     6     6.5    6.5    7     8.5    9     

	rC(x)
	   5      2      6      3     9       1      8      7      4     10


(c) Combination of A and B by rank

	x
	 1       2       3       4      5      6      7      8      9     10

	gAB(x)
	4.0    8.5    3.6    2.0   8.2   7.1   3.5    5     4.5   1.5

	sg(x)
	8.5    8.2    7.1    5.0   4.5   4.0   3.6   3.5   2.0   1.5

	  rD(x)
	 2      5        6       8     9      1      3       7      4      0


(d) Combinations of A and B by score

Figure 3. Combinations using rank vs. score, n=10

We now recall that the rank-score function fA defined in Section 2 is a function from [n] to [0,s] = { x ( R and 0 ( x ( s }where s is the highest score that can be assigned by A. The function fA so defined is independent of the documents. It only depends on the set [n] which is used to rank or order documents. The function sA(x) is then obtained as sA(x) = fA(r-1A(x)). Hence, in a sense, the score data sA(x) is not assigned to the document, but rather to the rank to which the document is assigned to. Figures 3(a) and 3(b)  give two examples for sA(x) and sB(x). 

Figure 4 gives four rank-score functions grouped in two different settings to show the contrast. The two functions in Figure 4(a) are taken from the two score data functions in Figures 3(a) and 3(b). The two examples in Figure 4(b) have n=500 and S=100.
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Figure 4. Four rank-score functions in two different groups

Our approach to the study of effectiveness of DF in IR consists of a model of simulation and analysis and an architecture summarized in Figure 5. We use the symmetric group Sn as our sample space (or sometimes called rank space) with respect to n documents. Since the total number of possible rank data vectors is n! which is computationally intractable, we use the 2 x 2 diagram in Figure 5 to simulate the phenomena. Two basic rankers (or ranked lists) are used (called A and B). Each ranker A has a rank data rA(x), a  score data sA(x), and the performance P(A), P@q(A) or  Pavg(A). By employing different variations of A and B and using a random permutation ( between A and B, we hope to be able to extend and generalize our results. In the next section (Section 4), we will have results of our simulation in two cases. The first case deals with the situation that rA(x) is fixed as the identity permutation and sA(x) is also fixed as a straight line passing through points (1, S) and (n, 0) in the rank-score function graph. In the second case, sA(x) is fixed as in the first case, but rA(x) is obtained as a random permutation. In section 5, we show that when the permutation ( = ( i, j) (a single

transposition), sB(x) has one single turning point (a, b), and q<a, then the performance of

the combination by ranks is always better than that of the combination by score, i.e

 P@q(C) ( P@q (D). 
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Figure 5. DF Architecture

 4. Analysis

In this section, we take the general view as stated in Remark 2.3.. As such, each evidence A is presented as three vectors [n], rA(x) and sA(x) indicating index, rank data and score data for n distinct documents. Each rank data rA(x) = [A1, A2, A3, …, An] is then considered as a permutation of the n documents (or objects in general). Therefore, rA(x) is considered an element in the rank space Sn and a node in the Cayley digraph G(Sn, T) (see Definition 3.1 where T is defined). Armed with the framework described in Section 3 and previous results discussed in Section 2, we are now able to formulate the central problems in the study of data fusion in information retrieval domain. Let A and B be two evidences presented as [n], rA(x), sA(x) and [n], rB(x), sB(x) respectively. These are also considered as nodes in the Cayley digraph G(Sn, T) for some T. Let C and D be the results of fusion from A and B defined in Definition 3.3 and Definition 3.4 respectively. Let P(C) and P(D) be the performance measurement defined in Definition 3.2. We have

Problem 1.  For what A and B, P(C) (or P(D)) > max{P(A), P(B)}?

Problem 2. For what A and B, P(C) > P(D)?

Since the rank space Sn has n! elements, the number of possible (A, B) pairs is of order (n!)(n!-1)/2 = θ((n!)2) which is computationally unmanageable. In the following section (Section 5), we will study the problem for two different cases.  In particular, we investigate by simulation the performance of C (and of D) for two cases, (5.1) rA = eA the identity permutation and rB = random, and (5.2) rA = random and rB = random. Actual values we used are n = 500, s = 100 with precision at 50 (P@50) and average precision (Pavg). Among the many results and phenomena observed from these simulations, we see the following pattern:

Remark 4.1
Let A and B be represented as [n], rA, sA and [n], rB, sB respectively. Let C and D be obtained and represented as [n], rC, sC and [n], rD, sD respectively as in Figure 5 in Section 3.  As long as sA and sB are “far apart” and q~n/10, then %(P@50(C) > P@50(D)) >> %(P@50(C) < P@50(D)) and %( Pavg(C) > Pavg(D)) >> %(Pavg(C) < Pavg@50(D)) in the case when rA = eA and rB = random. In the cases that rA = random and rB = random, %(Pavg(C) > Pavg(D)) > %(Pavg(C) < Pavg(D)).

We now analyze the special case when rA = eA, the identity permutation, and rB = random, and sA, sB are two lines as non-decreasing functions. We assume that sA is the straight line L((1,s), (n,0)) connecting the two end points (1,s), (n,0) and sB is the combination of the two end points L1((1,s),(x,y)) and L2((x,y),(n,0)) which meet at (x,y). We state and prove the following lemma:

Lemma 1: Let sA, sB be defined as above. Let gAB be defined as in Definition 3.4. Let L1 and L2 meet at (x*,y*). Let i Є [1, x*] and j Є [x*, n]. Let  rA = eA, the identity permutation, and rB = t○eA, where t = the transposition (i, j), i < j. Then gAB(i) ≥  gAB(j) if and only if 
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(or equivalently 
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Proof: Since sA is defined by the straight line L which connects the two end points (1,s) and (n,0), we have L as a function y(x) = s – (s/(n-1))(x-1). We find the function for L1 and L2 which meet at (x*, y*) in a similar fashion:
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We have rA(i) = i, rA(j) = j and  rB(i) = j, rB(j) = i; and sA(i) = y(i), sA(j) = y(j) and  sB(i) = y1(i), sB(j) = y2(i). By definition of gAB, we can calculate the values for gAB(i) and  gAB(j):


[image: image16.wmf])]

(

)

(

[

2

1

))]

(

(

))

(

(

[

2

1

 

(i)

g

1

1

AB

j

s

i

s

i

r

s

i

r

s

B

A

B

B

A

A

+

=

+

=

-

-

  
. . .

(3)

and
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By Equations (1) – (4) and y(x), we have gAB(i) ≥ gAB(j) if and only if 

sA(i) + sB(j) ≥ sA(j) + sB(i). Hence we have
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Group i-terms and j-terms together respectively and move other terms to the right hand side and let d = sn - ny* + y* - sx*. We have d = sn – (n-1)y* - sx* > 0 when 
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Dividing both side of (5) by d and simplifying, we obtain
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Multiply both side by 
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This completes the proof of the theorem.

Lemma 2: Let rA, sA, rB, sB be as defined in Lemma 1. Let (x*, y*) be the point  which connects L1 and L2. Let i, j be such that i < x* < j < n. Let (x*, y+) be the midpoint between (x*, y*) and (x*, y(x*)). If gAB(i) ≥ gAB(j), then  gAB(i)  ≤  y+.

Proof: We only show the special case when L = ((0,1),(n,0)). Other cases are analogous to it. Here we have the function for L: y = 1 – (1/n)x. We have the functions for L1 and  L2:  y1 = ((y*-1)/x*)x + 1 and y2 = (y*/(x*-n))(x-n) and
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After simplifying, it follows that
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, we have 
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Theorem 3: Let A, B, C and D be defined as before. Let sA = L and sB = L1 U L2 (L1 and L2 meet at (x*, y*) be defined as above. Let rA = eA be the identity permutation. If rB =  

t ◦ eA, where  t = the transposition (i j), (i < j), and q < x*, then P@q(C) ≥ P@q(D).

Proof: We divide the problem into three cases according to the relative positions of  i  and  j  with respect to q : (a) i<j<q, (b) q<i<j, and (c) i<q<j. In the first two cases, it is easy to see that P@q(C) = P@q(D), since the swap of i and j (when i,j are less than or greater than q) does not make any difference to the performance of C or D. Therefore, we consider only case (c) from now on where i<q<j. Since q < x*, we then divide case (c) into two subcases:

Subcase (c) (i): i<q<j<x*. We have sA(j)-sB(j) > sA(i)-sB(i) since the decrease of

  sB(x) is faster than that of sA(x).

Subcase (c) (ii): i<q<x*<j. In this case, sA(j)-sB(j) can be greater than, equal to, or less

  than sA(i)-sB(i) depending on how big  j  is.

In order to prove these two cases, we treat rA, rB, sA, sB, rC, rD, and other related functions or permutations as arrays on the index set [n]. Then we have rA(i) = i, rA(j) = j and rB(i)=j, rB(j)=i. Hence we have fAB(i) = ½ (i+j) = fAB(j). After sorting the array fAB into ascending order to become sf, we have 
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. The values for gAB(i) and gAB(j) can be calculated using formula (3) and (4).Then the question is: which of the two numbers gAB(i) and gAB(j) is bigger than the other? 

In Subcase (c) (i), with sA(j)-sB(j) > sA(i)-sB(i), we have gAB(j) > gAB(i) by Equation (3) and Equation (4). After sorting the array gAB into descending order to become sg, we have sg(i’) = gAB(j) and  sg(j’) = gAB(i) for some   i’,  j’  in [i, j] with  i < i’ and j’ < j. Hence we have rD(i’)=j and rD(j’)=i. Hence we have the following situation for subcase (c) (i): 

[n]:
 1, 2, 3, ……,i, ..……,i’,……, 
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Recall that we have i<q<j in this case. If q ( ( [i, i’] U [j’, j] ), the theorem holds 

because P@q(C) = P@q(D). If q ( ( 
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In Subcase (c) (ii) where i<q<x*<j, we have three possibilities depending on  sA(j)-sB(j)  is greater than, equal to, or less than sA(i)-sB(i). When  sA(j)-sB(j) > sA(i)-sB(i), we have gAB(j) > gAB(i). Hence the proof is similar to previous case, Subcase (c) (i). When sA(j)-sB(j) = sA(i)-sB(i), we have gAB(j) = gAB(i) by Equation (3) and (4). It follows that rD(i’)=i and rD(i’+1)=j where i’ Є (i,j) and  i<i’<j. In this case, no matter where q is, we have P@q(C) ≥ P@q(D). For the last possibility where sA(j)-sB(j) < sA(i)-sB(i), we have gAB(j) < gAB(i) by Equation (3) and (4) again. It follows that  rD(i’)=i and rD(j’)=j where i<i’<j’<j. Hence we have the following situation for the third possibility of Subcase (c) (ii): 

[n]:
 1, 2, 3, …….i, ..……i’,……, 
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Since in this subcase gAB(i) > gAB(j),  i<i’<j’<j and i<g<x*< j, we have either i’<x* or i’>x*. Let (x*, y+) be the middle point between (x*, y*) and (x*, y(x*)). By Lemma 2, it follows that  gAB(i) ≤ y+. This means that rD(i’)=i, where i’ is such that sg(i’)=gAB(i)  and i’>x*. On the other hand, by Lemma 1, we have 
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. It means that the ratio between i and x* is larger than the ratio between n-j and n-x*. This implies that 
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 together with the assumption q<x* in this case, we have P@q(C)=P@q(D). This completes proof of the theorem. 

