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APSP 2
Problem 1 (Maximum-Weight Triangle). In the Maximum-Weight Triangle prob-
lem, given an undirected tripartite graph 𝐺 = (𝑋,𝑌 , 𝑍, 𝐸) with weights 𝑤 : 𝐸 → Z,
the task is to find a triangle (𝑥, 𝑦, 𝑧) maximizing 𝑤(𝑥, 𝑦) + 𝑤( 𝑦, 𝑧) + 𝑤(𝑧, 𝑥). Show
that APSP 3←→3 Maximum-Weight Triangle.

Hint: For the APSP-hardness direction reduce from Negative Triangle. For the APSP-
easyness direction reduce to (min, +)-Matrix Multiplication.

Problem 2 (Graph Radius). Let 𝐺 = (𝑉, 𝐸) be a directed graph with nonnegative
edge weights 𝑤 : 𝐸 → Z≥0. The radius of 𝐺 is the smallest distance 𝑟 such that
some center node 𝑢 can reach all other nodes 𝑣 within distance 𝑟; formally the
radius is

min
𝑢∈𝑉

max
𝑣∈𝑉

dist(𝑢, 𝑣).

The Graph Radius problem is to compute the radius of a given directed graph.
Show that APSP 3←→3 Graph Radius. Can you show the same statement for Graph
Radius in undirected graphs?

Bonus Problem 3 (APSPwith Small Weights). Recall that under the APSP hypoth-
esis there cannot be a truly subcubic-time algorithm for (min, +)-Matrix Multipli-
cation for polynomially bounded entries. The goal of this exercise is to show that
there is a truly subcubic-time algorithm in the case where the entries in all matri-
ces are small.

1 Show that the (min, +)-product of matrices 𝐴, 𝐵 ∈ {0, . . . ,𝑊}𝑛×𝑛 can be com-
puted in time 𝑂(𝑛𝜔 ·𝑊2).

2 Show that the (min, +)-product of matrices 𝐴, 𝐵 ∈ {0, . . . ,𝑊}𝑛×𝑛 can even be
computed in time 𝑂(𝑛𝜔 ·𝑊).

Hint: Try to combine FastMatrixMultiplicationwith the Fast Fourier Transform
(from sheet 1).

Bonus Problem 4 (Second Shortest Path). In the Second Shortest Path problem
the input is a directed graph 𝐺 = (𝑉, 𝐸) with edge weights 𝑤 : 𝐸 → Z≥0 with two
designated vertices 𝑠, 𝑡 ∈ 𝑉 and a shortest 𝑠-𝑡-path 𝑃. The goal is to compute the
shortest 𝑠-𝑡-path 𝑃′ different from 𝑃. Show that APSP 3←→3 Second Shortest Path.



1 https: // en. wikipedia.
org/ wiki/ Master_
theorem_ ( analysis_
of_ algorithms)
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Bonus Problem 5 (Strassen’s Algorithm). In the lecture we have sketched some
ideas behind Strassen’s algorithm for matrix multiplication. In this exercise we
will make these ideas precise. Recall that the main insight behind Strassen’s algo-
rithm is that the matrix product of 2 × 2 matrices can be expressed as[

𝐴11 𝐴12
𝐴21 𝐴22

]
·
[
𝐵11 𝐵12
𝐵21 𝐵22

]
=

[
𝑀1 +𝑀4 −𝑀5 +𝑀7 𝑀3 +𝑀5

𝑀2 +𝑀4 𝑀1 −𝑀2 +𝑀3 +𝑀6

]
using only 7 multiplications

𝑀1 = (𝐴11 + 𝐴22) · (𝐵11 + 𝐵22),
𝑀2 = (𝐴21 + 𝐴22) · 𝐵11,

𝑀3 = 𝐴11 · (𝐵12 − 𝐵22),
𝑀4 = 𝐴22 · (𝐵21 − 𝐵11),
𝑀5 = (𝐴11 + 𝐴12) · 𝐵22,

𝑀6 = (𝐴21 − 𝐴11) · (𝐵11 + 𝐵12),
𝑀7 = (𝐴12 − 𝐴22) · (𝐵21 + 𝐵22).

Based on this insight, design a recursive algorithm to multiply 𝑛×𝑛matrices with a
running time𝑇 (𝑛) that follows the recurrence𝑇 (𝑛) ≤ 7 ·𝑇 (𝑛/2) +𝑂(𝑛2). Conclude
(e.g., by induction or by the Master theorem1) that this algorithm runs in truly
subcubic time 𝑇 (𝑛) = 𝑂(𝑛log2 (7) ) ≤ 𝑂(𝑛2.81).
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