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Maximum Inner Product

The Problem (decision ver.):

Input: Points P ⊆ {0, 1}d , d = O(log n)

Output: ∃a, b ∈ P s.t. ⟨a, b⟩ ≥ s?

⟨a, b⟩ =
d∑

i=1

ai · bi

Trivial Solution: O(n2d)

Solution for d = O(log n): O(n2) [AWY15]

Applications to machine learning.
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Exact Solving

Definition (Strong Exponential Time Hypothesis (SETH))

For every ϵ > 0, ∃k s.t. k-SAT cannot be solved in time O(2(1−ϵ)n)) even
by a randomized algorithm.

Assuming SETH,

MaxIP cannot be solved in time O(n2−ϵpoly(d)) for d = ω(log(n))
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Approximate Solving

Assuming SETH, there IS an algebraic proof of hardness of approximation
of MaxIP using Distributed PCP.

Assuming SETH, 100-approximate MaxIP is not possible in time
O(n2−ϵpoly(d)) ∀ϵ > 0. d = no(1) [ARW17]

Assuming SETH, ∀δ > 0, ∃ϵ > 0 s.t. (1 + ϵ)-approximate MaxIP
requires O(n2−δ) time for d = O(log n).[Rub18]
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Combinatorial Proof

Motivation:

1 We want a combinatorial proof.

2 Want to prove for lower dimensions: d = O(log n)
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Threshold Graph Reduction
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Threshold Graph Reduction

Notice:

⟨a, b⟩ ≥ s implies

N (a, b) ≤ 2t − s.

⟨a, b⟩ < s implies

N (a, b) ≥ 2t − s + 1.
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Threshold Graph

Magical Threshold Graph: T = (D ⊔ X ,E ), parameters (ℓ, α, β).

1 Every ℓ nodes in D must share ≥ α
common neighbors in X .

2 Every ℓ+ 1 nodes in D share ≤ β
common neighbors in X .
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Threshold Graph Composition

Input:

1 MaxIP instance R = (P ⊔ D,ER)

2 (2t − s, α, α/2) threshold graph T = (D ⊔ X ,ET )

Output: 2-gap MaxIP instance U = (P ⊔ X ,E ).

Connect p ∈ P and x ∈ X if N (p) ⊆ N (x).
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Completeness

1 Suppose ∃⟨a, b⟩ = s.

2 a and b have 2t − s total
neighbors.

3 2t − s nodes in D share ≥ α
common neighbors in X .

4 These α nodes are adjacent to
both a and b in resulting
instance.
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Soundness

1 Suppose ∀⟨a, b⟩ < s.

2 Any a and b have 2t − s + 1
total neighbors.

3 BWOC suppose a and b share
> α/2 nodes in final instance.

4 Each of α/2 nodes must be
adjacent to dimension nodes of
a and b.

5 =⇒ ≥ 2t − s + 1 nodes in D
are adjacent to > α/2 nodes.
contradiction.
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Issue: Don’t Have!

Don’t know how to construct.

Want to find a workaround.
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1-center

The Problem:

Input: Set of n points P.

Output: Find point in P that minimizes max distance to other points
in P.

Applications to machine learning, computational biology, etc.
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Exact 1-center

Assuming the hitting set conjecture (HSC), no algorithm in time O(n2−ϵ)
can solve discrete 1-center problem in Edit/Ulam/ℓp metric,
d = ω(log n)[Abb+23]
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Approximation

Input: Set of n points P.
Output: Decide between

(Yes) ∃p ∈ P s.t. maxx∈P{dist(p, x)} ≤ α.

(No) ∀p ∈ P, maxx∈P{dist(p, x)} > (1 + ϵ)α.

However,

Distributed PCP fails.

Combinatorial proof (HSC) goes through with same threshold graph
composition. (don’t have threshold graph)
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