Theorem 4.  Let A, B, C, D,  rA, sA, rB and sB  be defined as in Theorem 3. If q < x*, then Pavg(C) ≥ Pavg(D)

Proof. Similar to that of Theorem 3.
5. Simulation

In this section, we describe the simulations for different cases. In each of the cases, we assume the number of documents to be n=500 and the highest score given to any rank is s=100. Hence the total number of possible permutations as rank data vectors is 500!. The rank data vectors rB’s are obtained by a random generation process (see Sections 5.1 and 5.2 below). In each simulation, we generate ten thousand (10k) cases of rB. In our study, we fix sA to be the straight line connecting the two end points (500,0) and (1,100). Since sB can be any discrete function defined from [1, 500] to [0,100] which is monotonically non-decreasing, we start with a special case of sB which is a combination of two straight lines with one turning point (X*, Y*). Note that the point (200, 30) is such a turning point for the rank-score function fB in Figure 4(b). On the other hand the rank-score function fB in Figure 4(a) has no such points. We now divide into two cases according to the nature of the rank data vector rA. 

5.1. rA=eA the identity permutation, rB=random

In this case,  rA=eA, sA is the straight line connecting (500, 0) and (1,100). In fact, sA has the following formula y= (-100/499)(x-500). 

For each permissible turning  point (x*, y*) for the rank-score function fB (or the score data vector sB), we generate 10k rB’s. Then we combine these 10k ranked list B with ranked list A. The results are listed in Figure 6 using P@50 and Pavg respectively. In Figure 6(a), the tuples at point (x*, y*) (i.e. (a, b, c)) where a, b and c are the number of cases out of the 10k cases so that P@50(C) < P@50(D), P@50(C) > P@50(D) and P@50(C) = P@50(D) respectively. Likewise, Figure 6(b) exhibits  the values of (a, b, c) in percentages (out of the 10k cases) with one decimal point. Figure 6(c) uses Pavg instead of P@50. In these cases, only values of (a, b) are used as it rarely happens that Pavg(C) = Pavg (D). 

5.2.  rA=random,  rB=random

In this case, sA is the same standard line as in Section 5.1. and sB has the turning point (x*, y*). Everything else is the same as Section 5.1. We list the results in Figure 7 (a), (b) and (c). 

We are also interested in the performance of C and D as compared to those of A and B. Figure 8 lists the change of (a, b, c) along the change of the turning point (x*, y*), where P = P@50,  rA and rB  are randomly generated, and 

       a = number of 10k cases with P(C) > max {P(A), P(B)}, 

       b= number of 10k cases with P(D) > max {P(A), P(B)}, and 

       c= number of 10k cases with min { P(C), P(D)}> max {P(A), P(B)}

The model and architecture we establish in the paper is very helpful in the study of data fusion in information retrieval. The simulation procedure is fairly easy to implement. For example, in the quest to find predictive variables for the effectiveness of data fusion, Ng and Kantor ([16], 1998 and [17], 2000) identified the two parameters Pl/Ph and dk(A,B) as possible predictive measures where Pl=min{P(A), P(B)}and Ph=max{P(A), P(B)}. Figure 9 shows the distribution in percentage of the 10k cases at (x,y), where x=0.1 to 1.0 in step of 0.1 and y=(50, 10) to (450, 90) in step of (50, 10) and 

     a = % of 10k cases with P(C) > max {P(A), P(B)} 

     b= % of 10k cases with P(D) > max {P(A), P(B)} 

     c= % of 10k cases with min {P(C), P(D)}> max {P(A), P(B)}

Figures 9(a), 9(b), 9(c) and 9(d) deal with P@50 and Pavg respectively. All these figures have Pl/Ph as the x-coordinate. 

We note that Figures 6 and 7 exhibit certain features which are quite noticeable. One of the most interesting phenomena is that when the turning point (x*, y*) is below the standard line (i.e. sA) at certain location, the performance of the combination using rank (P(C)) is most likely to be better than that of the combination using score (P(D)). In the case when rA is the identity permutation, the results are fairly consistent. Even when rA is randomly generated (Figure 9), Pavg(C) is greater than Pavg (D) in most of the locations (for turning point for sB). This prompts us to explore the problem, once again, of finding any predictive variable for the effectiveness of data fusion. In fact, in the previous section (section 4), we have shown that under the condition that sB has the turning point (x*, y*) and rB is the single cycle of permutation (i.e. the transposition (i j) for any 1( i, j(n and i(j), the combination by rank performs better than combination by score in either P@q or Pavg cases as long as x*>q.  

6. Discussion 
In this paper, we have established a model (see Figure 5) for analysis and simulation in the study of data fusion in the information retrieval domain using the concept of a rank-score function. Every evidence (from query formulation, retrieval schema or system) is represented as a ranked list A with three vectors: rA(x) = rank order, sA(x) = score function and fA = rank-score function. The rank order rA is than a permutation of [n] = the set of n documents. Using the concept of a Cayley digraph, we consider a rank order rA (of n documents) as a node (and a permutation of [n]) of the Cayley digraph, (Sn, T) where Sn is the symmetric group of order n and T is a generating set of Sn. 

The current study is the first of a series in our investigations exploring the central question of why and how data fusion (or evidence combination) should be done. We have started with some specific cases such as fA = straight line and fB = semi-linear with one point of intersection (x*, y*) (see Section 4 and 5) even though both functions can be any discrete function defined from [1,500] to [0,100] which is monotonically non-decreasing (see Figure 4(a)). We have proved in Section 4 that if rA = eA, the identity permutation, rB = t◦eA where t = transposition (i, j), i<j and q<x*, then P@q(C) ≥  P@q(D). Then in Section 5, applying both cases (i) rA = eA identity permutation, rB = random, and (ii) rA, rB are random to all 81 points of intersection (x*, y*) and generating ten thousand (10k) permutations for each random case, we have found several interesting phenomena. All these analytical and simulation results, summarized in section 6.1 and 6.2, strongly support those findings observed by previous researches surveyed in Section 2. Section 6.3 discusses our future work.

6.1 Combination using Rank vs. Score

One thrust of our approach is that we are able to define and extract the rank-score function fA from a ranking procedure A which gives the rank order rA. The score function sA is then obtained as sA(y) = (fA◦r-1A)(y) = fA(r-1A(y)) = fA(x), where rA(x) = y, y is a document ranked by rA as rank order x (see Remark 3.1). This differentiation between fA(x)  defined on ranks and sA(y) defined on documents enables us to characterize different ranking procedures (algorithms or systems), and then to better quantify the differences between them (see Remarks 2.1 and 2.2). Our results in Section 4 and 5 with respect to 
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is big enough, combination using ranks performs better than combination using scores, More significantly, we have shown analytically in Theorem 3 that when the difference between rA and rB is a transposition (i, j) and q < x*, the performance of rank combination is at least as good as that of score combination.

6.2 Effectiveness of combination 

Various techniques and experiments have been performed to study the effectiveness of combining two or more systems (formulations, algorithms, or different runs) (see [3], [18], [4], [5], [16], [13], [21], [23], [16] and [17]). These include the progressive combination of query formulations (see [3]) and the linear combination (LC) model for fusion of IR system by scoring each document with a weighted sum of the scores from each of the component systems (see [21]). More recent study by Ng and Kantor ([16] and [17]) has identified two predictive variables: the Kendall distance and the performance ratio. The Kendall distance dK (rA, rB) measures the degree of concordance between two different rank lists rA and rB. The performance ratio Pl/Ph measures the similarity of performance of the two IR schemes A and B. Our results (see Figures 9(a), 9(b) and 9(c) are in conformity with those by Ng and Kantor on the performance ratio Pl/Ph. We have run ten thousand random cases for each of the nine points of intersection (x*, y*), where (x*, y*) = (50t, 10t) and 1 ≤  t ≤ 9 (see Figure 8).

When considering the positive fusion cases of the combination of different rank lists A and B, the distribution of the positive cases is clustered around Pl/Ph ~ 1 for each of the three comparisons regarding effectiveness of the combinations: P(C) vs. max{P(A), P(B)}, P(D) vs. max{P(A), P(B)}, and min{P(C), P(D)} vs. max{P(A), P(B)}, where C and D are combination of A and B using rank and score respectively. As to the Kendall distance dK(rA, rB), we have not found any significant pattern on this line.

6.3 Future Work

We have discussed, in Section 5.1, that when rA = eA and rB = random we have P(C) > P(D) (either @50 or on average) for most of the cases at point of intersection (x*, y*) where 
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, the situation changes and in fact it becomes the opposite. At the points (x*, y*) of intersects where 
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, it varies and in majority of the 10k cases P(C) = P(D) when @50 is used.

When rA and rB are generated at random, slightly higher percentage of the 10k cases have Pavg(C) > Pavg(D) than Pavg(D) > Pavg(C) (see Figure 7(c)). However, when @50 is used, no apparent pattern can be drawn. (see Figure 7(a) and 7(b))

The current study suggests several problems worthy of further study and several issues that require future investigations. We summarize as follows:

(a) Let g@q(X) = P@q(X) – max{ P@q(A), P@q(B)}, where X = C or D. Let g@q(C,D) = P@q(C) - P@q(D). gavg(X) and gavg(C,D,) are defined in a similar fashion. In this paper, we have studied the behavior of these parameters under the condition that fA is linear and fB is semi-linear with one point of intersection. One direction to pursue is to study the two parameter P@q(X) and g@q(C,D) when fA is linear and fB is piecewise-linear with k points of intersection, or the more general cases, when fA and fB are piecewise linear but symmetric to the linear rank-score function (fdiag).

(b) In our computation of sC and sD, we simply take the average of the ranks and scores of A and B respectively (see Definitions 3.3 and 3.4). However, different weights can be assigned to each individual schema in the combination of two or more schemas. Authors in Ibraev, Ng and Kantor[10], Kantor [11], and Vogt and Cottrell [23] studied the effectiveness of different weighting assignments. Our goal in this direction is to extend our results to the weighted combination for A and B (assigning weights α and 1- α to A and B respectively, where 0 < α ≤ 0.5) and for more than two schemas.

(c) The current paper has defined the rank-space function fA (for a schema A) and established an abstract sample space Sn (for a schema A with rank list rA = (A1, A2,..., An) on the set of n documents) (our examples use n=500). The dimension of fA and rA are 2 and n respectively. We have observed that positive cases exist when Pl/Ph is close to 1, but have not found any correlation between positive cases and the metric dK(rA, rB) (the Kendall distance). Kantor ([11], 1998) has proposed a geometric model which treats Pl, Ph and Pideal (a perfect solution) as three points in an abstract space. Then Ibraev, Ng and Kantor ([10], 2001) showed that in the ideal case, the performance of data fusion for a pair IR schemas may be approximated by a quadratic polynomial. From the equation of the curve, it follows that for effective DF the weight of better schema must be greater than weight of worse schema. However, some anecdotal evidence suggest that there exist cases where DF is effective when the worse schema has more weight. In our study of DF effectiveness, we can use the sample space Sn with dK(rA, rB) as the distance function. In fact, we can restrict our space to the hyperplane of Sn consisting of all points rA’s = (A1, A2, …, An) with 
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 and compare our results with the geometric model studied by Kantor et al ([10], [11]).
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Figure 6(a): 
rA=eA,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

P@50 at(x, y), P@50(C) vs P@50(D)

( <, >, =) – number of cases (total 10,000)
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Figure 6(b:) 
rA=eA,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

P@50 at(x, y), P@50(C) vs P@50(D)

(<, >, =) – percentages (number of cases - 10,000)
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Figure 6(c): 
rA=eA,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

Pavg at(x, y), Pavg(C) vs Pavg(D)

(<, >) – percentages (number of cases - 10,000)
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Figure 7(a): 
rA=random,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

P@50 at(x, y), P@50(C) vs P@50(D)

(<, >, =) – number of cases (total - 10,000)


[image: image62.wmf](36, 35, 29)

(33, 34, 33)

(32, 30, 38)

(30, 29, 41)

(27, 26, 47)

(22, 23, 55)

(18, 19, 63)

(13, 12, 75)

(5, 5, 89)

(36, 35, 29)

(35, 36, 29)

(34, 33, 33)

(32, 31, 37)

(29, 28, 43)

(26, 25, 49)

(20, 20, 59)

(12, 12, 76)

(0, 0, 99)

(36, 34, 30)

(34, 34, 32)

(32, 34, 34)

(32, 33, 35)

(30, 31, 40)

(26, 25, 49)

(20, 19, 61)

(8, 8, 83)

(8, 8, 84)

(34, 34, 33)

(33, 33, 35)

(32, 32, 36)

(30, 31, 39)

(29, 28, 43)

(24, 24, 52)

(16, 16, 68)

(0, 0, 99)

(17, 16, 67)

(32, 32, 36)

(31, 31, 38)

(30, 29, 41)

(28, 27, 44)

(25, 25, 50)

(20, 19, 61)

(10, 9, 81)

(10, 10, 80)

(22, 23, 55)

(31, 30, 40)

(29, 29, 42)

(28, 27, 45)

(25, 25, 50)

(20, 20, 59)

(15, 14, 72)

(0, 0, 99)

(18, 16, 66)

(26, 26, 48)

(30, 28, 42)

(27, 27, 45)

(24, 25, 51)

(22, 22, 56)

(17, 17, 66)

(7, 8, 85)

(9, 9, 82)

(21, 21, 57)

(29, 29, 42)

(27, 27, 47)

(24, 25, 51)

(22, 22, 56)

(18, 18, 64)

(12, 12, 77)

(1, 0, 99)

(14, 14, 72)

(25, 25, 50)

(31, 31, 38)

(25, 25, 49)

(23, 22, 55)

(19, 19, 62)

(15, 14, 71)

(6, 6, 87)

(7, 7, 86)

(17, 19, 63)

(26, 26, 48)

(32, 33, 35)

0

10

20

30

40

50

60

70

80

90

100

0

100

200

300

400

500


Figure 7(b): 
rA=random,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y

P@50 at(x, y), P@50(C) vs P@50(D)

(<, >, =) – percentages (number of cases - 10,000)
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Figure 7(c): 
rA=random,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

Pavg at(x, y), Pavg(C) vs Pavg(D)

(<, >) – percentages (number of cases - 10,000)
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Figure 8: 
rA=random,  rB = random

fA = line between (0,100) and (500,0), fB = single turning point. at (x, y)

P =  P@50 at (x, y) ,  

 





x  = (a,b) a- rank, b -score

y = number of cases (total number of cases – 10,000)
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Figure 9(a):
rA=random,  rB = random

fA = line between (0,100) and (500,0)

x  = Pl/Ph, y = t and fB = single turning point ( t, t/5 )

P =  P@50 at (x, y),  P(C) vs max{ P(A), P(B)}  
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Figure 9(b):
rA=random,  rB = random

fA = line between (0,100) and (500,0)

x  = Pl/Ph, y = t andfB = single turning point ( t, t/5 )

P =  P@50 at (x, y),  P(D) vs max{ P(A), P(B)}  
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Figure 9(c):
rA=random,  rB = random

fA = line between (0,100) and (500,0)

x  = Pl/Ph, y = t and fB = single turning point ( t, t/5 )

P =  P@50 at (x, y),  min{ P(C ), P(D)} vs max{ P(A), P(B
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Figure 9(d):
rA=random,  rB = random, fA = line between (0,100) and (500,0)

x  = Pl/Ph, y = t  and fB = single turning point ( t, t/5 )

P =  P@50 at (x, y), ( a, b, c ),

a = percentage of cases where P( C ) > max{ P(A), P(B)} 

b = percentage of cases where P( D ) > max{ P(A), P(B)}

c = percentage of cases where min{ P(C ), P(D)} > max{ P(A), P(B)}
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		0.1		300		60		0		1		0		1981		2047		1641		(1981,  2047, 1641)

		0.1		350		70		0		0		0		1997		2180		1485		(1997,  2180, 1485)

		0.1		400		80		0		0		0		2002		2309		1321		(2002,  2309, 1321)

		0.1		450		90		0		0		0		2051		2516		1088		(2051,  2516, 1088)
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		0.5		250		0.5						300		1981		2047		1641				300		0

		0.4		300		0.4						350		1997		2180		1485				350		0

		0.3		350		0.3						400		2002		2309		1321				400		0

		0.2		400		0.2						450		2051		2516		1088				450		0
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		0.1		50		10		0		0		0		1971		1736		739				0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.2		50		10		0		0		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.3		50		10		0		0		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.4		50		10		0		0		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.5		50		10		0		0		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.6		50		10		0		1		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.7		50		10		4		8		0										0		0		0		(0, 0, 0)		0		50		(50, 10)

		0.8		50		10		66		81		7										3		5		1		(3, 5, 1)		0		50		(50, 10)

		0.9		50		10		449		413		111										23		24		15		(23, 24, 15)		0		50		(50, 10)

		1.0		50		10		1452		1233		621										74		71		84		(74, 71, 84)		0		50		(50, 10)

		0.1		100		20		0		0		0		2017		1750		961				0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.2		100		20		0		0		0										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.3		100		20		0		0		0										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.4		100		20		0		0		0										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.5		100		20		0		0		0										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.6		100		20		0		1		0										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.7		100		20		5		7		3										0		0		0		(0, 0, 0)		0		100		(100, 20)

		0.8		100		20		56		68		17										3		4		2		(3, 4, 2)		0		100		(100, 20)

		0.9		100		20		494		422		194										24		24		20		(24, 24, 20)		0		100		(100, 20)

		1.0		100		20		1462		1252		747										72		72		78		(72, 72, 78)		0		100		(100, 20)

		0.1		150		30		0		0		0		1993		1806		1268				0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.2		150		30		0		0		0										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.3		150		30		0		0		0										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.4		150		30		0		0		0										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.5		150		30		0		0		0										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.6		150		30		0		1		0										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.7		150		30		3		5		2										0		0		0		(0, 0, 0)		0		150		(150, 30)

		0.8		150		30		57		62		31										3		3		2		(3, 3, 2)		0		150		(150, 30)

		0.9		150		30		464		390		246										23		22		19		(23, 22, 19)		0		150		(150, 30)

		1.0		150		30		1469		1348		989										74		75		78		(74, 75, 78)		0		150		(150, 30)

		0.1		200		40		0		0		0		2079		1948		1597				0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.2		200		40		0		0		0										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.3		200		40		0		0		0										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.4		200		40		0		0		0										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.5		200		40		0		0		0										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.6		200		40		0		0		0										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.7		200		40		5		4		1										0		0		0		(0, 0, 0)		0		200		(200, 40)

		0.8		200		40		59		49		39										3		3		2		(3, 3, 2)		0		200		(200, 40)

		0.9		200		40		512		470		363										25		24		23		(25, 24, 23)		0		200		(200, 40)

		1.0		200		40		1503		1425		1194										72		73		75		(72, 73, 75)		0		200		(200, 40)

		0.1		250		50		0		0		0		1999		1998		1975				0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.2		250		50		0		0		0										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.3		250		50		0		0		0										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.4		250		50		0		0		0										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.5		250		50		0		0		0										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.6		250		50		1		1		1										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.7		250		50		1		2		1										0		0		0		(0, 0, 0)		0		250		(250, 50)

		0.8		250		50		66		67		66										3		3		3		(3, 3, 3)		0		250		(250, 50)

		0.9		250		50		467		465		459										23		23		23		(23, 23, 23)		0		250		(250, 50)

		1.0		250		50		1464		1463		1448										73		73		73		(73, 73, 73)		0		250		(250, 50)

		0.1		300		60		0		0		0		1981		2047		1641				0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.2		300		60		0		0		0										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.3		300		60		0		0		0										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.4		300		60		0		0		0										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.5		300		60		0		0		0										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.6		300		60		0		0		0										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.7		300		60		2		4		1										0		0		0		(0, 0, 0)		0		300		(300, 60)

		0.8		300		60		68		69		45										3		3		3		(3, 3, 3)		0		300		(300, 60)

		0.9		300		60		454		499		362										23		24		22		(23, 24, 22)		0		300		(300, 60)

		1.0		300		60		1457		1475		1233										74		72		75		(74, 72, 75)		0		300		(300, 60)

		0.1		350		70		0		0		0		1997		2180		1485				0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.2		350		70		0		0		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.3		350		70		0		0		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.4		350		70		0		0		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.5		350		70		0		0		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.6		350		70		0		0		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.7		350		70		0		8		0										0		0		0		(0, 0, 0)		0		350		(350, 70)

		0.8		350		70		65		93		37										3		4		2		(3, 4, 2)		0		350		(350, 70)

		0.9		350		70		454		515		295										23		24		20		(23, 24, 20)		0		350		(350, 70)

		1.0		350		70		1478		1564		1153										74		72		78		(74, 72, 78)		0		350		(350, 70)

		0.1		400		80		0		0		0		2002		2309		1321				0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.2		400		80		0		0		0										0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.3		400		80		0		0		0										0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.4		400		80		0		0		0										0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.5		400		80		0		0		0										0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.6		400		80		0		1		0										0		0		0		(0, 0, 0)		0		400		(400, 80)

		0.7		400		80		1		17		0										0		1		0		(0, 1, 0)		0		400		(400, 80)

		0.8		400		80		55		127		26										3		6		2		(3, 6, 2)		0		400		(400, 80)

		0.9		400		80		489		614		266										24		27		20		(24, 27, 20)		0		400		(400, 80)

		1.0		400		80		1457		1550		1029										73		67		78		(73, 67, 78)		0		400		(400, 80)

		0.1		450		90		0		0		0		2051		2516		1088				0		0		0		(0, 0, 0)		0		450		(450, 90)

		0.2		450		90		0		0		0										0		0		0		(0, 0, 0)		0		450		(450, 90)

		0.3		450		90		0		0		0										0		0		0		(0, 0, 0)		0		450		(450, 90)

		0.4		450		90		0		0		0										0		0		0		(0, 0, 0)		0		450		(450, 90)

		0.5		450		90		0		0		0										0		0		0		(0, 0, 0)		0		450		(450, 90)
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		0.8		450		90		61		230		24										3		9		2		(3, 9, 2)		0		450		(450, 90)
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		POIN		WGHT		R<S		R>S		R=S

		50		10		5039		4961		0		50.4		49.6		0		(50.4, 49.6)

		50		20		4909		5091		0		49.1		50.9		0		(49.1, 50.9)

		50		30		4994		5006		0		49.9		50.1		0		(49.9, 50.1)

		50		40		4978		5022		0		49.8		50.2		0		(49.8, 50.2)

		50		50		4776		5224		0		47.8		52.2		0		(47.8, 52.2)

		50		60		4886		5114		0		48.9		51.1		0		(48.9, 51.1)

		50		70		4811		5189		0		48.1		51.9		0		(48.1, 51.9)

		50		80		4840		5160		0		48.4		51.6		0		(48.4, 51.6)

		50		90		4795		5205		0		48		52.1		0		(48, 52.1)

		100		10		4944		5056		0		49.4		50.6		0		(49.4, 50.6)

		100		20		4907		5093		0		49.1		50.9		0		(49.1, 50.9)

		100		30		4957		5043		0		49.6		50.4		0		(49.6, 50.4)

		100		40		4866		5134		0		48.7		51.3		0		(48.7, 51.3)

		100		50		4846		5154		0		48.5		51.5		0		(48.5, 51.5)

		100		60		4878		5122		0		48.8		51.2		0		(48.8, 51.2)

		100		70		4731		5269		0		47.3		52.7		0		(47.3, 52.7)

		100		80		4722		5278		0		47.2		52.8		0		(47.2, 52.8)

		100		90		4845		4653		502		48.5		46.5		5		(48.5, 46.5)

		150		10		4931		5068		1		49.3		50.7		0		(49.3, 50.7)

		150		20		4921		5079		0		49.2		50.8		0		(49.2, 50.8)

		150		30		4750		5250		0		47.5		52.5		0		(47.5, 52.5)

		150		40		4923		5077		0		49.2		50.8		0		(49.2, 50.8)

		150		50		4846		5154		0		48.5		51.5		0		(48.5, 51.5)

		150		60		4881		5119		0		48.8		51.2		0		(48.8, 51.2)

		150		70		4740		5260		0		47.4		52.6		0		(47.4, 52.6)

		150		80		4721		5279		0		47.2		52.8		0		(47.2, 52.8)

		150		90		5313		4687		0		53.1		46.9		0		(53.1, 46.9)

		200		10		4841		5159		0		48.4		51.6		0		(48.4, 51.6)

		200		20		4946		5054		0		49.5		50.5		0		(49.5, 50.5)

		200		30		4945		5055		0		49.5		50.6		0		(49.5, 50.6)

		200		40		4990		5010		0		49.9		50.1		0		(49.9, 50.1)

		200		50		4864		5136		0		48.6		51.4		0		(48.6, 51.4)

		200		60		4857		5143		0		48.6		51.4		0		(48.6, 51.4)

		200		70		4687		5313		0		46.9		53.1		0		(46.9, 53.1)

		200		80		4849		4657		494		48.5		46.6		4.9		(48.5, 46.6)

		200		90		5272		4727		1		52.7		47.3		0		(52.7, 47.3)

		250		10		4976		5024		0		49.8		50.2		0		(49.8, 50.2)

		250		20		4958		5042		0		49.6		50.4		0		(49.6, 50.4)

		250		30		4991		5009		0		49.9		50.1		0		(49.9, 50.1)

		250		40		4921		5079		0		49.2		50.8		0		(49.2, 50.8)

		250		50		4987		5013		0		49.9		50.1		0		(49.9, 50.1)

		250		60		4865		5135		0		48.7		51.4		0		(48.7, 51.4)

		250		70		4850		5150		0		48.5		51.5		0		(48.5, 51.5)

		250		80		5187		4813		0		51.9		48.1		0		(51.9, 48.1)

		250		90		5215		4785		0		52.2		47.9		0		(52.2, 47.9)

		300		10		4959		5041		0		49.6		50.4		0		(49.6, 50.4)

		300		20		5036		4964		0		50.4		49.6		0		(50.4, 49.6)

		300		30		4933		5067		0		49.3		50.7		0		(49.3, 50.7)

		300		40		5072		4928		0		50.7		49.3		0		(50.7, 49.3)

		300		50		4963		5037		0		49.6		50.4		0		(49.6, 50.4)

		300		60		4840		5160		0		48.4		51.6		0		(48.4, 51.6)

		300		70		4818		4654		528		48.2		46.5		5.3		(48.2, 46.5)

		300		80		5119		4881		0		51.2		48.8		0		(51.2, 48.8)

		300		90		5159		4841		0		51.6		48.4		0		(51.6, 48.4)

		350		10		4978		5022		0		49.8		50.2		0		(49.8, 50.2)

		350		20		4993		5007		0		49.9		50.1		0		(49.9, 50.1)

		350		30		5000		5000		0		50		50		0		(50, 50)

		350		40		4910		5090		0		49.1		50.9		0		(49.1, 50.9)

		350		50		4980		5020		0		49.8		50.2		0		(49.8, 50.2)

		350		60		4955		5045		0		49.6		50.5		0		(49.6, 50.5)

		350		70		5182		4817		1		51.8		48.2		0		(51.8, 48.2)

		350		80		5090		4910		0		50.9		49.1		0		(50.9, 49.1)

		350		90		5067		4933		0		50.7		49.3		0		(50.7, 49.3)

		400		10		5041		4959		0		50.4		49.6		0		(50.4, 49.6)

		400		20		5058		4942		0		50.6		49.4		0		(50.6, 49.4)

		400		30		5055		4945		0		50.6		49.5		0		(50.6, 49.5)

		400		40		4969		5031		0		49.7		50.3		0		(49.7, 50.3)

		400		50		4965		5035		0		49.7		50.4		0		(49.7, 50.4)

		400		60		4834		4644		522		48.3		46.4		5.2		(48.3, 46.4)

		400		70		5042		4958		0		50.4		49.6		0		(50.4, 49.6)

		400		80		5087		4913		0		50.9		49.1		0		(50.9, 49.1)

		400		90		5002		4998		0		50		50		0		(50, 50)

		450		10		5007		4993		0		50.1		49.9		0		(50.1, 49.9)

		450		20		4960		5040		0		49.6		50.4		0		(49.6, 50.4)

		450		30		5032		4968		0		50.3		49.7		0		(50.3, 49.7)

		450		40		4999		5001		0		50		50		0		(50, 50)

		450		50		4909		5091		0		49.1		50.9		0		(49.1, 50.9)

		450		60		5004		4996		0		50		50		0		(50, 50)

		450		70		5053		4947		0		50.5		49.5		0		(50.5, 49.5)

		450		80		4991		5009		0		49.9		50.1		0		(49.9, 50.1)

		450		90		4993		5007		0		49.9		50.1		0		(49.9, 50.1)
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A_unordered_prc_5 only r and s

		

		POIN		WGHT		R<S		R>S		R=S

		50		10		3618		3488		2894		36		35		29		(36, 35, 29)

		50		20		3323		3361		3316		33		34		33		(33, 34, 33)

		50		30		3239		3007		3754		32		30		38		(32, 30, 38)

		50		40		3011		2871		4118		30		29		41		(30, 29, 41)

		50		50		2664		2639		4697		27		26		47		(27, 26, 47)

		50		60		2218		2278		5504		22		23		55		(22, 23, 55)

		50		70		1845		1861		6294		18		19		63		(18, 19, 63)

		50		80		1258		1215		7527		13		12		75		(13, 12, 75)

		50		90		535		524		8941		5		5		89		(5, 5, 89)

		100		10		3603		3522		2875		36		35		29		(36, 35, 29)

		100		20		3495		3563		2942		35		36		29		(35, 36, 29)

		100		30		3392		3303		3305		34		33		33		(34, 33, 33)

		100		40		3169		3148		3683		32		31		37		(32, 31, 37)

		100		50		2904		2807		4289		29		28		43		(29, 28, 43)

		100		60		2555		2538		4907		26		25		49		(26, 25, 49)

		100		70		2018		2047		5935		20		20		59		(20, 20, 59)

		100		80		1196		1249		7555		12		12		76		(12, 12, 76)

		100		90		39		35		9926		0		0		99		(0, 0, 99)

		150		10		3560		3410		3030		36		34		30		(36, 34, 30)

		150		20		3380		3440		3180		34		34		32		(34, 34, 32)

		150		30		3234		3402		3364		32		34		34		(32, 34, 34)

		150		40		3245		3265		3490		32		33		35		(32, 33, 35)

		150		50		2968		3060		3972		30		31		40		(30, 31, 40)

		150		60		2583		2541		4876		26		25		49		(26, 25, 49)

		150		70		1988		1944		6068		20		19		61		(20, 19, 61)

		150		80		815		848		8337		8		8		83		(8, 8, 83)

		150		90		797		770		8433		8		8		84		(8, 8, 84)

		200		10		3353		3392		3255		34		34		33		(34, 34, 33)

		200		20		3270		3272		3458		33		33		35		(33, 33, 35)

		200		30		3189		3168		3643		32		32		36		(32, 32, 36)

		200		40		2998		3066		3936		30		31		39		(30, 31, 39)

		200		50		2855		2849		4296		29		28		43		(29, 28, 43)

		200		60		2410		2359		5231		24		24		52		(24, 24, 52)

		200		70		1631		1603		6766		16		16		68		(16, 16, 68)

		200		80		40		39		9921		0		0		99		(0, 0, 99)

		200		90		1665		1639		6696		17		16		67		(17, 16, 67)

		250		10		3181		3236		3583		32		32		36		(32, 32, 36)

		250		20		3139		3067		3794		31		31		38		(31, 31, 38)

		250		30		2977		2949		4074		30		29		41		(30, 29, 41)

		250		40		2814		2748		4438		28		27		44		(28, 27, 44)

		250		50		2487		2501		5012		25		25		50		(25, 25, 50)

		250		60		1992		1904		6104		20		19		61		(20, 19, 61)

		250		70		968		947		8085		10		9		81		(10, 9, 81)

		250		80		973		1000		8027		10		10		80		(10, 10, 80)

		250		90		2189		2290		5521		22		23		55		(22, 23, 55)

		300		10		3059		2977		3964		31		30		40		(31, 30, 40)

		300		20		2942		2865		4193		29		29		42		(29, 29, 42)

		300		30		2777		2686		4537		28		27		45		(28, 27, 45)

		300		40		2503		2490		5007		25		25		50		(25, 25, 50)

		300		50		2028		2045		5927		20		20		59		(20, 20, 59)

		300		60		1454		1382		7164		15		14		72		(15, 14, 72)

		300		70		26		34		9940		0		0		99		(0, 0, 99)

		300		80		1765		1633		6602		18		16		66		(18, 16, 66)

		300		90		2630		2590		4780		26		26		48		(26, 26, 48)

		350		10		2973		2835		4192		30		28		42		(30, 28, 42)

		350		20		2721		2742		4537		27		27		45		(27, 27, 45)

		350		30		2440		2496		5064		24		25		51		(24, 25, 51)

		350		40		2150		2225		5625		22		22		56		(22, 22, 56)

		350		50		1676		1708		6616		17		17		66		(17, 17, 66)

		350		60		732		756		8512		7		8		85		(7, 8, 85)

		350		70		890		878		8232		9		9		82		(9, 9, 82)

		350		80		2137		2118		5745		21		21		57		(21, 21, 57)

		350		90		2892		2892		4216		29		29		42		(29, 29, 42)

		400		10		2654		2665		4681		27		27		47		(27, 27, 47)

		400		20		2449		2495		5056		24		25		51		(24, 25, 51)

		400		30		2234		2184		5582		22		22		56		(22, 22, 56)

		400		40		1779		1790		6431		18		18		64		(18, 18, 64)

		400		50		1173		1169		7658		12		12		77		(12, 12, 77)

		400		60		50		41		9909		1		0		99		(1, 0, 99)

		400		70		1409		1387		7204		14		14		72		(14, 14, 72)

		400		80		2488		2499		5013		25		25		50		(25, 25, 50)

		400		90		3091		3096		3813		31		31		38		(31, 31, 38)

		450		10		2543		2526		4931		25		25		49		(25, 25, 49)

		450		20		2256		2196		5548		23		22		55		(23, 22, 55)

		450		30		1909		1868		6223		19		19		62		(19, 19, 62)

		450		40		1467		1438		7095		15		14		71		(15, 14, 71)

		450		50		647		638		8715		6		6		87		(6, 6, 87)

		450		60		733		670		8597		7		7		86		(7, 7, 86)

		450		70		1744		1916		6340		17		19		63		(17, 19, 63)

		450		80		2613		2623		4764		26		26		48		(26, 26, 48)

		450		90		3212		3260		3528		32		33		35		(32, 33, 35)
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AA_prc_5

		

		POIN		WGHT		R<S		R>S		R=S

		50		10		9834		68		98		(9834,68,98)

		50		20		9836		51		113		(9836,51,113)

		50		30		9698		76		226		(9698,76,226)

		50		40		9266		152		582		(9266,152,582)

		50		50		8595		202		1203		(8595,202,1203)

		50		60		7333		336		2331		(7333,336,2331)

		50		70		5612		425		3963		(5612,425,3963)

		50		80		3508		490		6002		(3508,490,6002)

		50		90		211		175		9614		(211,175,9614)

		100		10		4		9978		18		(4,9978,18)

		100		20		47		9866		87		(47,9866,87)

		100		30		141		9552		307		(141,9552,307)

		100		40		267		8842		891		(267,8842,891)

		100		50		445		7623		1932		(445,7623,1932)

		100		60		539		5833		3628		(539,5833,3628)

		100		70		622		3542		5836		(622,3542,5836)

		100		80		176		150		9674		(176,150,9674)

		100		90		3111		630		6259		(3111,630,6259)

		150		10		0		10000		0		(0,10000,0)

		150		20		0		10000		0		(0,10000,0)

		150		30		0		9993		7		(0,9993,7)

		150		40		0		9980		20		(0,9980,20)

		150		50		0		9781		219		(0,9781,219)

		150		60		13		7898		2089		(13,7898,2089)

		150		70		205		164		9631		(205,164,9631)

		150		80		6757		21		3222		(6757,21,3222)

		150		90		8575		4		1421		(8575,4,1421)

		200		10		0		9996		4		(0,9996,4)

		200		20		0		9989		11		(0,9989,11)

		200		30		0		9967		33		(0,9967,33)

		200		40		0		9826		174		(0,9826,174)

		200		50		0		8962		1038		(0,8962,1038)

		200		60		189		153		9658		(189,153,9658)

		200		70		8905		0		1095		(8905,0,1095)

		200		80		9784		0		216		(9784,0,216)

		200		90		9921		0		79		(9921,0,79)

		250		10		0		9974		26		(0,9974,26)

		250		20		0		9927		73		(0,9927,73)

		250		30		0		9653		347		(0,9653,347)

		250		40		0		8474		1526		(0,8474,1526)

		250		50		182		183		9635		(182,183,9635)

		250		60		9173		0		827		(9173,0,827)

		250		70		9959		0		41		(9959,0,41)

		250		80		9997		0		3		(9997,0,3)

		250		90		9998		0		2		(9998,0,2)

		300		10		0		9824		176		(0,9824,176)

		300		20		0		9480		520		(0,9480,520)

		300		30		0		7886		2114		(0,7886,2114)

		300		40		166		173		9661		(166,173,9661)

		300		50		8666		0		1334		(8666,0,1334)

		300		60		9943		0		57		(9943,0,57)

		300		70		9998		0		2		(9998,0,2)

		300		80		10000		0		0		(10000,0,0)

		300		90		10000		0		0		(10000,0,0)

		350		10		0		9297		703		(0,9297,703)

		350		20		0		7414		2586		(0,7414,2586)

		350		30		224		170		9606		(224,170,9606)

		350		40		8106		0		1894		(8106,0,1894)

		350		50		9792		0		208		(9792,0,208)

		350		60		9999		0		1		(9999,0,1)

		350		70		10000		0		0		(10000,0,0)

		350		80		10000		0		0		(10000,0,0)

		350		90		10000		0		0		(10000,0,0)

		400		10		0		6968		3032		(0,6968,3032)

		400		20		171		146		9683		(171,146,9683)

		400		30		7670		0		2330		(7670,0,2330)

		400		40		9631		0		369		(9631,0,369)

		400		50		9971		0		29		(9971,0,29)

		400		60		10000		0		0		(10000,0,0)

		400		70		10000		0		0		(10000,0,0)

		400		80		10000		0		0		(10000,0,0)

		400		90		10000		0		0		(10000,0,0)

		450		10		186		174		9640		(186,174,9640)

		450		20		7188		0		2812		(7188,0,2812)

		450		30		9451		0		549		(9451,0,549)

		450		40		9932		0		68		(9932,0,68)

		450		50		9997		0		3		(9997,0,3)

		450		60		10000		0		0		(10000,0,0)

		450		70		10000		0		0		(10000,0,0)

		450		80		10000		0		0		(10000,0,0)

		450		90		10000		0		0		(10000,0,0)
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AA_avg_5 formatted

		

		POIN		WGHT		R<S		R>S		R=S

		50		10		9664		336		0		96.6		3.4		(96.6, 3.4)

		50		20		9128		872		0		91.3		8.7		(91.3, 8.7)

		50		30		7825		2175		0		78.3		21.8		(78.3, 21.8)

		50		40		6126		3874		0		61.3		38.7		(61.3, 38.7)

		50		50		4188		5812		0		41.9		58.1		(41.9, 58.1)

		50		60		2953		7047		0		29.5		70.5		(29.5, 70.5)

		50		70		2244		7756		0		22.4		77.6		(22.4, 77.6)

		50		80		2399		7601		0		24		76		(24, 76)

		100		10		3171		6829		0		31.7		68.3		(31.7, 68.3)

		100		20		2150		7850		0		21.5		78.5		(21.5, 78.5)

		100		30		1111		8889		0		11.1		88.9		(11.1, 88.9)

		100		40		610		9390		0		6.1		93.9		(6.1, 93.9)

		100		50		366		9634		0		3.7		96.3		(3.7, 96.3)

		100		60		286		9714		0		2.9		97.1		(2.9, 97.1)

		100		70		404		9596		0		4		96		(4, 96)

		100		90		9738		262		0		97.4		2.6		(97.4, 2.6)

		150		10		281		9719		0		2.8		97.2		(2.8, 97.2)

		150		20		156		9844		0		1.6		98.4		(1.6, 98.4)

		150		30		74		9926		0		0.7		99.3		(0.7, 99.3)

		150		40		50		9950		0		0.5		99.5		(0.5, 99.5)

		150		50		44		9956		0		0.4		99.6		(0.4, 99.6)

		150		60		71		9929		0		0.7		99.3		(0.7, 99.3)

		150		80		9983		17		0		99.8		0.2		(99.8, 0.2)

		150		90		9998		2		0		100		0		(100, 0)

		200		10		17		9983		0		0.2		99.8		(0.2, 99.8)

		200		20		10		9990		0		0.1		99.9		(0.1, 99.9)

		200		30		3		9997		0		0		100		(0, 100)

		200		40		3		9997		0		0		100		(0, 100)

		200		50		8		9992		0		0.1		99.9		(0.1, 99.9)

		200		70		9999		1		0		100		0		(100, 0)

		200		80		10000		0		0		100		0		(100, 0)

		200		90		10000		0		0		100		0		(100, 0)

		250		10		1		9999		0		0		100		(0, 100)

		250		20		0		10000		0		0		100		(0, 100)

		250		30		0		10000		0		0		100		(0, 100)

		250		40		1		9999		0		0		100		(0, 100)

		250		60		10000		0		0		100		0		(100, 0)

		250		70		10000		0		0		100		0		(100, 0)

		250		80		10000		0		0		100		0		(100, 0)

		250		90		10000		0		0		100		0		(100, 0)

		300		10		0		10000		0		0		100		(0, 100)

		300		20		0		10000		0		0		100		(0, 100)

		300		30		0		10000		0		0		100		(0, 100)

		300		50		10000		0		0		100		0		(100, 0)

		300		60		10000		0		0		100		0		(100, 0)

		300		70		10000		0		0		100		0		(100, 0)

		300		80		10000		0		0		100		0		(100, 0)

		300		90		10000		0		0		100		0		(100, 0)

		350		10		0		10000		0		0		100		(0, 100)

		350		20		0		10000		0		0		100		(0, 100)

		350		40		10000		0		0		100		0		(100, 0)

		350		50		10000		0		0		100		0		(100, 0)

		350		60		10000		0		0		100		0		(100, 0)

		350		70		10000		0		0		100		0		(100, 0)

		350		80		10000		0		0		100		0		(100, 0)

		350		90		10000		0		0		100		0		(100, 0)

		400		10		0		10000		0		0		100		(0, 100)

		400		30		10000		0		0		100		0		(100, 0)

		400		40		10000		0		0		100		0		(100, 0)

		400		50		10000		0		0		100		0		(100, 0)

		400		60		10000		0		0		100		0		(100, 0)

		400		70		10000		0		0		100		0		(100, 0)

		400		80		10000		0		0		100		0		(100, 0)

		400		90		10000		0		0		100		0		(100, 0)

		450		20		10000		0		0		100		0		(100, 0)

		450		30		10000		0		0		100		0		(100, 0)

		450		40		10000		0		0		100		0		(100, 0)

		450		50		10000		0		0		100		0		(100, 0)

		450		60		10000		0		0		100		0		(100, 0)

		450		70		10000		0		0		100		0		(100, 0)

		450		80		10000		0		0		100		0		(100, 0)

		450		90		10000		0		0		100		0		(100, 0)

		50		90		5761		3232		1007		57.6		32.3		10.1		(57.6, 32.3, 10.1)

		100		80		4694		4348		958		46.9		43.5		9.6		(46.9, 43.5, 9.6)

		150		70		5522		3419		1059		55.2		34.2		10.6		(55.2, 34.2, 10.6)

		200		60		5037		3930		1033		50.4		39.3		10.3		(50.4, 39.3, 10.3)

		250		50		4868		4111		1021		48.7		41.1		10.2		(48.7, 41.1, 10.2)

		300		40		4913		4049		1038		49.1		40.5		10.4		(49.1, 40.5, 10.4)

		350		30		5313		3662		1025		53.1		36.6		10.3		(53.1, 36.6, 10.3)

		400		20		4846		4115		1039		48.5		41.2		10.4		(48.5, 41.2, 10.4)

		450		10		4659		4325		1016		46.6		43.3		10.2		(46.6, 43.3, 10.2)
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AF_TABLE

		0.1		50		10		0		0		0		2156		1596		736				0		0		0		( 0 )		0		50		(50, 10)

		0.2		50		10		25		0		0										1		0		0		( 0 )		0		50		(50, 10)

		0.3		50		10		29		6		2										1		0		0		( 0.4 )		0		50		(50, 10)

		0.4		50		10		106		32		13										5		2		2		( 2 )		0		50		(50, 10)

		0.5		50		10		218		97		41										10		6		6		( 6.1 )		0		50		(50, 10)

		0.6		50		10		180		100		41										8		6		6		( 6.3 )		0		50		(50, 10)

		0.7		50		10		236		156		57										11		10		8		( 9.8 )		0		50		(50, 10)

		0.8		50		10		536		384		183										25		24		25		( 24.1 )		0		50		(50, 10)

		0.9		50		10		254		299		114										12		19		15		( 18.7 )		0		50		(50, 10)

		1.0		50		10		572		522		285										27		33		39		( 32.7 )		0		50		(50, 10)

		0.1		100		20		0		0		0		2106		1819		1057				0		0		0		( 0 )		0		100		(100, 20)

		0.2		100		20		20		22		8										1		1		1		( 1.2 )		0		100		(100, 20)

		0.3		100		20		32		25		11										2		1		1		( 1.4 )		0		100		(100, 20)

		0.4		100		20		109		76		28										5		4		3		( 4.2 )		0		100		(100, 20)

		0.5		100		20		216		177		92										10		10		9		( 9.7 )		0		100		(100, 20)

		0.6		100		20		176		140		76										8		8		7		( 7.7 )		0		100		(100, 20)

		0.7		100		20		232		198		107										11		11		10		( 10.9 )		0		100		(100, 20)

		0.8		100		20		513		424		270										24		23		26		( 23.3 )		0		100		(100, 20)

		0.9		100		20		277		266		148										13		15		14		( 14.6 )		0		100		(100, 20)

		1.0		100		20		531		491		317										25		27		30		( 27 )		0		100		(100, 20)

		0.1		150		30		0		0		0		2151		2015		1336				0		0		0		( 0 )		0		150		(150, 30)

		0.2		150		30		24		22		11										1		1		1		( 1.1 )		0		150		(150, 30)

		0.3		150		30		37		26		16										2		1		1		( 1.3 )		0		150		(150, 30)

		0.4		150		30		109		86		53										5		4		4		( 4.3 )		0		150		(150, 30)

		0.5		150		30		180		184		112										8		9		8		( 9.1 )		0		150		(150, 30)

		0.6		150		30		198		167		112										9		8		8		( 8.3 )		0		150		(150, 30)

		0.7		150		30		231		201		124										11		10		9		( 10 )		0		150		(150, 30)

		0.8		150		30		529		512		340										25		25		25		( 25.4 )		0		150		(150, 30)

		0.9		150		30		244		246		138										11		12		10		( 12.2 )		0		150		(150, 30)

		1.0		150		30		599		571		430										28		28		32		( 28.3 )		0		150		(150, 30)

		0.1		200		40		0		1		0		2228		2185		1686				0		0		0		( 0 )		0		200		(200, 40)

		0.2		200		40		23		22		16										1		1		1		( 1 )		0		200		(200, 40)

		0.3		200		40		37		36		24										2		2		1		( 1.6 )		0		200		(200, 40)

		0.4		200		40		119		113		75										5		5		4		( 5.2 )		0		200		(200, 40)

		0.5		200		40		209		212		155										9		10		9		( 9.7 )		0		200		(200, 40)

		0.6		200		40		205		195		141										9		9		8		( 8.9 )		0		200		(200, 40)

		0.7		200		40		262		250		201										12		11		12		( 11.4 )		0		200		(200, 40)

		0.8		200		40		502		492		373										23		23		22		( 22.5 )		0		200		(200, 40)

		0.9		200		40		296		300		239										13		14		14		( 13.7 )		0		200		(200, 40)

		1.0		200		40		575		564		462										26		26		27		( 25.8 )		0		200		(200, 40)

		0.1		250		50		0		0		0		2128		2124		2102				0		0		0		( 0 )		0		250		(250, 50)

		0.2		250		50		20		20		20										1		1		1		( 0.9 )		0		250		(250, 50)

		0.3		250		50		31		31		31										1		1		1		( 1.5 )		0		250		(250, 50)

		0.4		250		50		107		107		107										5		5		5		( 5 )		0		250		(250, 50)

		0.5		250		50		226		225		224										11		11		11		( 10.6 )		0		250		(250, 50)

		0.6		250		50		173		170		169										8		8		8		( 8 )		0		250		(250, 50)

		0.7		250		50		222		223		222										10		10		11		( 10.5 )		0		250		(250, 50)

		0.8		250		50		505		504		500										24		24		24		( 23.7 )		0		250		(250, 50)

		0.9		250		50		263		261		260										12		12		12		( 12.3 )		0		250		(250, 50)

		1.0		250		50		581		583		569										27		27		27		( 27.4 )		0		250		(250, 50)

		0.1		300		60		0		1		0		2083		2061		1587				0		0		0		( 0 )		0		300		(300, 60)

		0.2		300		60		14		15		8										1		1		1		( 0.7 )		0		300		(300, 60)

		0.3		300		60		21		19		12										1		1		1		( 0.9 )		0		300		(300, 60)

		0.4		300		60		115		113		81										6		5		5		( 5.5 )		0		300		(300, 60)

		0.5		300		60		200		189		133										10		9		8		( 9.2 )		0		300		(300, 60)

		0.6		300		60		198		198		151										10		10		10		( 9.6 )		0		300		(300, 60)

		0.7		300		60		191		199		154										9		10		10		( 9.7 )		0		300		(300, 60)

		0.8		300		60		533		515		407										26		25		26		( 25 )		0		300		(300, 60)

		0.9		300		60		256		254		181										12		12		11		( 12.3 )		0		300		(300, 60)

		1.0		300		60		555		558		460										27		27		29		( 27.1 )		0		300		(300, 60)

		0.1		350		70		0		0		0		2135		2032		1345				0		0		0		( 0 )		0		350		(350, 70)

		0.2		350		70		20		17		9										1		1		1		( 0.8 )		0		350		(350, 70)

		0.3		350		70		42		36		24										2		2		2		( 1.8 )		0		350		(350, 70)

		0.4		350		70		107		107		56										5		5		4		( 5.3 )		0		350		(350, 70)

		0.5		350		70		205		198		118										10		10		9		( 9.7 )		0		350		(350, 70)
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		0.4		250		50		107		107		107										5.0		5.0		5.1		( 5 )		0		250		(250, 50)

		0.5		250		50		226		225		224										10.6		10.6		10.7		( 10.6 )		0		250		(250, 50)

		0.6		250		50		173		170		169										8.1		8.0		8.0		( 8.1 )		0		250		(250, 50)

		0.7		250		50		222		223		222										10.4		10.5		10.6		( 10.4 )		0		250		(250, 50)

		0.8		250		50		505		504		500										23.7		23.7		23.8		( 23.7 )		0		250		(250, 50)

		0.9		250		50		263		261		260										12.4		12.3		12.4		( 12.4 )		0		250		(250, 50)

		1.0		250		50		581		583		569										27.3		27.4		27.1		( 27.3 )		0		250		(250, 50)

		0.1		300		60		0		1		0		2083		2061		1587				0.0		0.0		0.0		( 0 )		0		300		(300, 60)

		0.2		300		60		14		15		8										0.7		0.7		0.5		( 0.7 )		0		300		(300, 60)

		0.3		300		60		21		19		12										1.0		0.9		0.8		( 1 )		0		300		(300, 60)

		0.4		300		60		115		113		81										5.5		5.5		5.1		( 5.5 )		0		300		(300, 60)

		0.5		300		60		200		189		133										9.6		9.2		8.4		( 9.6 )		0		300		(300, 60)
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		POIN		WGHT		R<S		R>S		R=S

		50		10		3618		3488		2894		36		35		29		(3618, 3488, 2894)

		50		20		3323		3361		3316		33		34		33		(3323, 3361, 3316)

		50		30		3239		3007		3754		32		30		38		(3239, 3007, 3754)

		50		40		3011		2871		4118		30		29		41		(3011, 2871, 4118)

		50		50		2664		2639		4697		27		26		47		(2664, 2639, 4697)

		50		60		2218		2278		5504		22		23		55		(2218, 2278, 5504)

		50		70		1845		1861		6294		18		19		63		(1845, 1861, 6294)

		50		80		1258		1215		7527		13		12		75		(1258, 1215, 7527)

		50		90		535		524		8941		5		5		89		(535, 524, 8941)

		100		10		3603		3522		2875		36		35		29		(3603, 3522, 2875)

		100		20		3495		3563		2942		35		36		29		(3495, 3563, 2942)

		100		30		3392		3303		3305		34		33		33		(3392, 3303, 3305)

		100		40		3169		3148		3683		32		31		37		(3169, 3148, 3683)

		100		50		2904		2807		4289		29		28		43		(2904, 2807, 4289)

		100		60		2555		2538		4907		26		25		49		(2555, 2538, 4907)

		100		70		2018		2047		5935		20		20		59		(2018, 2047, 5935)

		100		80		1196		1249		7555		12		12		76		(1196, 1249, 7555)

		100		90		39		35		9926		0		0		99		(39, 35, 9926)

		150		10		3560		3410		3030		36		34		30		(3560, 3410, 3030)

		150		20		3380		3440		3180		34		34		32		(3380, 3440, 3180)

		150		30		3234		3402		3364		32		34		34		(3234, 3402, 3364)

		150		40		3245		3265		3490		32		33		35		(3245, 3265, 3490)

		150		50		2968		3060		3972		30		31		40		(2968, 3060, 3972)

		150		60		2583		2541		4876		26		25		49		(2583, 2541, 4876)

		150		70		1988		1944		6068		20		19		61		(1988, 1944, 6068)

		150		80		815		848		8337		8		8		83		(815, 848, 8337)

		150		90		797		770		8433		8		8		84		(797, 770, 8433)

		200		10		3353		3392		3255		34		34		33		(3353, 3392, 3255)

		200		20		3270		3272		3458		33		33		35		(3270, 3272, 3458)

		200		30		3189		3168		3643		32		32		36		(3189, 3168, 3643)

		200		40		2998		3066		3936		30		31		39		(2998, 3066, 3936)

		200		50		2855		2849		4296		29		28		43		(2855, 2849, 4296)

		200		60		2410		2359		5231		24		24		52		(2410, 2359, 5231)

		200		70		1631		1603		6766		16		16		68		(1631, 1603, 6766)

		200		80		40		39		9921		0		0		99		(40, 39, 9921)

		200		90		1665		1639		6696		17		16		67		(1665, 1639, 6696)

		250		10		3181		3236		3583		32		32		36		(3181, 3236, 3583)

		250		20		3139		3067		3794		31		31		38		(3139, 3067, 3794)

		250		30		2977		2949		4074		30		29		41		(2977, 2949, 4074)

		250		40		2814		2748		4438		28		27		44		(2814, 2748, 4438)

		250		50		2487		2501		5012		25		25		50		(2487, 2501, 5012)

		250		60		1992		1904		6104		20		19		61		(1992, 1904, 6104)

		250		70		968		947		8085		10		9		81		(968, 947, 8085)

		250		80		973		1000		8027		10		10		80		(973, 1000, 8027)

		250		90		2189		2290		5521		22		23		55		(2189, 2290, 5521)

		300		10		3059		2977		3964		31		30		40		(3059, 2977, 3964)

		300		20		2942		2865		4193		29		29		42		(2942, 2865, 4193)

		300		30		2777		2686		4537		28		27		45		(2777, 2686, 4537)

		300		40		2503		2490		5007		25		25		50		(2503, 2490, 5007)

		300		50		2028		2045		5927		20		20		59		(2028, 2045, 5927)

		300		60		1454		1382		7164		15		14		72		(1454, 1382, 7164)

		300		70		26		34		9940		0		0		99		(26, 34, 9940)

		300		80		1765		1633		6602		18		16		66		(1765, 1633, 6602)

		300		90		2630		2590		4780		26		26		48		(2630, 2590, 4780)

		350		10		2973		2835		4192		30		28		42		(2973, 2835, 4192)

		350		20		2721		2742		4537		27		27		45		(2721, 2742, 4537)

		350		30		2440		2496		5064		24		25		51		(2440, 2496, 5064)

		350		40		2150		2225		5625		22		22		56		(2150, 2225, 5625)

		350		50		1676		1708		6616		17		17		66		(1676, 1708, 6616)

		350		60		732		756		8512		7		8		85		(732, 756, 8512)

		350		70		890		878		8232		9		9		82		(890, 878, 8232)

		350		80		2137		2118		5745		21		21		57		(2137, 2118, 5745)

		350		90		2892		2892		4216		29		29		42		(2892, 2892, 4216)

		400		10		2654		2665		4681		27		27		47		(2654, 2665, 4681)

		400		20		2449		2495		5056		24		25		51		(2449, 2495, 5056)

		400		30		2234		2184		5582		22		22		56		(2234, 2184, 5582)

		400		40		1779		1790		6431		18		18		64		(1779, 1790, 6431)

		400		50		1173		1169		7658		12		12		77		(1173, 1169, 7658)

		400		60		50		41		9909		1		0		99		(50, 41, 9909)

		400		70		1409		1387		7204		14		14		72		(1409, 1387, 7204)

		400		80		2488		2499		5013		25		25		50		(2488, 2499, 5013)

		400		90		3091		3096		3813		31		31		38		(3091, 3096, 3813)

		450		10		2543		2526		4931		25		25		49		(2543, 2526, 4931)

		450		20		2256		2196		5548		23		22		55		(2256, 2196, 5548)

		450		30		1909		1868		6223		19		19		62		(1909, 1868, 6223)

		450		40		1467		1438		7095		15		14		71		(1467, 1438, 7095)

		450		50		647		638		8715		6		6		87		(647, 638, 8715)

		450		60		733		670		8597		7		7		86		(733, 670, 8597)

		450		70		1744		1916		6340		17		19		63		(1744, 1916, 6340)

		450		80		2613		2623		4764		26		26		48		(2613, 2623, 4764)

		450		90		3212		3260		3528		32		33		35		(3212, 3260, 3528)
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AF_TABLE

		0.1		50		10		0		0		0		2156		1596		736				0		0		0		( 0 )		0		50		(50, 10)

		0.2		50		10		25		0		0										1		0		0		( 0 )		0		50		(50, 10)

		0.3		50		10		29		6		2										1		0		0		( 0.3 )		0		50		(50, 10)

		0.4		50		10		106		32		13										5		2		2		( 1.8 )		0		50		(50, 10)

		0.5		50		10		218		97		41										10		6		6		( 5.6 )		0		50		(50, 10)

		0.6		50		10		180		100		41										8		6		6		( 5.6 )		0		50		(50, 10)

		0.7		50		10		236		156		57										11		10		8		( 7.7 )		0		50		(50, 10)

		0.8		50		10		536		384		183										25		24		25		( 24.9 )		0		50		(50, 10)

		0.9		50		10		254		299		114										12		19		15		( 15.5 )		0		50		(50, 10)

		1.0		50		10		572		522		285										27		33		39		( 38.7 )		0		50		(50, 10)

		0.1		100		20		0		0		0		2106		1819		1057				0		0		0		( 0 )		0		100		(100, 20)

		0.2		100		20		20		22		8										1		1		1		( 0.8 )		0		100		(100, 20)

		0.3		100		20		32		25		11										2		1		1		( 1 )		0		100		(100, 20)

		0.4		100		20		109		76		28										5		4		3		( 2.6 )		0		100		(100, 20)

		0.5		100		20		216		177		92										10		10		9		( 8.7 )		0		100		(100, 20)

		0.6		100		20		176		140		76										8		8		7		( 7.2 )		0		100		(100, 20)

		0.7		100		20		232		198		107										11		11		10		( 10.1 )		0		100		(100, 20)

		0.8		100		20		513		424		270										24		23		26		( 25.5 )		0		100		(100, 20)

		0.9		100		20		277		266		148										13		15		14		( 14 )		0		100		(100, 20)

		1.0		100		20		531		491		317										25		27		30		( 30 )		0		100		(100, 20)

		0.1		150		30		0		0		0		2151		2015		1336				0		0		0		( 0 )		0		150		(150, 30)

		0.2		150		30		24		22		11										1		1		1		( 0.8 )		0		150		(150, 30)

		0.3		150		30		37		26		16										2		1		1		( 1.2 )		0		150		(150, 30)

		0.4		150		30		109		86		53										5		4		4		( 4 )		0		150		(150, 30)

		0.5		150		30		180		184		112										8		9		8		( 8.4 )		0		150		(150, 30)

		0.6		150		30		198		167		112										9		8		8		( 8.4 )		0		150		(150, 30)

		0.7		150		30		231		201		124										11		10		9		( 9.3 )		0		150		(150, 30)

		0.8		150		30		529		512		340										25		25		25		( 25.4 )		0		150		(150, 30)

		0.9		150		30		244		246		138										11		12		10		( 10.3 )		0		150		(150, 30)

		1.0		150		30		599		571		430										28		28		32		( 32.2 )		0		150		(150, 30)

		0.1		200		40		0		1		0		2228		2185		1686				0		0		0		( 0 )		0		200		(200, 40)

		0.2		200		40		23		22		16										1		1		1		( 0.9 )		0		200		(200, 40)

		0.3		200		40		37		36		24										2		2		1		( 1.4 )		0		200		(200, 40)

		0.4		200		40		119		113		75										5		5		4		( 4.4 )		0		200		(200, 40)

		0.5		200		40		209		212		155										9		10		9		( 9.2 )		0		200		(200, 40)

		0.6		200		40		205		195		141										9		9		8		( 8.4 )		0		200		(200, 40)

		0.7		200		40		262		250		201										12		11		12		( 11.9 )		0		200		(200, 40)

		0.8		200		40		502		492		373										23		23		22		( 22.1 )		0		200		(200, 40)

		0.9		200		40		296		300		239										13		14		14		( 14.2 )		0		200		(200, 40)

		1.0		200		40		575		564		462										26		26		27		( 27.4 )		0		200		(200, 40)

		0.1		250		50		0		0		0		2128		2124		2102				0		0		0		( 0 )		0		250		(250, 50)

		0.2		250		50		20		20		20										1		1		1		( 1 )		0		250		(250, 50)

		0.3		250		50		31		31		31										1		1		1		( 1.5 )		0		250		(250, 50)

		0.4		250		50		107		107		107										5		5		5		( 5.1 )		0		250		(250, 50)

		0.5		250		50		226		225		224										11		11		11		( 10.7 )		0		250		(250, 50)

		0.6		250		50		173		170		169										8		8		8		( 8 )		0		250		(250, 50)

		0.7		250		50		222		223		222										10		10		11		( 10.6 )		0		250		(250, 50)

		0.8		250		50		505		504		500										24		24		24		( 23.8 )		0		250		(250, 50)

		0.9		250		50		263		261		260										12		12		12		( 12.4 )		0		250		(250, 50)

		1.0		250		50		581		583		569										27		27		27		( 27.1 )		0		250		(250, 50)

		0.1		300		60		0		1		0		2083		2061		1587				0		0		0		( 0 )		0		300		(300, 60)

		0.2		300		60		14		15		8										1		1		1		( 0.5 )		0		300		(300, 60)

		0.3		300		60		21		19		12										1		1		1		( 0.8 )		0		300		(300, 60)

		0.4		300		60		115		113		81										6		5		5		( 5.1 )		0		300		(300, 60)

		0.5		300		60		200		189		133										10		9		8		( 8.4 )		0		300		(300, 60)

		0.6		300		60		198		198		151										10		10		10		( 9.5 )		0		300		(300, 60)

		0.7		300		60		191		199		154										9		10		10		( 9.7 )		0		300		(300, 60)

		0.8		300		60		533		515		407										26		25		26		( 25.6 )		0		300		(300, 60)

		0.9		300		60		256		254		181										12		12		11		( 11.4 )		0		300		(300, 60)

		1.0		300		60		555		558		460										27		27		29		( 29 )		0		300		(300, 60)

		0.1		350		70		0		0		0		2135		2032		1345				0		0		0		( 0 )		0		350		(350, 70)

		0.2		350		70		20		17		9										1		1		1		( 0.7 )		0		350		(350, 70)

		0.3		350		70		42		36		24										2		2		2		( 1.8 )		0		350		(350, 70)

		0.4		350		70		107		107		56										5		5		4		( 4.2 )		0		350		(350, 70)

		0.5		350		70		205		198		118										10		10		9		( 8.8 )		0		350		(350, 70)

		0.6		350		70		171		165		96										8		8		7		( 7.1 )		0		350		(350, 70)

		0.7		350		70		255		234		153										12		12		11		( 11.4 )		0		350		(350, 70)

		0.8		350		70		528		501		345										25		25		26		( 25.7 )		0		350		(350, 70)

		0.9		350		70		249		252		154										12		12		11		( 11.4 )		0		350		(350, 70)

		1.0		350		70		558		522		390										26		26		29		( 29 )		0		350		(350, 70)

		0.1		400		80		0		0		0		2142		1976		1104				0		0		0		( 0 )		0		400		(400, 80)

		0.2		400		80		22		30		10										1		2		1		( 0.9 )		0		400		(400, 80)

		0.3		400		80		27		31		7										1		2		1		( 0.6 )		0		400		(400, 80)

		0.4		400		80		111		111		55										5		6		5		( 5 )		0		400		(400, 80)

		0.5		400		80		209		199		98										10		10		9		( 8.9 )		0		400		(400, 80)

		0.6		400		80		190		168		75										9		9		7		( 6.8 )		0		400		(400, 80)

		0.7		400		80		238		215		112										11		11		10		( 10.1 )		0		400		(400, 80)

		0.8		400		80		513		418		237										24		21		21		( 21.5 )		0		400		(400, 80)

		0.9		400		80		255		240		126										12		12		11		( 11.4 )		0		400		(400, 80)

		1.0		400		80		577		564		384										27		29		35		( 34.8 )		0		400		(400, 80)

		0.1		450		90		0		0		0		2151		1708		725				0		0		0		( 0 )		0		450		(450, 90)

		0.2		450		90		19		22		2										1		1		0		( 0.3 )		0		450		(450, 90)

		0.3		450		90		37		43		7										2		3		1		( 1 )		0		450		(450, 90)

		0.4		450		90		109		119		32										5		7		4		( 4.4 )		0		450		(450, 90)

		0.5		450		90		196		169		52										9		10		7		( 7.2 )		0		450		(450, 90)

		0.6		450		90		172		150		51										8		9		7		( 7 )		0		450		(450, 90)

		0.7		450		90		254		161		65										12		9		9		( 9 )		0		450		(450, 90)

		0.8		450		90		554		371		171										26		22		24		( 23.6 )		0		450		(450, 90)

		0.9		450		90		249		210		79										12		12		11		( 10.9 )		0		450		(450, 90)

		1.0		450		90		561		463		266										26		27		37		( 36.7 )		0		450		(450, 90)

		0.1		50		10		0		0		0		2156		1596		736		(2156  1596  736)

		0.1		100		20		0		0		0		2106		1819		1057		(2106  1819  1057)
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		POIN		WGHT		R<S		R>S		R=S

		50		10		9834		68		98		(9834,68,98)		98.30		0.70		1.00		(98.3, 0.7, 1)

		50		20		9836		51		113		(9836,51,113)		98.40		0.50		1.10		(98.4, 0.5, 1.1)

		50		30		9698		76		226		(9698,76,226)		97.00		0.80		2.30		(97, 0.8, 2.3)

		50		40		9266		152		582		(9266,152,582)		92.70		1.50		5.80		(92.7, 1.5, 5.8)

		50		50		8595		202		1203		(8595,202,1203)		86.00		2.00		12.00		(86, 2, 12)

		50		60		7333		336		2331		(7333,336,2331)		73.30		3.40		23.30		(73.3, 3.4, 23.3)

		50		70		5612		425		3963		(5612,425,3963)		56.10		4.30		39.60		(56.1, 4.3, 39.6)

		50		80		3508		490		6002		(3508,490,6002)		35.10		4.90		60.00		(35.1, 4.9, 60)

		50		90		211		175		9614		(211,175,9614)		2.10		1.80		96.10		(2.1, 1.8, 96.1)

		100		10		4		9978		18		(4,9978,18)		0.00		99.80		0.20		(0, 99.8, 0.2)

		100		20		47		9866		87		(47,9866,87)		0.50		98.70		0.90		(0.5, 98.7, 0.9)

		100		30		141		9552		307		(141,9552,307)		1.40		95.50		3.10		(1.4, 95.5, 3.1)

		100		40		267		8842		891		(267,8842,891)		2.70		88.40		8.90		(2.7, 88.4, 8.9)

		100		50		445		7623		1932		(445,7623,1932)		4.50		76.20		19.30		(4.5, 76.2, 19.3)

		100		60		539		5833		3628		(539,5833,3628)		5.40		58.30		36.30		(5.4, 58.3, 36.3)

		100		70		622		3542		5836		(622,3542,5836)		6.20		35.40		58.40		(6.2, 35.4, 58.4)

		100		80		176		150		9674		(176,150,9674)		1.80		1.50		96.70		(1.8, 1.5, 96.7)

		100		90		3111		630		6259		(3111,630,6259)		31.10		6.30		62.60		(31.1, 6.3, 62.6)

		150		10		0		10000		0		(0,10000,0)		0.00		100.00		0.00		(0, 100, 0)

		150		20		0		10000		0		(0,10000,0)		0.00		100.00		0.00		(0, 100, 0)

		150		30		0		9993		7		(0,9993,7)		0.00		99.90		0.10		(0, 99.9, 0.1)

		150		40		0		9980		20		(0,9980,20)		0.00		99.80		0.20		(0, 99.8, 0.2)

		150		50		0		9781		219		(0,9781,219)		0.00		97.80		2.20		(0, 97.8, 2.2)

		150		60		13		7898		2089		(13,7898,2089)		0.10		79.00		20.90		(0.1, 79, 20.9)

		150		70		205		164		9631		(205,164,9631)		2.10		1.60		96.30		(2.1, 1.6, 96.3)

		150		80		6757		21		3222		(6757,21,3222)		67.60		0.20		32.20		(67.6, 0.2, 32.2)

		150		90		8575		4		1421		(8575,4,1421)		85.80		0.00		14.20		(85.8, 0, 14.2)

		200		10		0		9996		4		(0,9996,4)		0.00		100.00		0.00		(0, 100, 0)

		200		20		0		9989		11		(0,9989,11)		0.00		99.90		0.10		(0, 99.9, 0.1)

		200		30		0		9967		33		(0,9967,33)		0.00		99.70		0.30		(0, 99.7, 0.3)

		200		40		0		9826		174		(0,9826,174)		0.00		98.30		1.70		(0, 98.3, 1.7)

		200		50		0		8962		1038		(0,8962,1038)		0.00		89.60		10.40		(0, 89.6, 10.4)

		200		60		189		153		9658		(189,153,9658)		1.90		1.50		96.60		(1.9, 1.5, 96.6)

		200		70		8905		0		1095		(8905,0,1095)		89.10		0.00		11.00		(89.1, 0, 11)

		200		80		9784		0		216		(9784,0,216)		97.80		0.00		2.20		(97.8, 0, 2.2)

		200		90		9921		0		79		(9921,0,79)		99.20		0.00		0.80		(99.2, 0, 0.8)

		250		10		0		9974		26		(0,9974,26)		0.00		99.70		0.30		(0, 99.7, 0.3)

		250		20		0		9927		73		(0,9927,73)		0.00		99.30		0.70		(0, 99.3, 0.7)

		250		30		0		9653		347		(0,9653,347)		0.00		96.50		3.50		(0, 96.5, 3.5)

		250		40		0		8474		1526		(0,8474,1526)		0.00		84.70		15.30		(0, 84.7, 15.3)

		250		50		182		183		9635		(182,183,9635)		1.80		1.80		96.40		(1.8, 1.8, 96.4)

		250		60		9173		0		827		(9173,0,827)		91.70		0.00		8.30		(91.7, 0, 8.3)

		250		70		9959		0		41		(9959,0,41)		99.60		0.00		0.40		(99.6, 0, 0.4)

		250		80		9997		0		3		(9997,0,3)		100.00		0.00		0.00		(100, 0, 0)

		250		90		9998		0		2		(9998,0,2)		100.00		0.00		0.00		(100, 0, 0)

		300		10		0		9824		176		(0,9824,176)		0.00		98.20		1.80		(0, 98.2, 1.8)

		300		20		0		9480		520		(0,9480,520)		0.00		94.80		5.20		(0, 94.8, 5.2)

		300		30		0		7886		2114		(0,7886,2114)		0.00		78.90		21.10		(0, 78.9, 21.1)

		300		40		166		173		9661		(166,173,9661)		1.70		1.70		96.60		(1.7, 1.7, 96.6)

		300		50		8666		0		1334		(8666,0,1334)		86.70		0.00		13.30		(86.7, 0, 13.3)

		300		60		9943		0		57		(9943,0,57)		99.40		0.00		0.60		(99.4, 0, 0.6)

		300		70		9998		0		2		(9998,0,2)		100.00		0.00		0.00		(100, 0, 0)

		300		80		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		300		90		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		350		10		0		9297		703		(0,9297,703)		0.00		93.00		7.00		(0, 93, 7)

		350		20		0		7414		2586		(0,7414,2586)		0.00		74.10		25.90		(0, 74.1, 25.9)

		350		30		224		170		9606		(224,170,9606)		2.20		1.70		96.10		(2.2, 1.7, 96.1)

		350		40		8106		0		1894		(8106,0,1894)		81.10		0.00		18.90		(81.1, 0, 18.9)

		350		50		9792		0		208		(9792,0,208)		97.90		0.00		2.10		(97.9, 0, 2.1)

		350		60		9999		0		1		(9999,0,1)		100.00		0.00		0.00		(100, 0, 0)

		350		70		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		350		80		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		350		90		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		400		10		0		6968		3032		(0,6968,3032)		0.00		69.70		30.30		(0, 69.7, 30.3)

		400		20		171		146		9683		(171,146,9683)		1.70		1.50		96.80		(1.7, 1.5, 96.8)

		400		30		7670		0		2330		(7670,0,2330)		76.70		0.00		23.30		(76.7, 0, 23.3)

		400		40		9631		0		369		(9631,0,369)		96.30		0.00		3.70		(96.3, 0, 3.7)

		400		50		9971		0		29		(9971,0,29)		99.70		0.00		0.30		(99.7, 0, 0.3)

		400		60		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		400		70		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		400		80		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		400		90		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		450		10		186		174		9640		(186,174,9640)		1.90		1.70		96.40		(1.9, 1.7, 96.4)

		450		20		7188		0		2812		(7188,0,2812)		71.90		0.00		28.10		(71.9, 0, 28.1)

		450		30		9451		0		549		(9451,0,549)		94.50		0.00		5.50		(94.5, 0, 5.5)

		450		40		9932		0		68		(9932,0,68)		99.30		0.00		0.70		(99.3, 0, 0.7)

		450		50		9997		0		3		(9997,0,3)		100.00		0.00		0.00		(100, 0, 0)

		450		60		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		450		70		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		450		80		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)

		450		90		10000		0		0		(10000,0,0)		100.00		0.00		0.00		(100, 0, 0)
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